Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



THE 



ELEMENTARY PRINCIPLES 



OF 



MECHANICS. 



Vol. IL 
STATICS. 



BT 

A. JAY DU BOIS, O.B., Ph.D., 

Profeuor of Civil Engineering 

to the Sheffield Scientific School of Yale Univertitp ; 

Author of '* Elements of Oraphtcal Statict^^; 

** The StrcdnB in Framed Structures " ; 

etc. 



FIRST EDITION. 

FIBST THOUSAND. 



NEW YOTIK:- 

JOHN WILEY & SONS, 

58 East Tenth Stbebt. 
1894, 



.i; 



V .>;•; 



PUBLIC Lil3i;ARV 



53809A 



A9TOR. LKNi^X AND 

r-TLDSN F. .:'■:> •; »A vbv^r: 



( 



Oopyrlffht, 18M, 

BT 

A. JAT DU BOI& 



^ 



• • 






« • 









• • 



• • • 



BOBIBT DBUMICOND, ELEOTROTTPXB AND PRIKTER, KKW TOBK. 



I 






I 






#, 



> 



V 



NOTE. 



The large type by itself constitutes an abridged course. Articles 
in small tyi>e are for advanced students. Articles containing appli- 
cations of the Calculus are inclosed in brackets. 
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TION UNIT OF FORCE. 

Matter — Body — Particle. — What matter is in itself we do not 
know. We recog[nize it as existing in space and possessing certain 
observed properties, such as extension and impenetrability. 

Any limited portion of matter we call a body. A body so small 
that, so far as its motion is concerned, we can disregard its size 
we call a material point or particle. Just as a mathematical point, 
having.no dimensions, cannot rotate, but can have motion of trans- 
lation only, so a material point or particle is considered as having 
motion of translation only. 

Everv body may be considered as a system composed of such 
material points or particles. 

The diagram representation of a particle is then a mathematical 
point, having position only. 

When a body has motion of translation only, the motion of 
every one of its points at any instant is the same (page 13, Vol. I), 
and in such case we may then consider the entire body, whatever 
its size, as a particle and represent it by a mathematical point. 

Hence, whatever the size of a body, when we consider its motion 
of translation only, we may treat the body as a particle and repre- 
sent it hj a point. 

Inertia — JPcrce.— It is a fact of universal experience that no ma- 
terial particle is able of itself to change its own motion. If it is at 
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rest, it must alwa^ remain at rest, miless acted upon bjr acmie 
other particle. If it is moving at any instant in a given direction 
with a given speed, it must always preserve that direction and 
speed unchanged, unless acted upon hy some other particle. 

We express this fact hy saving that matter is iiwrt^ that is, has 
no power of itself to change its own state of rest or motion. This 
"property of matter we caU inertia. We recogpujse, then, not only 
extension and imi)enetrahility, hut also inertia, as properties of 
matter. 

Whenever, then, the motion of a particle is oheerved to change 
either in speed or direction, we can always refer such change to 
the influence of some other particle upon it. 

This external influence which we thus recomise as the cause of the 
change of motion we call force. We can define force, then, as the 
cause of change of motion of matter. We measure force, therefore, 
hy its ohserved effect, that is, hy the change of motion it causes. 

It should be noted that mertia, as already defined, is a property of matter. 
To speak tlien, as is sometimes done, of the *' force of inertia," as though 
inertness could cause change of motion or change of anything, is as unmeaning 
as though we should speak of " force of hardness " or ' * force of softness." In- 
capacity of self-change of motion, or inertia, cannot be spoken of as the cause 
of observed change. By reason of such incapacity force is necessary for change 
of motion. 

Dynamics.— We have treated in the first portion of this work of 
the science of Kinematics {Kivrffia^ motion), or the measurahle rela- 
tions of space and time, that is, of pure motion. We have therefore 
considered the motion of a point, or of a system of points, without 
reference to matter or force. But we have to deal in nature with 
force and material points or bodies. The science which treats of 
those measurahle relations of matter, space and time involved in 
the study of the change of motion of bodies due to force is called 
Dynamics (dvyajniSj force). 

Force Proportional to Acceleration.— Let vi be the initial ve- 
locity of a material point or p£u*ticle Pi 
* movmg in any path PiP, and v its final ve- 
locity at the end of any time t. 

If we draw OQi parallel and equal to Vi 
and OQ parallel and equal to v, then, as we 
have seen, pa^e 48, Vol. I, (^iQ gives the inte- 
^^ gi*al acceleration both in direction and mag- 

nitude. Also —^ gives the mean accelera- 

tion or mean time-rate of change of veloc- 
ity in the time t. 

The limiting magnitude and direction of ^^ when the time t is 

V 

indefinitely small is the acceleration, or instantaneous time-rate of 
change of velocity. 

Now this change of velocity is due to the force at that instant. 
If there were no force, Vi would remain unchanged both in meigni- 
tude and direction. 

Since we can only measure force by its effects, and since here 
the effect is shown by change of velocity, the force must be propor- 
tional to this change of velocity. 

We conclude, therefore, that the direction of the force is the same 
as the direction of the acceleration it causes, and the magnitvde of 
the force is proportional to the magnitude of the acceleration %t 
causes. 
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rCBA 
KMhanioal DlTutration of Force.— Thu student may Bgure to 
himself such a force as the pressure or puU of an imponderable 
njiral spring acting upon the body, the axis of the epnng having 
always the direction of the acceleration, and the spring moving 
with tlie body ao that its pressure or pull is exerted during the 
entire time of action and is aJway proportional to the acceleration. 
If the acceleration changes in direction, the axis of the spring 
[<-«baagea, ao that it always has the same direction aa the accelera- 
'~a 

It the acceleration changes in magnitude, the pull or push of the 
iring changes accordiugl^. 

If the acceleration is uniform, that is, does not change either in 

iirection or magnitude, the axis of the spring does not change in 

'-ection and its pull or push is constant. 

The force of gravity upon bodies near the surface of the earth is 

like the action of such a spring. Its action is practically constant 

in intensity and direction. 

The student should note that the direction of the force or ac- 
celeration is not necessarily that of the motion, except in the case 
i^«f rectilinear motion. 

Thus in the ca«e of a point moving with uniform speed 

_de. the direction of motion at any instant is tangent to the 
lircle, hut the acceleration is always directed towards the centre 
^age 63, Vol. I). 

In the ca«e of a projectile, the motion at any instant is tangent 

to the path, but the acceleration Is always vertical and downwards. 

Uniform and Variable Force.— A force, then, like acceleration, 

4^, Vol. I. is uniform or constant when it has the same magni- 

_ _ and the same direction whatever the time of action. When 

lither the magnitude or direction changes it is variable. 

Criterion of the Action of a Force.— The action of a force on a 
larticle, then, is made evident by the change of motion it causes. 
" the particle is at rest or moves with uniform speed in a straight 
[9, tnere is no force acting upon it. II either the speed changes 
Uie direction of motion changes, a force must act upon It to 
i,UBe such change. The magnitude of the acceleration is propor- 
tional to the magnitude of the force, and the direction of the ac- 
celeration is the direction of the force. The force is uniform when 
the acceleration is uniform, and variable when the acceleration is 
variable. 

Haas. — Let such a spring. F, as described, act with constant 
;re in a constant direction upon a given 
A for a given time. 

len the acceleration or chan^ of velocity 
second is constant and in the direction of the 
M or axis of the spring. 

Lot the same spring act upon another bo<ly, B, 
■ the same constant pressure in the sanae 

,jant direction for the same time. Then the acceleration or 

ib&nge of velocity per second in this case is also constant and in 
hedL^ction of the axis of the spring. 
If the magnitude of the acceleration in the second case is equal 
the magnitude in the first case, the body B is said to have the 
n«> mau as the body A. la general, 

Eqwit miii'iti-a are thotie to whirh the same uniform force ^ves 
Mme acceh-ration in tlie ditvction of tlie force in ths same time. 
Unit of KaM.— Wc lake aa the unit of mass the standard pound 
lErdupois, or the standard gram, or the standard kilogram. 
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These are definite bodies (ipage 5. Vol. I^. Any other body wL 
when acted upon by any given constant force would receive in 
same time the same acceleration in the direction of the force as 
standard mass under the same circumstances is an equal mass. 

When, then, the mass of a body is unity, or one unit of mass, 
same constant force acting upon it gives it the same acceleration im t 
the same time in the direction of the force that the standard ^^* 
would receive under like circumstances. 

Measnrement of Mass. — We know by experiment that the foraj 
of gravity, or the earth's attraction at any olace, gives to all bodiei 
falling in vacuum, whatever their native* the same acceleration in 
the same time. 

This acceleration is vertical or in the direction of the force of 
gravity which causes it. 

When two bodies exactly balance in an equal-armed balance* we 
also know that the force of gravity on each must be the same. 

Since then, under the action of this equal force, each body would 
acquire the same acceleration in the same time in the direction of 
the force, their masses are equal. 

By means of the balance, tnen, we can readily duplicate standard 
masses. By finding how many such standard masses balance aiur 
given bodjT, that is, by " weighing" the body, we can determinein 
mass relatively to the standard. 

Thus if any body exactly balances 2, 3 or 4 standard pounds or 
kilograms or grains, its mass is 2, 3 or 4 times the mass of the 
standard used. 

Mass Independent of Gravity. — It must be carefully noted that 
the mass of a body has nothing to do with the actual intensity^ of 
the force of gravity. This varies with the locality and the height 
above sea-level in the same locality. But two bodies of equal mass 
which therefore exactly balance in one locality would balance in 
any locality, because the force of gravity, whatever it may be, is 
always the same on each wherever they are weighed. 

When we speak of a mass of one pound, one gram, or one kilo- 
gram, we refer then to a definite quantity of matter, not to the force 
of ^avity acting at any place upon that matter. 

But when a body balances two standard pounds, we know that the 
force of gravity upon that body at any locality is twice as great as 
for one pound. The force of gi*avity upon any Dody at any locality, 
or the weight of the body, is tlius proportional to its niasa, but the 
mass is independent of this weight. 

The term ** weighing'' as applied to a balance should not be 
allowed to mislead. ** Weighing^' a body in a balance always de- 
termines its mass and not ite weight, or the force of gravity upon it. 

Eelation between Force, Mass and Acceleration. — Since the 
weight of a body is proportional to its mass, and since all bodies 
fall in vacuum with the same acceleration under the action of 
gravity at any locality or of their weights, it follows that to give 
different bodies the same acceleration in the direction of the force, 
the force must be proportional to the mass. 

But we also know by experiment that when we give the same 
body different accelerations m the direction of the force, the force 
is proportional to the acceleration. 

In general, then, any force which produces in a given body, free 
to move, an acceleration in its direction, must be proportional both 
to the mass of the body and the acceleration. 

If then [F] is the unit of force adopted and i^the number of 
units of force, [If | the unit of mass and m the number of units of 
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[/] the unit of ctcceleration and / the number of units of 
(leration in the direction of the force, we must have the 
elation 

F[F] = c.m[M]xf[f] (1) 

rhere c is a constant nimiber. 

Equation (1) expresses the fact that force must be proportional 
)th to the mass and the acceleration given to the mass in the direc- 
^tion of the force. 

Unit of Force. — ^We see from (1) that we shall always have the 
numeric equation 

F = mf (2) 

if we make c unity, and 

[F] = [M] X [/]. 

That is, equation (2) holds (provided we take as our unit of force 
ihat constant force which wiU give one unit of mass one unit of ao- 
ceteration in the direction of the force. 

This is called '' Ckius8*8 absolute unit,*' or the absolute unit of 
force, because it furnishes a standard force in any system, inde- 
pendent of the force of gravity at different localities. 

In the foot-pound-second or **F. P. S. system," then, the abso- 
lute unit of force is that constant force which will give one pound 
a chan^ of velocity in the direction of the force of one foot per 
second m a second. This has been called by Prof. James Thomp- 
son the ponndai. It is then the English absolute imit of force. 

The French absolute unit of force is that constant force which 
will give one kilogram a change of velocity in the direction of the 
force of one meter per second m a second. 

In the centimeter-gram-second or ** C. G. S. system " the absolute 
unit of force is the constant force which will give one gram a change 
of velocity in the direction of the force of one centimeter per second 
in a second. This is called the dyne. 

Dimensions of Unit of Force. — Let [F] represent the imit of 
force, [/] the unit of acceleration, [M] the unit of mass, [V] the 
unit of velocity, [L] the unit of distance, and [T] the unit of tune. 
Then we have 

[F] = [M] X [/] = [M] X [^ = m X -^. 

Weight of a Body. — ^The student should ,^ain be cautioned to 
keep clearlv distinguished in his mind the difference between the 
mass of a body and its weight. The weight of any mass is the 
force wit^ which the ecurth attracts it, and it therefore varies with 
the locality. The mass is invariable at cdl places. 

If the weight of a body is TT, and its mass m units, then, since 
the weight produces the acceleration g, we have from (2), 

Tr= mg units of force. 

If m is one unit of mass, W is numerically equal to g units of 
force, or 

one ponnd weighs g ponndals, 
one gram weighs g dsrnes, 

according to the svstem in use. 

Since g is about 32 ft.-i)er-sec. per sec., the weight of one poimd 
is about 32 poundals, or 

one ponndai is the weight of about half an onnce. 
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Starictly speaking, it is the weight of - part of a pound, where g 

mudt be taken for the locality in ft.-i)er-sec. i>er sec. 

In the same way, the weight of one gram is about 981 dynes, or 

one dyne is the weight of about one milligram. 

Strictly speciking, it is the weight of - part of a gram, where g 
must be taken for the locality in centimeters-i)er-sec. per sec. 

An athlete throwing a hammer of 16 pounds in New Haven and the tame 
hammer in Edinburgh has a heavier hammer to ^row in the latter place, by 
the weight of about three tenths of an ounce more. (See page 98, Vol. I.) The 
mass of the hammer is of course the same in both places. 

Oravitation TTnit of Force. — It is often convenient to express a 
force by comparing it with the weight of the unit of mass at the 
locality. The weight of the unit of mass at the place is then the 
gravitation unit cf force. It is evidently not constant. Or we can 
express a force by comparing it with the weight of the unit of mass 
at some given place. The weight of the unit of mass at this place 
is then the gravitation unit of force. In this case it is constant. 

When, then, we speak of a ** force of ten pounds'' or a ** force of 
ten kilograms " we mean the force of gravity at a given place upon 
a mass of ten pounds or ten kilograms. The expression is of 
course incorrect, because pound and kilogram denote mass only. 
The expression is thus a brief and cdlowable locution for the phrase 
— *' attraction of the earth for a mass of ten poimds at the place 
considered." 

A ** force of ten pounds" means, then, a force of lOg poundals, 
where g is the acceleration of gravity in ft.-per-sec. per sec. at the 

Slace considered. A *' force of ten grams" means a force of lOg 
ynes, where g is the acceleration of gravity in centimeters-per-sec. 
per sec. at the place considered. In cdl cases, 

Mass (in lbs.) x acceleration {inft.-per-aec, per sec.) = Force in 
direction of acceleration {in pounddCs). 

If we divide the force thus found by gr in ft.-per-sec. per sec., we 
obtain the force in gravitation units. 

Mass {in grams) x acceleration {in centimeter s-per-sec, per sec,) 
= Force in direction of acceleration (in dynes). 

If we divide the force thus found by g in centimeters-per-sec. 
per sec., we obtain the force in gravitation units. 

Thus if a mass of 25 pounds has an acceleration in any direction of 6.4 ft.- 
per-sec. per sec, the force in that direction which causes this acceleration is 
25 X 6.4 = 160 poundals, or 160 times the force necessary to give a mass of 
one pound an acceleration of 1 ft.-per-sec. in one second. If g for the locality 

is 82 ft.-per-sec per sec, we can speak of this as a force of -^ X 25 pounds, or 

a ** toTce of 5 pounds" meaning thereby the force of gravity upon a mass of 
'5 pounds at the locality in question. 

Again, if a mass of 25 grams has an acceleration in any direction of 200 
oentimeters-per-sec. per sec. , the force in that direction which causes this ac- 
celeration is 25 X 200 = 5000 df/nes, or 5000 times the force necessary to give 
a mass of one gram an acceleration of 1 centimeter-per-sec. in one second. If 
g for the locality is 981 centimeters-per-sec. per sec., we can speak of this as a 

200 
force of g^ X 25 gprams, or a <* force of about 5 grams," meaning thereby the 
vol 

foroe of gravity upon a mass of 5 grams at the locality in question. 
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CHAP. L] ACTION AND REACTION. 

Tension— Compreuion — Shear,— When a force acts to separate 
two particIoB of a body in the direction of the line joining them, it 
is called ft force of teiisic/n. or tenailB force. When it act6 to bring 
the particles together in the direction of the line joining them, it is 
a force of cmnpresaion, or compressiTe force. When it acta to dis- 
place the particles iu a direction at right angles to the line joining 
Cbem, it is called akear, or Eheaxing force. 

Action and Reaction. — When one body or particle presses or puUa 
another, it is itself pressed or pulled by this other with an equal 
force in an opposite direction. If we speak of the force ezertea by 
one body or particle as action, we can call the force exerted on it 
by the other reaction. To every action, then, there is always an 
equal and opposite reaction, or the mutual actions of any two bodies 
are always equal and oppositely directed. 

StresB. — The exertion of force upon a body or particle is thus 
only one side of the entire phenomenon, which really consists of ^ 
the simultaneous exertion of equal and opposite forces between two | 
bodies or particles. I 

Wlien we fix our attention upon one only of the bodies or par- 
ticles and, disregarding the other, consider only its action upon the 
first, we have called this action force. It is that external action 
due to some other particle which causes change of motion of the 
particle considered ipage 2). But when we have both bodies or 
particles in mind and wish to be understood as viewing this force 
as one of the two mutual, equal and onposite actions between two 
bodies or between two particles of the same body, we call it a 
stress. 

When the stress is such as to make the two bodies or particles 
move towards one another, or to resist tensile force, it is called at- 
traction or tensile stress. When it is such as to increase their dis- 
tance, or to resist compresnive fiyrce, it is called repulKion or com- 
pressive stress. When it resists shearing force it is called shearing 
,«tres«. 
I In this sense, then, we always speak of the stress m a body or 
I between two bodies or particles; the prepositions •■in" or "be- 
tween " indicating at once that we have to do with one of the 
mutual actions between two bodies or particles. Force then is 
always external to the body or system considered. Stress is in- 
ternal to that body or system, and resists change of configuration 
due to force. 

External Stress. — There is, however, a sense in which we speak 
of stress on a bodv, and thus consider it as external, which need 
never be confounded with that just given. 

Force is often exerted upon some definite portion of the bound- 
ing surface of a body and acts then over an area. In such case 
the number of units in its magnitude divided by the number of 
I units in the area gives the number of units of force per unit of 
I area. When a force thus acts we may speak of it as toe stress on 
I tbo body, and the force per unit of area we call nnit stress. 
I This use of stress is convenient and leads to no confusion. 
I Where necessary to discriminate we may speak of internal stress 
I and external stress, hut in general the use of the preposition "on " 
I and "in" or "Iwtween" sufficiently indicates the sense in which 
I th<> term is used. 

Strain. — The change of distance between two particles of a body 
I fn A direction opposite to internal stress is called strain. 

if no interna stress exists, there is no strain, hut simply displacs- | 
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Hhutration.-^Thaa let a sprint whose original " unstrained " length is AB 
be compressed so that its length is ABi, When we consider the external 
action which compresses it, we speak of the farce of eompresHan F, When 

we consider one of the mutual actions between any two 
points A and ^t which resist compression, we speak 
of the comprtmvt tireas 8 m the spring at ^i or at A, 
s s '^^^ itrain is the distance BBi, or the displacement 

A WVW^-i— 2— ♦— 4 oppotUe to the slreee. 

^1 Ci Ct B, I^ the compressive force F is removed and the 

spring allowed to expand to d, the distance B\Cx is 
not strain because it is not opposite in direction to 
the stress, but simply displacement. When the sprint 
reaches B there is no stress in it. As it passes B tensile stress is developeo, 
and any distance BC% is strain. The point B is the position of zero strain, 
and any displacement on either side of this point is strain because opposite in 
direction to the stress in the spring. 
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EXAMPLES. 



(1) With 1 ft. and 1 sec. as units of distance and time, find the 
unit of mass, in order that the derived unit of force may be equal to 
the weight of 1 lb. 

Ans. ff lbs. 

(2) Find the unit of force in order that the unit of mass may be 
gibs. 

Ans. ^poundals. 

(3) The unit of acceleration being 6 ft.-per-sec, per sec., find 
(a) the unit of mass when the derived unit of force ts equal to the 
weight of 2Q lbs., and (b) tJie unit of force when the derived unit of 
mass is a mass of 20 lbs. 

Ans. (a) 107i lbs.; (6) 8.7 pounds weight. 

(4) The unit of mass being a mass of 10 lbs., the unit of time 1 
min., and the unit of length 1 yd., compare the derived unit of force 
unth the poundaL 

Ans. 1 to 20. 

(5) With 20 lbs. and 40 sec. as units of mass and time respectively, 
find the unit of length that the derived unit of force may be equal to 
the weight of 1 lb. at a place where g = Z2.2 fL-per-sec. per sec. 

Ans. 2576 ft. 

(6) The unit of velocity being 20 cm. per sec., the unit of mass 15 
arams, and the derived unit of force the weight of a kilogram, find 
the unit of time. 

^^' 8270 ^• 

(7) The value of a force expressed in dynes is to be expressed in 
absolute units of the meter-kitogram-mintUe system. By what num- 
ber must it be multiplied f 

Ans. 0.086. 

(8) Show that the weight of one pound is equal to 4.45 x 10* dynes 
approximately. 

(9) Show that 1 poundal is equivalent to 13825 dynes. 
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(10) With 1ft. and 1 see. cm units of distance and time, find the 
unU of IIMM3. in order that the derived unit of force may he equal to 
the weight of lib. at a place where g = 32.16 /^-per-8ec. per see. 

Ana. 82.16 lbs. 

(11) The unit of ma^s being 20 Ihs,, the unit of time 1 min., and 
the unit of length 1 yard, compare the derived unit of force with the 
jpoundal. 

/ • Ans. 1 to 60. 

^ V (12) Compare the values of the mass of a body as eocpressed in 
V gravitaiion units of the ft.'lb.-sec. and yardrton-min. systems (ton = 
2240 lbs.). 

Ans. 2688000 to 1. 

(13) Show that the value of one dyne eocpressed in terms of the 
weight of one ton (2240 Jhs.) is 1003 x 10- ^ approximately. 

(14) Beduce 20 powndals to absolute units of the yd.-ewL-min. 
system (1 cwt. = 112 lbs.). 

Ans. 214) units. 

(15) Determine the unit of time in order that, the foot being the 
unit of length, the value of the intensity of gravity may be expressed 
by 1 instead of g. 

Ans. — — sec. 

Vg 

(16) The unit of acceleration being 6 ft-per-sec, per sec,, find 
a) the unit of mass when the derived unit of force %s equal to the 
weight of 20 tbs., and (b) the unit of force when the derived unit of 
mass is a mass of 20 lbs. (g = 32). 

Ans. (a) 107.2 lbs.; (6) 120 poondals or the weight of 8.78 lbs. 
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DENSITY. SPECIFIC MASS. DETEKMINATION OF 

SPECIFIC MASS. 

Density. — ^The number of units of mass of a body divided by its 
number of imits of volume, or the mass per unit of volume, is the 
mean density of the body. 

The mean density Rives then the nimiber of pounds in a cubic 
foot, or the number of grams in a cubic centimeter. 

The density at a given point of a body is the ratio of mass to 
volume of an indefinitelv small portion of the body at that point. 
If this is the same at ail points, the body is homogeneous, or the 
density is imiform. If it varies, the density is variable and the 
body is non-homogeneous. 

The density of a body in a given state is the mass per imit of 
volmne of any portion of the body in that state. 

When the length of a body is great relatively to its other dimen- 
sions, the mass per unit of length is called its mean linear density. 

For a thin body the mass per unit of area is called its mean 
snrikce density. 

If m is the mass of a homogeneous body and Tits volimie and ^ 
its density, we have 

^ tn 

or density equals mass per unit of volimie. 

Unit of Density. — If [M] is the imit of mass and m the number 
of units of mass, [V] the unit of volimie and Fthe number of units 
of volume, [D] the unit of density and d the number of units of 
density, we nave 

Arm - ^f-^J 



We shall have 



provided we take 



'=? 



^ ^ [V] 



The unit of density, then, is one unit of mass per unit of volume, 
as one pound per cubic foot, or one gram per cubic centimeter. 

Specific Mass. — The density -ratio of a body relatively to that of 
some standard substance is properly called its specific mass. It is 
often called "specific gravity," as a consequence of not distinguish- 
ing between weight and mass. The ideas are different, but the 
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numerical values the same, since the weight of a body is propor- 
tional to its mass. 

The standard substance taken is water. If ;^ is the density or 
mass of a unit of volume of water, and S the density or mass of a 
unit of volume of any other body, then the specinc mass e is 
given by 

e = ^ (1) 

r 

Since d = -=-, where m is the mass and V the volume of the 
body, we have 

' = Tv <2> 

Since r is the mass of a unit of volume of water, rVia the mass 
of a voliune of water equal in volume to the body. Hence the 
specific mas8 of any body ta equal to the ratio of its mass to the mass 
of an equal volume of water. 

In the EngUsh system the mass of one cubic foot of pure water 
at 4° C, or the point of maximum density, is nearly 1000 ounces, or 
62.5 lbs. (more ezactlv 998.6 ounces). The density of water is then 
about 62.5 lbs. per cubic foot, or 

_ 62.5 lbs. 
1 cub. ft.' 

If then Vis one cubic foot, we have, from (2), 

m lbs. 



€ = 



62.5 lbs.' 

where m is the mass in pounds of one cubic foot of any body. 

In the C. Or. S. system, the mass of one cubic centimeter of pure 
water at 4"* 0. is very nearly one gram, and was intended to be so 
exactly. The density of water by this system is then 

y^ '^ gram 
1 cub. c. * 

If then Vis one cubic centimeter, we have, from (2), 

tn grams 

*" 1 gram * 

where m is the mass in grams of one cubic centimeter. That is, the 
mass in ^ams of one cubic centimeter gives at once the si)ecific 
mass, while in the English system the mass in poimds of one cubic 
foot must be divided by 62.5. Or inversely the specific mass of any 
body gives at once the mass in grams of one cubic centimeter of the 
body, while it must be multiplied by 62.5 to obtain the mass in pounds 
of one cubic foot. 

Determination of Specific Mass. — A body totally immersed in 
water diirolaces its own volume of water. It is a well-known 
physical fact that a body so immersed is buoyed up by a force 
equal to the weight of the volume of water displaced. 

If then a bod^ is *' weighed," i.e., its mass determined, and 
then weighed again while wholly immersed in water, the loss of 
weight in gravitation units gives the mass of the displaced water, 
or nves the mass of a volume of water equal to the volume of the 
body. 



12 



DYNAKIGS— IKTBODUCnOHT. 



[chap. II. 



To determine the specific mass, then, we have only to divide the 
weight of the body in gravitation unite by its loss of tveight in water 
in gravitation unite.* 

when very great accuracy is required the body should be 
weighed in a Tacuum, or cdlowance must be made for the buoyant 
force of the air. But in cdl practical cases in mechanics this is an 
unnecessary refinement, and the weight in air may be taken as the 
measure of the true mass of the body. 

Table of Specific Kass.— In the following table the density-ratios 
or specific masses, or so-called '* specific gravity " with reference to 
water, of a few substances are given. 

The exact value in any case will depend on the temperature and 
the mechanical process, such as hammering, etc., to which the 
bodies may have oeen subjected. 



Air at 0' C 0.0012769 

Alcohol at 0* C 0.791 

Turpentine at O'C... 0.870 

Ice 0.92 

Sea-water at 0** C 1.026 

Grown glass 2.5 

Flint glass 3.0 

Alummum "., 2.6 

Zinc 7.0 



Tin 7.4 

Iron 7.7 

Copper 8.8 

Silver 10.5 

Lead 11.4 

Mercury at O*' C 13.696 

Gk)ld 19.3 

Platinum 21.6 



EXAMPLES. 



(1) The mass of a jnece of limestone is 310 grams. When im- 
mersed in water ii is balanced by a mass of 188.6 grams. What is 
the specific nuiss t 

Ans. Weight in air is 810^ dynes. Weight in water is 188.5^ dynes. Loss 

of weight is SlOfir— 188.5^ = 121.5^ dynes. Hence specific mass = jKr4- = 2.55. 

(2) In order to find the specific mxiss of a piece of oak^ a piece of 
lead wire, which lost 10.5 grams when weighed in water y was 
wrapped around the wood, which weighed 426.S grams. The com- 
pound mass was 484.6 grams lighter in tJie water than in the air, 
^nd the specific mass. 

Ans. The loss of the wood alone was 484.5 ~ 10.5 = 474. Hence specific 

426.5 . . 
mass = -^- = 0.9. 

(3) An iron vessel completely filled with mercury weighed 500 

pounds, and lost when weighed m water 40 pounds. If the specific 

mass of the iron is 7.2 and of the mercury 13.6, find the mass of 

the vessel and of the mercury. 

jj 

Ans. Since specific mass ^ = — , where S is density and y is density of 

water, and since d = — , where m is mass and « is volome, we have e = — . 

« vy 



or « = 






Let mi be the mass of the iron and mt the mass of the mercury, and m the 
combined mass. 

* That is, we divide the number of units of mass of the body by the num- 
ber of units of mass of an eqtuU volume of water. 
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Then for the volume of the iron we have Vi = , for the volume of the 

mercury Vt = , and for the combined volume v = — . Hence we have 

€tx ey 











mx 




m 
ey' 


mi 
or — 

€i 


+ 




1 


m 

6 


Alflo 


Wli 


+ 


«»« 


= m. 


Combining we have 




















1 


1 








1 


1 










mi = 


€ 

= m . -I — 

€x 


1 


f Wa 


:=: 


m. 


1_ 


€^1 
_ 1_ 



500 
In the present case we have e = -2^^, €x = 7.2, 6t = 18.6 and m = 600. 

Hence mx = 49.54 pounds, m% = 450.46 pounds. 

Note. — This is called the problem of Archimedes, because first solved by 
him with reference to any alloy of gold and silver. Its application to alloys or 
chemical compositions is, however, limited, as in general in such cases there is 
a change of volume so that the combined volume is not equal to the sum of the 
volumes of the components. 

(4) In order to obtain the specific mass of rye in btdk, a bottle 
was filled with grains of rye well shaken together, and weighed. The 
weight of the bottle was found to be 115 grams when empty and 
1^5.75 arams when filled with rye. When filled fvith water it 
weighed 270.65 grams. Find the specific m,ass of the grain. 

Ans. The weight of the grain is 120.75 grams, and the weight of an equal 

volume of water is 155.65 grams. Therefore specific mass = ^..' ^ = 0.776. 

loo. 65 

A cubic foot of the grain weighs then 0.776 X 62.5 =48.5 pounds. 

(6) To find the specific mass of a mixture, given the volume or 
mass, ana specific mass, of each constituent 

Ans. We must assume that the volume of a mixture is equal to the sum of 
the volumes of the constituents. This is not invariably the case, especially 
where there is chemical union. 

Let mxt m%, mt, etc., be the masses of the constituents; 

^1. ^s» €%, ** •• « specific masses of the constituents; 
Vx, «j, Vt, *' tt tt volumes " 



< < (< 



Let m, V and e be the mass, volume and specific mass of the mixture. Let 
y be the density or mass of a unit of volume of water. 

Then mx -{• m^ •\- mt -{- etc. = m. But Wi = exyvx , mt = e^yvt , etc. 
Hence 

, , , . €iVx + €tV9 -h €tVt 4- etc. 

f iCi>' + ^«««y + ^»«»>' + etc. = €vy, or e = ■ ■ 

V 



But « = «i +*» + *» + ©tc. Therefore 

_ €iVx + g«^« 4- g»t>» + etc. 

"" «! + »t + *« + etc. 



(1) 



Again, we have Vx = — ^, »« = — —, etc. Hence 
^ €iy e^y 

m mx . m^ mt _t .^ 

— = -f- etc. 

€y €xy €ty €ty 
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_ ^1 -j- *>*« -j- *^t -j- ^*c. ,2\ 

^-mx_j_fiH_j_m. 

€i ^ e, ^ e» 

(6) Tiix> equal vessels A and B are full and halffuU, respectively, 
of liquids of densities 8i and St. If B is filled up from A and then 
A filled up from B, find the density of the miocture in A, the liquids 
being supposed to mix completely. 

Ans. j . 

4 

(7) Three equal vessels A, B, C are half full of liquids of densi- 
ties di i ds , dt respectively. If now B ismied up from A, and then 
Cfrom B, find the density of the mixture in C, the liquids being 
supposed to mix completely. 

' . g, 4- g« + 28, 
Ans. j-^ . 

4 

(8) To a salt solution whose specific mass is 1.08 and nuiss 27 
ounces, 4 ounces of water are adaed. Find the specific mass of the 
mixture, 

(9) Find how much water must be added to 27 ounces of a salt 
solution whose specific mass is 1.08, in order that the specific mass 
of the mixture may be 1.05. 

Ans. 15 ounces. 

(10) When equal volumes of two stibstances are mioced, the 
specific mass of the mixture is 3. When equal weights are mixed 
the specific mass of the miocture is 2|* Find the specific masses of 
the two substances. 

Ans. 2 and 4. 

(11) The masses and diameters of two spheres are as 1 to 2. Show 
that their densities are cw 4 ^o 1. 

(12) The diameter of the earth being 1.276 x 10" cm. and its den- 
sity 5.67 times as great as that of water, find its mass. 

Ans. 6.15 X lO*' grams. 

(13) T?ie linear density of a round bar of cast iron one inch in 
diameter is 2.46 lbs. per foot. Find the weight of a pipe 2 yards 
long, having a bore of 16 inches and a thickness of ) inch. 

Ans. 739 lbs. 

(14) Aflat bar of iron 4f inches wide and f inch thick has a linear 
density of 9,91 lbs, per ft. Find the weight of a bar of iron 1 inch 
square and 1 yard long. 

Ans. 10 lbs. 

(16) From the preceding example state a rule for finding the 
u^eight per foot of a bar of iron of any given constant area; also 
for finding the area if the weight per foot is given, 

Ans. To find the weight per foot in pounds, maltiply the area in square 
inches by 10 and divide by 8. 

To find the aiea in square inches, multiply the weight per foot by 8 and 
divide by 10. 
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(16) The density of granite ia 160 lbs, per cubic foot ApatHna- 
block is 4 indies wide, 9 inches deep and 12 inches long. Find the 
number of tons (2240 lbs.) required to pave a street one mile long 
and 20 yards broad^ allowing an interval of 10 per cent between the 
blocks, 

Ans. 16274 tons. 

(17) If the population of a country is 35262762 souls^ and the area 
is 120830 square miles, what is the average " density " of the popula- 
tion f 

Ans. 292 inhabitants per square mile. 

(18) Find the specidc mass of a piece of cork from the following 
data : Weight in air 2 grams, weight of cork ana sinker in water 4 
grams, weight of sinker in water \2 grams. 

Ans. 0.2. 

(19) A raft whose weight and specific mass are known floats in 
water. Show how to ddermine the greatest weight it can support 
without sinking. 

Ans. Let m be the mass and e the specific mass of the raft Then load = 
tw(l-€) 

€ 

(20) An empty baUoon unth its car and appendages weighs in air 
1200 lbs. If a cubic foot of air weighs 1\ oz., find how many ctMc 
feet of gas must be used before the balloon will begin to ascend. 
Specific mass of the gas 0.52, compared to air. 

(21) An iceberg has the form of a cube and fioats fiat with a 
height of 30 ft. above the ocean. Find the depth under water. 
Specific mass of ice 0.92, of sea-water 1.026. 

Ans. 260 feet. 

(22) Find the mass of the earth in tons (2240 lbs.\ having given 
mean specific mass 5.6, mean radius 4000 miles. 

Ana. 6.16 X 10** tons. 

J 23) The unit of density being that of water, and the units of time 
mass 1 minute and 112 lbs., find the magnitude of the derived 
unit of force. 

Ans. 0.0878 ponndals. 

(24) 7%e number of seconds in the unit of time being equal to the 
number of feet in the unit of length, the unit of force being the 
weight of 750 lbs. (g = 32), ana a cubic foot of the standard substance 
having a mass o/ 13500 oz.,find the unit cf time. 

Ans. 5(sec. 
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CENTRE OF MASS. 



CENTRE OF MAB8. CENTRE OF eRAYITT. PROPERTY OF THE CENTRE OF 
MASS. DETERMINATION OF CENTRE OF 1CA88. THEOREM OF PAPPUB 
AND GULDINUB. DETERMINATION OF CENTRE OF MASS BT CALCULUS. 

Centre of Hasi. — ^We may consider a material body as composed 
of an indefinitely large number of indefinitely small x>articfes of 
equal mass. 

The centre of maaa of euch a body is that point whose distance 
from any plane is equal to the average distance of all the equal 
particles from that plane. ^^ 

If then we take three co-ordinate planes XY, YZ, ZX, at right 

angles, the distance of the centre of mass from each plane is equal 

Y to the average distance ot all the equal 

particles from each plane. 

Thus suppose a oody composed of a 

number N of particles of equal mass. Let 

— -^ — tn Xi, Xty Xtj etc., be the distance of each 

a?i. ^ pBuiiicle from the co-ordinate plane TZ. 

y^ Then we have for the average distance of 

all the particles, or for the distance x 
of the centre of mass from the plane TZy 



m 




- _ Xi -^ Xt + x» + etc. _ 2x 

In taking the summation Xi + a;i + a?. + etc. = 2x, each distance 
a?i, a?!, x», etc., must be taken with its appropriate sign (+) or (— ) 
according as it is on the right or left of the plane YZ If then the 

plane 7Z passes through the centre of mass, a; = and 2x = 0. 

Now if the mass of each equal particle is m, the toted mass or 
mass of the body is If = Nm, If then we multiply numerator and 
denominator by m, we have 

— m2x 

X = . 

M 

If a material body is composed of particles of imequal mass^ we 
may consider each of these particles as itself composed of x>article8 
of equal mass. 

Tnus suppose a body composed of particles whose masses are 
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mi, ms, ma, etc. Let the first consist of a number tii of particles of 

equal mass m, the second of a num- y 

ber na of particles of equal mass m, 

and so on. Then mi = riim, mj = 

n^m, m* = nam, etc. Let the entire 

number of equal particles be iV; so 

that the total mass, or mass of the mi — 

body, is If = Nm, 

Then if a?i, a;., x*, etc., are the 
distances of the piarticles of unequal 
mass from the co-ordinate plane ITZ, y 

we have for the average distance of >^ 

^ the particles, or for the distance ^ 

X of the centre of mass from the plane FZ, 

— uiXx + n%x% + n$a:» + etc. 

X = 



N 

If we multiply numerator and denominator by m, we have 

— _ mxXx + mfX% + mta;« + etc. __ 'Smoj 

a?- Jlf """S^' • • • ^^> 

In the same way we have for the distance y of the centre of 
mass from the co-ordinate plane ZX 

y = ^ (8) 

and for the distance z of the centre of mass from the co-ordinate 
plane JTF 

— 2inz 

^=^ (3) 

We see then that the centre of mass of a body is such a point 
that if the number of units in tlie whole mass be multiplied by the 
ntunber of units in the distance of this point from any plane, the 
result will be equal to the algebraic sum of the products obtained 
by multiplying the number of units in the mass of each elementary 
particle by the number of units in its distance from the same plane. 

Cor. In taking tne sums of the products SmXy 2my, 2mz, for 
each elementary mass or particle, we must take x, y, z with their 
proper signs. 

If then we take the_origin of co-ordinates at the centre of mass, 

we have a? = 0, y = 0, « = 0; hence 

2mx = 0, Smy = 0, Smz = 0. 

« 

If we take polar co-ordinates and take the pole at the centre of 
mass, we have 

2mr = 0, 

where r is the distance of any particle from the pole. 

That is, the algebraic sum of the moments of the masses (page 
19) of all the particles with reference to the centre of mass is zero. 

Centre of mavity. — We shall see hereafter (page 75) that the 
centre of mass of a body conincides with the point of application of 
the resultant of that system of parallel forces which acts upon all 
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the particles of a translating body ; that is, when each parallel par- 
ticle force causes in the particle on which it acts the same accelera- 
tion in the same direction. 

The earth's attraction for a hody is the resultant of a sjstem of 
forces acting upon the particles of the body, e€U^h particle force 
bein^ directed towards the centre of the earth, and causing in the 
particle on which it acts an acceleration of the same magnitude, 
we have thus a system of forces not strictly pajrallel, but causing 
in each particle an acceleration of the same magnitude. 

But practically the deviation from parallelism is insignificant, 
since the longest dimension of any boay on the earth with which 
we have to deal is insignificant in comparison with the radius of 
the earth. Hence the accelerations are practically parallel as well 
as equal and the resultant force of gravity upon a hody passes 
practically through the centre of mass. This resultant is the weight 
of the boay. The weight of a hody acts practically, therefore, at 
the centre of mass. 

The centre of mass is therefore often called the ^^ centre of 
gravity.^'' The term is, however, strictly spe£^ing, incorrect. The 
term *' centre of gravity" can only be properly applied to that 
point at which, if the entire mass of the ooay were concenta*ated, 
this point would attract and be attracted in all positions of the 
^^>ody, just the same as the body itself. In this sense, as we shall 
see (page 47), only a few bodies possess a centre of gravity, while 
all bodies have a centre of mass. 

Centre of mass then has nothing to do with gravity. Gravity 
furnishes only a convenient practical method of locatmg it. The 
two ideas are entirely distinct. 

Property of the Centre of Mass. — The importance of the centre 
of mass of a body, in Dynamics, depends on a property of it which 
we shall prove hereafter (page 83). 

This property is as follows : 

Whatever the mction of a rigid hody may he, the centre of mass 
of the hody moves precisely the same as if the hody were replaced hy 
a particle of equal mass at the centre of m,ass, and all the forces 
acting upon the hody were transferrea to this particle, without 
change tn direction or magnitvae. (For other properties of the 
centre of mass see page 75). 

Determination of Centre of Kass. — ^We have just seen that the 
centre of mass of a body is such a point that if the number of 
Y units in the whole mass be multiplied by the 

number of units in the distance oi this point 
from any plane, the result will be equal to the 
algebraic sum of the products obtained by mul- 
tiplying the number of units in the mass of 

each elementary particle by the number of 

^units in its distance from the same plane. 

If we denote the volumes of the indefi- 
nitely small elements of a body by t?i , t?« , Vt, 
etc., and their densities by 8\, d%, 8», etc., 
tiien the masses of these elements will be 
given hj mi = 8iVi, ma = 8%Vi , m% = StV% , etc. (page 10). 

If then X\, Xi, x*, etc., are the distances, from the co-ordinate 
plane TZ, yi, y*, y*j etc., from the co-ordinate plane ZX, zi, Zt, z%, 
etc., from the co-ordinate plane XF, we have for the co-ordinates 

X, y^ z of the centre of mass in general 
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+ S,v,x, + ew. 




+ S,v, + etc. 


y= 


SiViy 


+ S,v,y, + etc. 




+ "lUi + etc. 


- 


S.va, 


+ fi.tJ,a> + etc. 



If the body is homogejieouti, we have d, s= a, = a. , etc. Heace 
l^if V ia the volume of the body, we have for a homogeneove body, 
— ViXi + ukTi + etc. _ Svx 






«. + !?■ + etc. V 

Equations (1) and (2) give the position of the centre of mass for 
volumes, non- homogeneous or homogeneous. 

For surfaces or areas we can put a for i' and A for V. where a 
_ the area of an element and A tLe entire area, and S the surface 
density (page 10). 

For lines we can put i for f> and L for V. where I ia the length of 

element and L the entire length, and ^ is the linear density 
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!aterial Lino, Area and Volume,— There is of course a certain 
inconsistency in speaking of the centre of mass of geometrical 
lines, areas and volumes, since they have no mass. The expression 
is, however, allowable, since we are understood to mean a physical 
or material line whose cross-section is constant and therefore 
.cancels out of equations (1) and (8), S being then the linear den- 
sity; or a material area whose thickness is constant and therefore 
cancels out, ^ being the surface density ; or a volume filled with 
matter of uniform density, in which case S cancels out and wo 
have equations (8). 

Homent of Mass, Volume, Area. — We may call the product of 
the magnitude of a mass, volume or area by the magnitude of the 
distance of its centre of mass from any plune or axis, the magni- 
tude of the moment of the mass, volume or area, relatively to fliat 
plane or axis. 

We can then express equations (1) and (2l by saying that the 
moment ot the total mass, volume or area of a body with reference 
to any plane or axis is equal to the sum of the moments of the 
elementary masses, volumes or areas. 

fl&ne and Axis of Symmetry. — A body is symmetrical with re- 
.Bpect to ft plane when the lines joining its particles, two and two, 
,«r6 paroilA and bisected by the plane. In such case the centre of 

lea is in the plane and the equations for x and y are sufficient. 

A body is symmetrical with respect to an axis when it is sym- 
letrical with respect to two planes passing through that axis. In 
■aoh case the centre of mass is in the axis and the equation for a- is 
eufflcient. 

If a body is symmetrical with respect to two axes, the centre of 

— in at Uieir mtersection. This point is then the centre of figure. 
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Many cases are simplified by the application of this principle of 
Hyiniiiotry. 

Tlius the centre of mass of a homogeneous straight line is at 
the middle of the line ; of a homogeneous circle or circular area 

or sphere, at the centre. For a paral- 
lelogram ABCD the line ah througn the 
middle points of the sides AB, CD, bi- 
sects all lines parallel to those sides and is 
therefore an axis of symmetry. So is cd 
through the middle pomts of AC, BD, The 
diagonal AD bisects all lines pcurallel to the 
other diagonal and is on axis of symmetry. So is the diagonal BC, 
The surface would balance on a knife-ed^e along either of these 
lines. The centre of mass is then at S, their point of intersection. 
We shfiJl moke constant use of this princdple of symmetry. 
Centre of Mom of HomogeneouB Material Lines. 

(1) Centre of Mass of Homogeneous Straight Line. — ^The centre 
of mass of a homoReneous straight line is, by the principle of sym- 
metry, at its middle point. For the line itself is one cucis of sym- 
metry, and a line at n^ht angles to it at its middle point is another. 

(2) Homogeneous Circular Arc. — ^The centre of mass for a homo- 
geneous circular arc, if the arc is a full circle, is, by the principle of 
synmietiy, at its centre of figure, or at the centre of the circle, be- 
cause any diameter is an axis of symmetry. For any homogeneous 
arc in general, we may find the position of the centre of mass as 
follows: 

Let ABC be a homogeneous circular arc with centre at O. Take 
the origin at O and let we axis of JT pass through 
O and the centre B of the arc. 

Then OB is an axis of sypcmietry, and the 
centre of mass £f is on this axis. Let the chord 
AC = c, and the length of the arc ABC bo L, and 
r = radius. Take an indefinitely small element 
PQ whoso length is / and whose centre of mass is 
at a, and let -PR be the vertical projection of PQ. 

Then we have by similar triimgles 

liPRiiriON, 

or, since ON = .r, the moment of the mass of 
the element PQ with reference to an axis through 
O parallel to AC is proportional to te = rPR. 
The sum of the projections PR of all the elements is AC = c. 
Hence the sum of the moments of all the elements is proportional to 
^/.r = r2£PR = re. Since the entire length is X, we have from equa- 
tion (2), page 19, 

- 2te re 

Therefore the centve of mass S of jt circular arc ABC is on the 
axis of symmetrv OB al a distance x= OS from the centre of the 
arc. which is a feorlh proportional to the arc, the radius and the 
chord, or _ 

L:r::e:x. 

— 2r 
For a semidi^a, e = Ir and L^nr, hence x = — . For an en- 




tire circle, c s 

figure. 



SbbQ^ or fhe centre of mass is at the centre of 
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Centre of Mass of Homogeneous Areas. 

(3) Homogeneotia ParaUelogram.'-EYeTy line of the homogeneous 
parallelogram ABCD parallel to AB or CD is 
bisected by the line ab drawn through the 
centres of the sides ABCD. Hence a6 is an 
axis of symmetry. So is the line cd, or AD or 
BC. The centre of mass is then, by the prin- 
ciple of symmetry, at the centre of figure, or at 
the intersection 8 of the diagonals, or of the 

lines drawn between the middle points of opposite sides. 

(4) Homogeneous Triangle, — Every line of the homogeneous 
triangle ABC parallel to BC is bisected by the line AD drawn 

from the vertex A to the centre D of the 
opposite side. 

Hence AD is an axis of syinmetry. So 
also is the line CE drawn from the vertex C 
to the centre E of the opposite side. The 
centre of mass is then at S. Since E and D 
are the middle points of AB, BC, and there- 
fore DE is parallel to CA and equal to -^CA^ the triangles AFC and 

DFE are similar, and 

DS: SA::DE: AC or :: 1:2. 
Hence the centre of mass is on the line DA at a distance from D 
equal to - DA. In general the centre of mass is on the line from 

any vertex to the middle of the opposite side, at a distance from 

2 
the vertex of — the length of this line. 

(6) Homogeneous Trapezoid. — We can determine the centre of 
mass of a homogeneous trapezoid as follows: 

The line MN which joins the centres of the two bases AB and 
CD is an axis of symmetry, and the centre of ma^s iS is on this 
line. 

D N c Q 




Denote the base AB by 6i and CD by bi , and the altitude DO by 
h. If we draw DE parallel to the side BC, we have a parallelogram 
BCDE whose area is bih and the distance of whose centre of mass 

Si from AB is ^, and a triangle ADE whose area is ^"Z and 
the distance of whose centre of mass & from AB is ^. 

The area of the trapezoid is (6i + 6i)^. If y is the distance HB 
of the centre of mass of the trapezoid from AB, we have 
(6. + 6.)*.y = 5.ft.|+*L:i^)*.|=(6.+26.)|*. 
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Hence 



- TTQ ht + ^i h 



We have also 



HM IM ry-, y 



Let the angle ADO = fi, then 

AO = ^tan/?, and iif = y - ^tan /? - ^'. 



Therefore 



HM 



6« + 26i /6j — 61 



3(6i + W V 



— htasifi 



)■ 



If a; is the distance AH of the centre of mass from A^ we have, 
if AO = a = h tan /3, 

2 3(6. + 6,) \ 2 ^y 



_ bi* + bibt + 6t* + o(6> + 260 
3(6i + 6.) 



We have also 



MS NM ^^ NS 



NM 



Hence 



y 



h ' 



h-y h 

26, + 6. NM 



MS = ^±^'^, and NS^^^^ , . 
61 + 6, 3 61 + 61 3 

Therefore 

JfiSf _ 6, + 26» ^ i6, + 61 ^ AM •\' D C _ AM + AF 
NS " 26, + 61 6. + i6, AB + NC OC •¥ NC 

Ist Construction.— It then we lay off AF^DC, and CG = AB, 
D • c and join FO, the intersection <S» of FO with 

iVAf eives the centre of mass. 

2a Construction. — Another convenient con- 
struction is as follows : Draw the diagonals 
AC, BD, intersecting at T. Layoff along AC 
the distance ATi == uT and along BD the dis- 
tance BT^ =DT. Bisect the di^onals at R 

^ ^and Pand join RTx and PTt. The intersec- 

tion 8 is the centre of mass. Student will prove. 
(6) Homogeneous Trapezium. — In order to 

find the centre of mass of any homogeneous 

four-sided area ABCD, we can divide it by 

means of a diaj^onal AC into two triangles and 

determine their centres of mass Si and S9 by 

(4). We thus obtain a line S1S9. If we again 

divide the area by the diagonal BD into two j? 

other triangles and determine their centres of 

mass, we obtain a second line whose intersection with SiSt gives 

the centre of mass S of the whole arecu 
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We can, however, proceed more simply by bisecting the di- 
Bgonal AC at M and lajing off the longer segment BE of the other 
diagonal from Dto Fbo that DF = BE. 

Then draw FM and take MS = -FAf. Then S is the centre of 



For we have MS, = ^MD and MS, = ^MB. hence S,5, is paral- 
lel to BD. But SS. X area ACD = SS, x area ACB. or SS, x DE 
= SS, X BE. whence SS, -. SS, :; BE : DE. But we have by con- 
struction BE=DF, and DE = BF, hence SS, : SS, :: DF : BF. 
Hence Jtff cuts S,S, at the centre of mass S. 

\8t Construction.— We have then the following conelruction : 
Bisect one diagonal AC at M. Lay off the longer segment BE 
erf the other diagonal from D to F. bo that DF = BE. Then join 
I 3£F and take MS = ^MF. Then S is the centre of moss. 

I 2d Conntruction.—We have also the foI~ a 

' lowing construction: 

Let £be the intersection of the diagonals, 
and Jlfi , ^i their middle paints. Join jifi. " 
and let Af be its middle point. Draw 
line EM and produce it to S, so that MS 
equals one third of EM. Then S is the centreo- 
of mass. Student will prove. 

3d Cwistructivit. — Draw the diagonal DB, dividing the figure 
A u , into the two triangles DAB and BDC. The 
centres of mass a, and a, of each of these 
triangles are in the lines DM, and BMi 
drawn from the vertices D and B to the 
middle points Mi and M, of the opposite 
^ sides, 80 thatZ^ai = ^DM, and Ba, = ^BMt. 

The centre of mass is then in the line aiCTi. 
Now draw the dif^onal CA. dividing the figure into the two 
triangles CAS and ADC. The centres of mass b, and 6. of each of 

I these triaJigles are in the tines CM^ and AMi , so that C&< = gCMt 





and Ab, = -AM. The centre of n 



8 then in the line h\h,. The 



centre of mass S is then at the intersection of o^ni and h,b,. 

(7) Somogeneous Plane Polygon. — To find the centre of mass of 
Bny homoeenoous plane polygon, we can divide it into triangles, 
^consider tJne area of eacti triangle concentrated at its centre of 
Lmass, and find the moments of each with reference to two rectan- 
■fular axes. 
I A convenient and sufficiently accurate method which is often 
■employed is to draw the polygon to scale upon stiff manilla pajwr. 
I Then cut the area out and bfuance it in two positions upon a Knife- 
led^. Two axes of symmetry are thus determined, and the centre 
I of moss of the area is at their intersection. 

A similar method may be employed for finding the area of an 

regular figure. Draw the area upon paper. Measure carefully 

e area of the sheet and weigh it in a delicate laboratory balance. 

_ len cut the area out and weigh it. The areas are as their 

VeightM. 
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^th ttie centre of mass S of tha arc AiBiC, 
vhich has the same central angle and wboee 
^c radius OAi is two thirds that of the sector 
OA. For the sector can be divided into an 
indefinite niimber of small triangles, the, 
centre of mass of each of which is at a dis- 
tance &om of two thirds of the radius. 
These centres give the arc AiB,Ci. 

The centre of mass S of the sector lies. 
° therefore, upon the radius of aymmetry OB 

which bisects this arc A,BiCi , and at a distance 08 from the centre 
(page 20) given by 

0g^ chordA.C. .go^^4 ^ 

arcAiB.C, 3 3 6' 

where r denotes the radius of the sector and S the central angle 
AOC in radians. 



For the semicircle 6 = x, 



For a sextant 



03 = 



= land 

■. approximate^. 

^^r = O.mtZr. 

~r = 0.6366r. 




(9) HomogeTteoua Segment of a Circle.— The centre of mass of the 
homogeneous segment of a circle ABC is in the radius of symmetry 
OB and may be found by placing the 
moment of its area relative to an axis " 

through O parallel to AC equal to the dif- 
ference of the moments of the areas of 
the sector ABCO and of the triangle ACO. 

Let r be the radius OA, c the chord AC 
and A the area of the segment ABC, and 
I the length of arc ABC. Then the area 
of the sector is — . The distance OSi for 

the centre of mass of the sector is y—r, and &e moment of its area 

The height of the triangle is yr* — ^. Its area is -g-y *^ — -j ■ 
The distance 08, for the centre of mass is -^yr' — " ■ The mo- 
ment of the area of the triangle is then — — --. Hence we have 
A.03^lcr^-(^-^\=C or OS = " 



12' 



ISA 
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That is, the centre of mass of a segment of a circle is on the 
radius of symmetry OB, at a distance OS from the centre of the 
circle equal to the cuhe of the chord AC divided by 12 times the 
area of tne segment. 

For a semicircular segment, c =2r and A= ~- and C8 = , 

as we have already found it (8). 

(10) Homogeneatta Circular Ring. — ^The centre of mass of a 
homogeneous circular ring can now be found. It is in the radius of 
symmetry OBi. The area of the ring is the 
difference of area of two sectors OAiSid and 
OA,BtCt. If OAt = n and OA, = r, and the 
chords AiCi = Ci, AsG = Cs, we have the 
moments of the areas of the sectors relative 
to an fiucis through O parallel to AiCi equal 

to^iTLand^ 



2 



The area of the ring is 




where B is the central angle AiOd in radians. Hence, since -^ = — ^ 



If Z is the length of the arc AxBiCi , this becomes 

3Z W - TtV 






2c, 
3r,e' 



or, since Z = riB and c, = 2ri sin - , 

2 



08 = 



4sin- 
2 

36 



ri* — rs' 



flmjfi 

6 



[• *hm 



2R, 



where 6 = n — r, and R = ^' ^ ^\ • 

(11) Surface of a Cylinder. — ^The centre of mass of the homo- 
geneoua surface of a cylinder lies at the centre of its axis. For all 
the equal-circle elements of the surface obtained by taking slices 
parallel to the base have their centres and centres of mass upon 
this axis. At these centres of mass the mass of each element may 
be concentrated. The centre of mass of the cylindrical surface is 
then the centre of mass of the axis. 

For the same reason the centre of mass of the surface of a prism 
lies in the middle of the line which unites the centres of mass of its 
bases. 

(12) Surface of a Right Cone.— The centre of mass of the homo- 
geneous surface of a right cone lies in the axis of the cone at two 
thirds of its len^h from the apex. For the curved surface can be 
divided into an mdefinite number of small triangles. The centres 
of mass of all these triangles form a circle which is situated at a 
distance of two thirds of the axis from the apex, and whose centre 
of mass lies in the axis. 

The same holds true for a right pyramid. 
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(13) Surface of a Spherical Segment^ 2kme or HemispTiere.— The 
oentoe of mass oi the nomoeeneous surface of a spherical segment 
or zone or hemisphere is at the middle of its cucis or hei^t. 

For, according to Geometry, the spherical zone ABjDE has the 

same area as the surface FOHK of a cylinder 
whose height is equal to the height MN of 
the zone and whose radius is the radius CO 
of the sphere. This holds for all ring-shaped 
elements obtained bv passing planes parallel 
to the base througn the zone. Hence the 
centre of mass for the surface of the spherical 
zone, segment or hemisphere is at the middle 
S of its height AC^and coincides with that of the cylinder. 
Centre of Mass of Volumes. 

(14) Volume of a Homogeneous Prism.— The centre of mass for a 
solid homogeneous prism is at the middle of its axis, or the line 
joining the centres of mass of its two bases. For by passing planes 
parallel to the bases we divide it into equal slices whose centres of 
mass lie in the axis. 

(16) Homogeneous Pyramid and Cone. — Let ABCD be a homo- 
geneous triangular pyramid. Take E at 
the middle pomt of BC and draw AE and 

DE. letME = ^AE,exL&EN=^DE, 

Draw DM and AN. Then DM and AN 
are axes of symmetry, and the centre of 
mass is at their intersection S. But MN 

must be parallel to AD and equal to -AD, 

and the triangle MNS is similar to DAS. 

Hence MS ^\dS, or DS = ^MS\ and MD = 4MS, or MS = ^MD. 

3 4c. 

The centre of mass for the pyramid is then on the line joining a 
vertex with the centre of mass of the opposite base, at a distance 
from the vertex of three fourths the length of this line. 

Since every pyramid and cone is composed of triangular pyra- 
mids with a common vertex, the centre of mass of any pyramid or 
cone is in the line joining the apex with the centre of mass of the 
base, at a distance from the vertex of three fourths the length of 
this line, or at a vertical distance of three fourths the ^titude. 

We can therefore determine the centre of mass of a pyramid or 
cone by passing a plane through the body parallel to the base at a 
distance of three fourths the altitude from the vertex, and finding 
the centre of mass of this section. 

(16) Frustum of a Cone or Pyramid.— The centre of mass of a 

homogeneous frustimi of a cone or pyramid lies in 
the line QM joining the centres of mass of the two 

Callel bases. If we denote by Ax the area of the 
e AB, and bv A, the area of the base DC, and by 
h the altitude between them, the height x of the 
point F above DC is given by 





Q E B 



A, _ {h + xy 



or a; = 



hVA^ 



and 



VAx - f/ZT' 



X 
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The moment of the entire pyramid with reference to its face is 
Ai(x + h) x + h ___ 1^ fe'Ai* 

and that of the part of the pyramid which is wanting is 
Atx/^ . x\ 1 hWAt' . 1 h^At* 



{"^D'l 






■8» 



Hence the moment of the truncated pyramid is found by sub- 
tracting the second from the first, after reduction, to be 

^(Ax + 2i/^AjL, + SAX 

The volume of the frustum is [-4.1 + 4/ZIZi + AA^. Therefore 
the distance of the centre of mass 8 from the base is 



^jt _ Ai + 2 j/AiAa + SAt h 
Ax + ^AiA% + A« ' 4 ' 

The distance Si^S of this point from the plane KL passing through 
the middle of the body parallel to the base and dividing the altitude 
into two equal parts is 

S.S = — 'SE= Ai^A, h 

If the radii of the bases of a frustiun of a cone are ri and ra, we 
have 

Ai = iiri\ At = jrra', 

and 

ri* 4- 2rirt + 3r,* h 



8E = 



8oS^ 



ri* + riVt + n* 4 ' 
ri' + riVt + ra' 4 ' 



(17) Spherical Sector, — If the homogeneous circular sector AOB 
is revolved about its radius OBy a homogeneous spherical sector 
AOC is generated. 

We can consider this body as comi)osed of an indefinite nimiber 

of pyramids, whose common apex is at O and 

whose bases form the spherical zone ABC. The 

centres of mass of each of these pyramids are at a 

distance of three fourths of the radius OB of the 

sphere from O, and they form a second spherical 

3 

zone AiBiCij whose radius OBi = -OB. 

4 

The centre of mass of this zone is then the 

centre of mass of the spherical sector. If we 

put OA = OC = r, and the altitude BM of the exterior sone = A, we 

nave 




OBi = —r and 
4 



BiMi = -—h, 
4 
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Hence, by (13), 

8Bi = \MxBx = 1^, 

and the distance of the centre of mass of the spherical sector from 
the centre O is 



OS 



= 0B.-8B.=lr-lH=l{r-^y 



3 
For a hemisphere, r = ^, and 08 = -r, or the centre of mass of 

o 

Q 

a hemisphere is on its radius of symmetry at a distance of -- this 

o 

radius from the centre. 

(18) Spherical Segment or Spheroid. — We may obtain the centre 
B of mass for a homogeneous spherical seg- 

ment by putting the moment of the seg- 
ment equal to tnat of the spherical sector 
ABCO less that of the cone AGO. 

Denoting again the radius OB of the 
sphere by r, and the altitude BM by h^ we 
nave the moment of the sector 




= ^;rr«^.|(r-^)=1^^2r-W, 



and that of the cone 

= ]-nh(,2r - h){r - h) . %ir - h) = \.iih(2r - h)(r - h)\ 
3 4 4 

Hence the moment of the segment is 

V X 0S= \nh{2r - h)[r' - (r - hY] = \^nh\%r - ^)«. 
4 4 

The volume of the segment is F = ^nh\^r — h), hence 

o 

1 n/o i.\ 4 3r — ^ 
-ith\^r — h) 

If we put h = ry the segment becomes a hemisphere, and, as be- 
fore, OS = |r. 

o 

The result holds good for the segment AiBCi of a spheroid gen- 
erated by the resolution of the arc BAi of an ellipse about its major 
axis OB = r. For if we make BM = x and MAi = y, the equation 
of the ellipse is 

y' = K(2rx - of), 
r 

where h = OEu The equation of the circle is y^ = 2rx — a^. Hence 

— — — = --. We must then multiply not only the volume but also 
MA* r* 
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the moment of the spherical segment by 3- to obtain the volume 
and moment of the segment of the spheroid. Therefore the quo- 
tient 08 = — = — 5- ig not changed, 
volume 

In general, then, we have 

where r denotes that semi-cucis about which the ellipse is revolved 
when generating the spheroid. 

Theorem of Pappus and Ouldinus. — If a plane surface ABC is 

revolved about an axis OX, every element of ^ ^a 

i^ as ai , a* , etc., describes a volimie. If the ^ 
distances of these elements from OX are y\ , 
yt , etc., and the angle of rotation is ^ radians, 
we have for the entire volume F generated 



(S 



Vi 




F= OiyiO + a%y%^ + . . . = b2ay. o ^ 

If 1/ is the distance of the centre of mass of the surface ABC 
from OX, and A is its area, we have 

Ay = axyx + (hy% + . . . = :Say. 

Hence _ 

Aifi = B^ay = F. 

That is, the volume generated by the revolution of a plane area 
which lies wholly on one side of trie axis equals the area multiplied 
by the distance described by its centre of mass. 

In the same way, if a plane curve ABC is 
revolved about an axis OtT, every element of 
it, as 61, «s, etc., describes a surface. The en- 
tire surface generated is 

A = SiyiB + StytB + . . . = B2sy, 

If 2^ is the distance of the centre of mass of 
the curve from OX, and L is the length of 
the curve, we have 

Ly=: Siyi + Styt + . . . = 2sy. 

Hence 

LyB = B'Ssy = A. 

That is, the area Generated by the revolution of a line about a 
fixed axis equals the length of the line multiplied by the distance de- 
scribed by its centre of mass. 

These properties are known as the theorems of Pappus and Gul- 
dinus. By means of them, the volume, or the centre of mass, in 
many cases, may be very simply determined. 

EXAMPLES. 

(1> The surface of a sphere is 4;rr*, and the length of a semi-cir- 
eumference is nr. tHnd the centre of mass for a semi-ctrcle. 

2r 
Ans. On the radiiui of symmetry at a distance from the centre of — . [See 

»), page 20.] 
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4 

(2) The volume of a sphere is q"^^'* ond the area of a eemircircU 

is 2^f*' ^^ ^^ centre of mass of the surface of a semucirde. 

4r 
Ana. On the radius of symmetry at a distance from the centre of ^ . [See 

(8), page 24.] 

(3) An ellipse revolves about a line in its plane^ the perpendicular 
distance of which from the centre is equal to c. Finathe volume of 
the ring generated by a complete revolution. 

Ans. Let a and b be the semi-axes of the generating ellipse. Then the 

Smerating area is ^ = jcab. The path described by the centre of mass is 2irc. 
ence the volume is 27t'abc, This volume is the same whatever the position 
or direction of the axis of revolution with respect to the axes of the ellipse, 
provided that the perpendicular distance e from the centre to the axis is the 
same. 

[Determination of Centre of Mass by Calcolns. — When a body is 
of such form that we know the relations between its co-ordinates for any 
point, and its density is a function of the co-ordinates, we may write (1) 
and (2j. page 19, in Calculus notation: 

PdxdV fSydV CszdV 

/ 6dV I ddV I ddV 

where 6 is the density for any elementary volume dV. If the body is 
homogeneous, S is constant and I dV =V= the entire volume, and 

PxdV _ PydV _ S^^ 
X = — ^ — , y = y , z = y . ... (4) 

From these equations the co-ordinates of the centre of mass are found 
by integrating between the limits which determine the volume. 

From these general formulas we can readily deduce special formulas 
for special cases. 

[Centre of Mass of Lines. — Thus if « is the length of a line and a its 
transverse section at any point, then c2^ is an element of length, and dV 
= adSy and (8) becomes 

/ adxds I adyds I adzds 

^= -Ti » y= -7; » ^= -7 • • • (5) 

/ adds I adds I adds 

If the line is homogeneous and the transverse section constant we have 

/ xds I yds I 

If the line is a plane curve, we can take its plane that of ccy. Then z = 
0, and the first two of (5) and (6) are insuflacient. If the line is^ straight 

line, we may take it coinciding with the axis of x. Then y and z are zero, 
ds = dx, and the first of (5) and (6) are sufficient 



zds 
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(1) Fi/nd the cenJter cfmaaacfa Iiomogeneous straight line. 

Jf xdx 
„_ _• 



= — , which is also evident from 
<0 



Ana. In this case we have x = 
the principle of synunetiy. 

(2) Find the center of mass cf a straight fine wire cf uniform 
tectum^ in which the density varies directly as the distance from one 
end, 

Ans. If 5i is the density at a distance unity, and the axis of x coincides 
with the line, and the origin is taken at the end of the line, the density d at 
any distance x is proportional to 6iX, and dB=^dx; hence from equation (Q - 



» = 



/•■ 



a^dx 



X 



dixdx 



2 
8 



Cob. If the density is constant but the section varies directly as the dis- 
tance, we have the same result. The wire in this case would become a homo- 
g«:ieous trian^lar plate of uniform thickness. Hence the centre of mass of a 
triangle is on the axis of symmetry at a distance from the vertex of two thirds 
the length of that axis. [See (4), page 2.] 

(3) Find the center cf mass cf a straight fine wire cf uniform sec- 
tion^ in which the density varies as the square cfthe distance from one 
end. 



In this case we have 



-/ 



SiSi^dx 



£ 



6i7?dx 



3 
= 4^ 



Ck>B. If the density is constant but the section varies as the square of the 
distance, we have the same result. The wire then becomes a homogeneous 
cone or pyramid^ whether rieht or oblique, or whether * 
the base be regular or irregular. [See (15), page 26.] 

(4) Find the center cf mass cf a homogeneous 
cydoid. 

Take the origin at and let the axis OX be the 
axis of symmetry. Then if s is the length of the curve 
and r the radius of the generating cirde, we have for o 
the equation of the cycloid 



Hence 



^ = 8«J. 



(1) 



di = (2r)*« - *(to. 




, From equation (6), therofore, 



« = 



(BrxY 



8* 
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Wben a; = 2r, we have the carve corresponding to one complete revelation 

- 2 

of the generating circle, and x = -^r. That is, the centre of mass for the 

o 

carve is on the axis of synmietry at a distance OB from the vertex equal to one 

third of the diameter of the generating circle. 

(5) Fifid the centre cfmass of a homogeneous circular drc. 

Let ABO he a circular arc, with centre at 0. Take the origin at and let 

the axis of x coincide with the axis of sjnmietry 

OB. Let A0= chord = e, and the length of arc 

ABO = s, and r = radius. Take an indefinitely 

small element PQ = ds, whose centre of mass is 

at a, so that aiV = y and the horizontal projection 

iiB = dx, 

Then 

rdcB 
d»:dx::r:pt or <{« = — . 

y 




Hence xds = 
circle is 



rxdx 



But the equation of the 



a^ + y* = r", .*. 9dx = — ydp, 
and, therefore, xda = » rdy. From equation (0) 



w = — 



e 
2 



^rdy 



I 



re 

r 



Hence the distance 08 of the centre of mass from the centre of the circle is 
a fourth proportional to the arc, the radius, and the chord, or [see (2), page 
20] 

sir '.I c IX, 

[Centre of Mass^of Plane SorfiEices.— Let the plane of xy coincide with 

the surface. Then ^ = 0. If we consider the surface as a thin material 
plate of density 6 at any point and thickness r, we have the elementary 
area dxdy and the elementary volume rdxdy = dV^ and equation (8), page 
80, becomes 



/ / rdscdxdy ^ I I rSydxdy 
I I rddxdy I I rSdxdy 



(7) 



If r is constant and the material homogeneous, or d constant, we have 
the entire area 



and 



A^J J dxdy =J xdy =zj ydx^ (8) 

^ / yxdx ^ I t^dx 



A 
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If the axis of a; is an axis of symmetry, ^ = 0, and the value of x is 
sufficient 

The student will note that ydx is any elementary area abdc. Hence 



/ 



ydx is the entire area A. Also ydx x x 



is the moment of the elementary area with 
reference to the axis of F; and since the 

centre of mass of this area is at a distance - 

2 

above the axis of x^ ydx x -^ is its moment 

with reference to the axis of x. Hence we 
have equations (9). 

If we take polar co-ordinates, we can replace dVin equations (8), page 
80, by TpdpdB\ and since n; = p cos 0, y = P sin 0, where is the angle of 
the radius vector p with the horizontal, we obtain 




d? = 



I irdp^dp cos Odd r irSp^dp sin 
TT-Ti » y = 7i-7i 



BdB 



j fzdpdpdl^ I I rdpdpdB 



. . . (10) 



If the thickness is constant and the material homogeneous, r and 8 
disappear and 



/ I p*dp COB BdB I J p*dp sin 



BdB 



X = 



y = 



. . . (11) 



EXA1IPLS8. 

(1) Find the centre of mass of a homogeneous semi-parabolic area 
whose length is a and height 6. 

The equation of the parabola referred to the vertex is y* = %px. When 

a; = a, we have y = & ; hence 2p= —, and the equa- 

a 




tion becomes 



a 



From equation (8) 



' ydx= I —pBzX^dx = '-ab. 
Jo ^ ^ 



Therefore, from equation (9), we have for the distance of the centre of mass 8t 
from 0, upon OX, 



f 



— — «'d« 



= 



2 



8 
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and for the distance above OX 



_ VA 



- - «* 

V = = -rrO, 

^ 2 ^ 8 

For the entireparabola we have two equal elementary aieae yda^ one above 
and one below Ox, The centre of mass St is then in the axis of symmetiy OX 
at a distance from the vertex 



»/ 



^ 8 



«= —^ s =-5»- 

2 5 

2X gOft 
For the parabolic area OBO we have for origin at the equation 

y = 6 — fti/?, and A ^ -^^ 
Hence, from equation (9), we have for the centre of mass 8% 



._/' 



x^"^ ,^/l = la from 0(7; 

8 



-= I Irdx =-x dx H — xdoD 

- ^J Va » 1 

y = j ~ 4 * ^^ ^^> 

o 

or 7 of 0(7 from 0-4. 
4 

These last two values can be readily determined from the first two by the 

application of the principle of moments. 

3 1 

Thus the area OB A = -^ab, and area OBO=^ab, and the sum of the mo- 

o o 

ments of these areas with reference to the axes of x and y must equal the mo- 
ment of the rectangle OABC. Hence 

2^8,1^-^1 -8 

-^abX ^<i + -^abxx = abx-^a, or » = Jq^; 

|a6x I&+ ^aft Xy = a*X g6, or y = |&. 

(2) Find the centre of mass for the area of a quadrant of a cirde in 
which the density increases direistly as the distance from the centre. 

If di is the surface density at a units distance, the density at any distance p 
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is proportional to ^ip. Putting this in the place of ^ in equation (10) we have, 
if r is constant, 



d, 



» = |f = 



w 
c/O t/O 



''I'f''^ 



008 OdO JLfA 
4 _ 8r , 



If the density is constant, we have from equation (11) 



=y = 






yirr« 



8jr' 



(8) Find the centre of maes of the area of a homogeneoue circular 

^^ segment. 

Let the origin be at the centre of the circle, and the A 

axis of X the axis of sTmmetry. Let the chord AO^ c 
and the radius r. Then the equation of the circle is 
0^ 4- y< s r*. Hence xda = — ydy. From equation (9) 



m = 





2 



-y^dy 




L " 12^' 

The centre of mass of a homogeneous circular segment is on the radius 
drawn to the middle of the arc, at a distance 08 from the centre of the circle 
equal to the cube of the chord divided by twelve times the area of the seg- 
ment. [See (9), page 24.] 

a " (4) Find the centre of mass of the area of a 

homogeneous quadrant of an f^ipse. 

The equation of the ellipse referred to its centre and 
axes is aV + ft^aj* = a'6*. 

Hence xdx = — rr-ydy, and 

-r 

From equation (9) we have 




if=»-%^- 



I J' - 



t/^dy 



8jr' 






4A_ 
8jr- 



If a = 5, the ellipse becomes a circle, and the co-ordinates of the centre of 

— — 4r 
mass of a circular quadrant referred to its centre are a; = y = f-, as in ex- 

pie (2). 
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[Centra of IfaM of Onnred Snr&ces. — If the snrfaee is one of revolu- 

tioii) let the axis of x coincide with the axis of 

dB • revolution, which is also an axis of sjrmmetry. 

The surface can be divided by planes perpen- 
dicular to the axis into a senes of circular 
rings. Let ds be the length element of the 
.X generating curve. The elementary surface 
generated by its revolution will be 2ieyd8, If 
tiie thickness of the surface is r, the element- 
ary volume \&dV=^%rnyd8j and equation (8) 




becomes 



/ 2rit8ityd8 I rdityds 
r%TK6yds I rdyds 



(12) 



/ 



If r is constant and the surface homogeneous, d is constant, and 
2nyds ss il = the entire area of the surface, and 



x = 



2« I xyds 



(18) 



For curved surfaces in general we have dF== rda and equation (8) be- 
comes 



-/ 



rSxda 



flj = 



/ rdyda j 



rdgda 



V = 



g = 



frdda ' "^ PrSda CrBda 

If r is constant and the surface homogeneous, we have 

I xda I yda ji 



(14) 



zda 



x = 



V = 



2 = 



The elementary area 



cose' 



(15) 



(16) 



where is the angle which the tangent plane to the surface makes with 
the plane a^, and is given by 

dL 

cos 6 =-• ± — ,^_. _^^ ._, , (17) 






dD 



da? ' dy^ ' ds? 
where L =/(«, y, 2r) = is the functional equation of the surface. 

SXA1CFLS8. 

(1) Find the oerUre o/nuus of one eighth of the surface of a apherU 
cai shell of uniform thickness and density. 

The equation of the sphere, if r is the radios, is 



CHAP, in.] OENTBE OF MASS. 3? 

Hence -^ = ^ T^^^' "S*^^ ^^ equations (17) and (16) beoome 
008 9 = , = — , da = ^ = — 7=z===. 

Therefore from equation (15), if we put i* — a^ rr «^, dnoe il =^itf^, 

- Jo Jo v;"^ ^o T^ 1 



Also 



*" **»* iSP 2*"' 






— •/O 



ff= 



ijrr» "■ iirr» "" 2^* 



If tke thieknesB of the shell varies as the ordinate •, then r = «f, and fh)m 
equation (14) 



- ££'^^ 4r 



8)t • 



pr pv 
Jo Jo "^^ 

/ / Tdatdy 

(2) JP¥fM2 the centre cfiruiss of a thin shell of uniform density and 
thickness^ generated by the revolution of a quadrant of a circle about 
one radius. 

The equation of the generating curve is «• + y* =r r», hence dy = , 

or 

mJLm 

di = Vda^ + d^ = — uid yds = rd». Since A = 2«r*, we have from equa- 
ls 
tion (18) 

23r / rajdte 



« = 



2jrr« 2 
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(8) Find tJie centre cf mass of a right oonieal surface qf uniform 
thickness and density. 

Let the altitude be h and the Tadins of the base r. Then 

the equation of the generating line la y = ?«. Henoe 

das 

h 

I rl 

If i is the slant height OB, then da = ^4x, yds = T|»ir. 




^ dy = ^<to. and d» = 4/^+^= -j- VF+r». 



rl 



and yxds = j^da. The area A = itrl. Hence from equation (18) 



2ie 



« = 






>rrt 



= §■*• 



Or the centre of mass of a right conical surface is on the axis at a distance 
from the vertex of two thirds the altitude (page 25). 

(4) Find the centre of mass of the surface cf a spherical segment, 
zone or hemisphere, of uniform thickness and density. 

The equation of the generating curve is a^ + y* = r*, — ^a, 

xdx _____^__ rdx 

hence dy = - — and d« = 4/(to» + dy» = — • 

The area of the surface is then 

A= I 2itrdx = 2itr{xt — «i) = 2icra, 

where a is the altitude AB of the segment or zone, and x% = OA ^ = 0A» 
From (18) we have 




2n I rxdx 

X=z ^1~! 



X% +«i 



2nra 2 

Hence the centre of mass is at the middle of its altitude (page 

(6) Find the centre of mass of the surface cf a paraboloid cfrewh 
lution, cftmiform density and thickness. 

We have for the equation of the generating 
curve y* = 2px, hence dy = 5— and 

y 




*=l/«^+^ =74/^+1". 



Therefore 



yds ^dxy2px+j^. 



^ = ^^J^yds = ^i/(3paJ +P»)» 



and 



2it I yxds 2n f xdx V2paj4-p« ^ ^ . 

*" il " A - i]^3 • 



or 
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(6) Find the centre qfmass of a thin sTieU of uniform thickness and 
density formed by the revolution of a semi-cycloid about its bcue. 

The equfttion of the generating curve is 

-ly /o^. .^vi 



« = r versin 



^-(ary- 



Hence 



dx _ dy _ 



dx 



ds 



(3ry - y*)* &ry)^ 



m = 



j (Bydy 
Jo (2r~y)^ 

Jo (2^-y)* 



26r 
15- 



[Cantre of Hats of Bodies.— Let us consider first a solid of revolntion, 
and take the axis of revolution as the axis of x. Take a slice at right 
angles to Xy whose thickness is dx. Take a particle of this slice at a dis- 
tanoe r from the axis, and let the plane which passes through x and the 
particle make the angle with the plane of xy. Then the volume of an 
element is <2F= rdAdSrdx, If ^ is the density, the mass is drdOdrdx. 

If the density is symmetrical with respect to the axis of revolution, the 
oentre of mass is on this axis, and we have 



m = 



/// 



SrxdBdrdx 



/// 



SrdBdrdx 



It we perform the 6 integration between = and = 2;r, since the 
symmetry of the body renders d independent of 6, we have 



=: 



// 



drxdrdx 



•// 



(18) 



drdrdx 



If the density is nniform throughout a complete slice, we may perform 
the r integration between r = and r = y, where y is the ordinate of the 
generating cnrye, and we have 



^ ie / dy*9dx 



X s= 



(19) 



t J 6y*dx 
If 5 is nnif onn, the total yolume is 

V^igjy^dx, (20) 

aod we have for homogeneous solids of revolution 

« / xy*dx 
•= y— (31) 

We sea al once from the figure that ley^dx is the volume of a slice, and 
the momeDt of this slice with reference to the axis of y is iey*dx x x. 
Hence (80) and (91). 
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For polar co-ordinates let = AOX, 9 = dOA, p = Oh. Then U =; 
dp, hff = pdB, ht = poos Mtt>, dV=hdxhgxh» = p*dp coe Sd8d<p. 

Also, 2 = p coe 9 COB 0, y = p sin S, f = p oob S aih 0. 
, Hence, from equations (3), 

f I r^p'dp COB' 9dB cos ipdtfi 

i I jSpHp COB BdBd4> 
fff^c'^P cos fl Bin id^dip 

Iff Sp'dp cos $dgdtf> 

Iff Sp'dp cos' ftis sin tpd^ 

J J J Sp'dp COS erffli* 



EXAXPLES. 
(1) Find the centre of mass of a right eone <if uniform density. 
The eqoatioD of tlie geueratiog line is y = v-v. wtiers A 



la the dltltude uid r the radios of the base. The Tolame is 
V = —5—. Hence from equtttioQ (31) 



Jo 



K^" 
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That is, the centre of mass is at a distance from the vertex equal to three 
fourths of the axis. [See (15), page 26.] 

(2) Find the centre of mass cfa paraboloid of revolution of uniform 
density the length of whose asds measured from the vertex is h. 

The equation of the generating curve is y'v= t ^> where r is the radius of 

nf'h 
the base. The volume is F = ■■ . ; Hence from equation (21) 



'£'' 






2. 

*= — r"r-=8*- 

That is, the centre of mass is at a distance from the vertex equal to two thirds 
of the axis. 

(8) Find the centre of mass of a semi-^rcular spherical wedge, of 
uniform density, and radius r. 

From equation (23), integrating between the limits p = Q, p = r, and 
6 = + ^.6 = -|, we have, since V=^ ' s^' 

-_T_Jj^_8irr 8in0 

~ Sier 
If the an«^ ^ is small, sin <p = (p and x = -r-^-. 

lo 

— o 

If = ~, we have for the ?iemi»phere x = ^r (page 28). 

(4) Find the centre of mass of a portion of a spheroid of uniform 
density, the length cf whose axis measured from the vertex is h. 

Let the equation of the generating curve be the ellipse referred to its vertex, 

y* = ^(2r» - aJ»), 

where r is the semi-major axis and b is the semi-minor axis. 
Then from equation (19) 



r (2r» - ^)xdx 



— t^o - _ A Sr — 8A 



r (^rx-^ 7?)dx 



For a hendspheroid A = r and ^ = -o'* from the vertex. 

As b does not enter into these values, they are the same for a spherical seg- 
ment and for a hemisphere. 

For the distance from the centre we have 

05=^^-=8(2r-A)^ 

^ *48r-A* 

as already foond in (18), page 28. 

(5) Find the centre of mass of an octant cf a sphere of uniform 
density. 
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From equation (28) we have, since 6 disappears and V = 7^^' 



fMp 006* OdS cos 0d0 

8 




^— * 


/o , 


i/O c> 


fO 


flj = - 






1- 










r 


/ 


/ pMp COS sin GdO(j[0 


« — •• 


/o , 


»/0 %. 


/o 


y — 






^- 



S." 



S = 



8 



8 / « 

p*dp oos* 6d0 sin 0d0 
»/o >/o 8 




6^^ 



« = 





(6) Let the density in the preceding example vary as the nthpatver €(f 
the distance from the centre. 

Let d = cp^. Then from equations (28) we have 

p*+'dp COS* 6d6 COS 0d0 
%/Q fc/o n + 8r - - 

p* + *dp cos ©d©d0 

(7) i^nd the centre of mass cf one eighth of the volume of an eUipsoid 
of uniform density contained toithin the three principal planes. 

Let the semi-axes of the ellipsoid be a, b, e, 

4 

The volome of the ellipsoid is -Kobe. The volume of one eighth is there- 

o 

fore V = ^itabe. 
o 

The equations of the carve on the three principal planes are 
Therefore we have 



« = Hft* - J^)% « = ^<i« - o^ y = ^<^ - «•)*. 



a 
ft" 



a 
e 



The volome of a slice parallel to TZ, of thickness dao, is -j^. 

4 

«« XZ, " 



« (I (( (( (< 



; is -j-<«jf. 
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OHAPTEB IV. 

LINE REPRESENTATIVE OP A FORCE. COMPOSITION AND 

RESOLUTION OF FORCES. 



FOBCB OF OBAYTTATION. ATTRACTION OF A H0M0OEKB0U8 SHELL OR 8FHSRB. 
CBNTRB OF ORAYITY. VALUE OF CONSTANT OF ORAYITATION. ASTRO- 
NOMICAL UNIT OF MASS. VALUE OF d FOR PLANETARY MOTION. ATTRAC- 
TION OF A CIRCULAR ARC. ATTRACTION OF A STRAIGHT LINE. ATTRACTION 
OF A CIRCULAR RING. ATTRACTION OF A CIRCULAR DISK. ATTRACTION 
OF A CYLINDER. ATTRACTION OF A CONE. VALUE OF g ABOVE SEA-LEVEL. 

Line Eepresentative of a Force.— We have seen (page 2) that 
the force on a particle acts in the direction of the acceleration it 
causes, and that the magnitude of the force is proportional to the 
acceleration. 

Force then has meignitude and direction, and is therefore a 

vector quantitjr, and can be represented, like 

^ — LrL!5^ ».B linear acceleration, by a straight line. 

Thus the length of the line AB represents the 
magnitude of the force F =mf (pa§e 5). Its point of application 
is JL, and its direction of action is mdicated by the arrow and is 
always the same as that of the acceleration/. 

Composition and Eesolution of Forces.— The principles, therefore, 
of pages 35, 43, 49 (Vol. I, Kinematics) hold ^ood for forces as well as 
for displacements, velocities and accelerations, and we can resolve 
and combine forces and have the *' triangle and polygon of forces " 
as well as the triangle and polygon of displacements, velocities or 
accelerations. 

An important case of the composition of forces is the determina- 
tion of the attractive force exerted on a particle by an extended 
body. The attraction on the particle in such case is the resultant 
of all the attractions exerted upon it by the particles of the body. 

Force of Gravitation. — The '*law of gravitation" as formulated 
by Newton asserts that every particle of matter attrajcta every ether 
particle with a force which acts in the straight lineioining the par- 
ticles and whose magnitude is directly proportional to the prodtu^ 
of the masses of the particles and inversely proportioned to the 
square of the distance between them. 

If then M and m are the masses of two particles and r the dis- 
tance between them, the mutual force of attraction F is given by 

F=^^ a) 

where /c is a constant to be determined by experiment. 

For absolute accuracy and universal generality, as well as for 
far-reaching consequences, this statement is without parallel in the 
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history of science. The facts that by means of it the motioits of all 
the bodies of the solar system are explained complotely ; that their 
padt and future positionfi con be told: that the existence of Ne[)- 
tune was deduced from the assumptiou that certain disturbani'^s 
ia the motion of Uranus were due to the attraction of an unknown 
plauet according to this law, all go to prove that the law holds with 
absolute accuracv, so far as the action upon each other of large 
mosses separated by distances which are great compared leith their 
linear diTnensiona ts concerned. 

The terms of the enunciation of the law expressly confine it to 
such cases, since only when the linear dimensions of the attracting 
bodies are insignificant compared to the distance between them can 
we consider them as particles and speak of the distance between 
them. 

We shall, however, show in the next Article that if bodies are 
homogeneous and spherical, this limitation may be removed and 
the "distance between them " is the distance between their centres. 

Attraction of a Homogeneons Shell or Sphere.— Let the circle 
ADA', with centre at C, represent a uniform thin homogeneous 
spherical shell whose surface density (page lOi is 3. Suppose a 
particle at P whose mass is ni. Join 
C and P. Take any point A of the 
shell and draw CA and AJ*. Let 
AP make the angle 9 with CP. and 
draw a line AB through A, making ^ 
the aame angle 9 with CA. 

Then in the two triangles CAS 
nnd CAP we have the side CA and 
the angle at C common to both, and 

tha angles at A and P equal by construction. These triangles 
therefore similar and we have 




I 



AB _ 
AP 



CA 
CP 



Now let As represent any small elementary area of the spherical 
mrface. and An its projection normal to AB. 

Ijet u square radians (Vol. 1, page 7) denote the conical angle 
subtended at B by An. Then the area denoted by_j4» is equal to 

Alf. a>. and the area denoted by A» ia equal to '-r-, since the 

'Augto nAa = BAC = S, and the angle anA is a right angle. 

The mass of the elementary area denoted by As is then '—. 

'' cos 

wtd the atU-actioQ of this mass for the particle of mass m at Pis, 
by Newton's law, 

m-JAB*. a. 
AJ' cos ' 
Kand acts in the line AP. 

i draw AA' perpendicular to CP, we have evidently the 
I tame attraction between the e(]ual elementary mass at A' and the 
I particle of moss m at P acting in the lino A'P. 
I We can resolve each of these equal forces into a component 
I alODg the line CP and at right angles to CP at P. Since the angles 
■ A D^„„A A'pc a,re each equal to e. the two componente at right 
CPat Pare equal and opposite and therefore produce 
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effect upon P. The resultant attraction of the two elements at A 
and A' upon the particle of mass m at P acts then in the line CP 
and is equal to 

m . SAB^, oa . ^ m . d AB*. ca 



2k -==i cos 9 = 2ic 

AP cosO 

AS CA 
or since -m = ttt^* tihe resultant attraction is 
AP CP 

^ m . 6CA . fld 
CF 

But CA* . oi is the area of the elementary area at A or A\ and 

2kz== is constant for all pairs of elements A and A'. The total 

CP 
attraction of the shell for the particle of mass m at P acts then in 
the line CP and is equal to 

where the summation is to be taken for an entire hemisphere. But 

SCA*. CO for a hemisphere is 2xCA\ and hence the attraction is 
equal to 

^---W^-^cp' 

where M = ^itS CA* is the total mass of the spherical shell. 

We see, then, that the spherical shell attracts a mass m at any 
outside point P, iust as if its entire mass were condensed at the 
centre of the shell. 

If instead of a homogeneous spherical shell we have a solid 
homogeneous sphere, we may consider it as composed of an indefi- 
nite number of concentric homogeneous spherical shells, each of 
which attracts the mass at P as if its entire mass were condensed 
at its centre. 

Hence, the attraction of a homoaeneoiLS spherical shell or of a 
homogeneous sphere upon a particle at any outside point is the 
same as if the entire mass of the shell or sphere were condensed in a 
point at the centre. 

We can therefore consider a homogeneous shell or sphere as a 
particle of e^ual mass at the centre, so far as its attraction upon an 
outside particle is concerned. 

Cor. If the sphere is not homogeneous, but the density of everv 
point at the same distance from the centre is the same, we may still 
consider the sphere as composed of homogeneous spherical con- 
centric shells, each one of which attracts an outside mass as if its 
entire mass were condensed at the centre. Hence the same holds 
true for the sphere. 

Centre of Gravity. — ^When a body attracts and is attracted by- 
all external bodies, whatever their distance and position, as tiiouRh 
its mass were condensed in a single point fixed relatively to tne 
body, that point is properly called the centre of gravity (see page 

18). 

A body which has a centre of gravity is said to be centrobario or 
barycentric. In general, bodies are not centrobaric if the law of at- 



r 



CENTRE OP GRAVITY. 



^ 



CUAP. IV.] 

traction follows Kewton's law— that is, if the force is inversely pro- 
portional to the square of the distance. 

As we have just seen, a homogeneous spherical shell or a homo- 
geneous sphere is centrobaric, and the centre of gravity is at the 
centre. So also for a non -homogeneous sphere whose density at 
every point egually distant from the centre ia the same. The 
centre of gravity in each of these cases coincides with the centre of 
mass <page 16). In general, if a body has a cientre of gra^-ity at 
all, it must always comcide with the centre of mass, because the at- 
traction upon it of an infinitely distant body constitutes a system of 
parallel particle forces ipage 18), and the point of application of the 
resultant of such a system coincides with the centra of mass. 

But whUe all bodies have a centre of mass, onlj homogeneous 
spherical eheUs and spheres, or spheres whose density at any point 
equally distant from the centre is the same, ptossess a centre of 
gravity. 

If, then, the term " centre of gravity" ia used to denote centre 
of mass, as ia often done, we should denote the centre of gravity 
propter by some other term, such as barycentric point orceniroftoric 
point. 

It is, however, much preferable to restrict the term centre of 
gravity to the detinition here given, and use centre of mass as 
defined tpagu 16). 

Cob. If we consider the earth as a sphere whose density is 

«ither constant or the same at all points at the same distance from 

I the centre of mass, then, as we have seen, we may consider it as a 

particle of equal mass at the centre of mass so far as its attraction 

upon any outside particle is concerned, and the centre of mass is 

. the centre of iigure. 

The earth is not strictly spherical, but its deviation from sphe- 
I ricity is insignificant. Also, flie density is not strictly constant nor 
f Rtrictly the same at all points at the same distance from the centre 
I of mass. But the small distance between the centre of mass of ^e 
I e«rlh and that point at which in any case of attraction we maycon- 
l mder its mass condensed is insignificant com piared to its radius. So 
k far as its attraction for anv outside particle is concerned, then, we 
I nmy consider it as a particle of equal mass at its centre of mass, 
- nil the centre of mass as the centre of figure. 

Also, since the dimensions of any body with which we experi- 
I ment at the earth's surface are insignificant compared to tlie earth's 
I KudiuK, we may consider any such body as a particle. 

Talne of Constant of Gravitation. — We have seen (page 44) that 
i if Jf and m Eu-e the masses of two particles and r the distance be- 
[ tween them, the mutual foi-ce of gravitation is given by 

f=k'??; (1) 

I where ^f ia a constant to be determined by experiment. This con- 
I Manl t is called the cooBtant of gravitation. We are now able to 
I determine it. 

I SiDC« force is always equal to mass multiplied by the accelera- 
rtion in the direction of the force (page 5), we nave the acceleration 



1 



wot the particle whose mass is 



s (page 5), ' 
4 equal to - 



[ oration of the particle whose mass is ilf equal to ^ 
accel. of m M 



e accel- 
Hence 
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that is, the accelerations are inversely as the masses. The accele- 
ration, then, of one particle relative to the other considered as fixed 
is equal to tne sum of the accelerations of each, or 

relative acceleration = li^ +_!?) (g) 

We have just seen (page 47, Cor.) that we may treat the earth 
and any body with which we experiment on its surface as particles, 
and can take the mass of the earth as condensed at its centre of 
mass, and the centre of mass as the centre of ficrure. Equation (1) 
therefore applies to anjr body on the earth's surface. 

Now when we experiment with a bodv at the earth^s surface, we 
know that tiiie observed acceleration a due to gravity is the accel- 
eration of the body relative to the earth. We have then from (2), if 
m' is the mass of the earth and b the mass of the body, and it r' is 
the radius of the earth at the locality for which g is oliservedf 

^ K(m'+b) 
9= pi— • 

But the mass of the body is insignificant compared to the mass 
of the earth; or what is the same thing, since the accelerations are 
inversely as the masses, the acceleration of the eaj*th is insignificant 
relatively to that of the body. We accordingly find by experiment 
that g is constant at the same locality /or all bodies, and neglect- 
ing 6, this value of gf is given by 

ff = l^. or ^ = K (3) 

If we substitute this value of k* in equation (1), we have 

F=^.^ (4) 

m r^ 

Equation (4) gives the force of attraction between two particles 
of mass m and fi* at a distance r, the mass of the earth being m\ its 
reulius r' at the locality where the acceleration of gravity is g. We 
see that equation (4) is nomogeneoiis, and we have force equal to mass 
multiplied by acceleration. 

If we take mass in pounds and distance in feet and acceleration 
in ft.-per-sec. per sec, we have ii^in poundals. If we take mass in 
grams and distance in centimeters and acceleration in cm.-per-sec. 

Eer sec, we have Fin dynes (page 5). If we divide out the g, we 
ave F in gravitation units (page 6). 
Astronomical Unit of Mass. — The astronomical unit of nuiss is 
that mass which at units distance attracts an equal mass with unit 
force. 

From equation (4) of the preceding Article, if we take m and M 
each eoual to mo, and take r equal to one unit of distance [L], and 
F equ^ to one unit of force [F], we have 



[F] = ^rir, or mo = V ^ \!, » ... (1) 

Equation (1) Rives by definition the astronomical unit of mass. We 
see that it is homogeneous. 

If we insert the mean radius of the earth r' in feet, the corre- 
sponding value of g in ft.-per-sec. per sec. and the mass of the earth 
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f»' in pounds, we have very nearly, for the astronomical unit of 
mass, 

mo = 29063 lbs. 

If we insert r* in centimeters, g in cm.-i)er-sec. per sec. and m' 
in grams, we have very nearly, for the astronomical unit of mass, 

mo = 3928 grams. 

If we take m and If in equation (4) of the preceding Article in 
units of astronomical mass, we have 

mi* r" 

This equation we see is homogeneous. If, then, we adopt the astro- 
nomical unit of mass instead of the ordinary imit of mass, we have 
simply the numeric equation 

F=^, (2> 

where m and If are the number of astronomical imits of mass in the 
two attracting particles, r the number of units of length in the dis- 
tance between them, and F the nimiber of units of force in the at- 
traction, 

7aliie of a^ for Planetary Motion. — The sim and planets may be 
considered like the earth, so far as mutual attraction is concerned, 
as particles of equal mass condensed at the centre of mass. From 

equation (2), page 48, if we insert the value of k =SL^ already 

found, we have then for the relative acceleration of a planet of 
mass m with reference to the sun of mass ilf, considered as a fixed 
I>oint, when the distance is r, 

relative accel. = = — . ^--r, 

r* m 

where m' is the mass of the earth, r' the mecm radius of the ecurth, 
and g the corresponding acceleration due to gravity at the earth's 
surface. 

At the distance r = r^=: radius of the earth the relative accelera- 
tion of the planet with reference to the sim regarded as fixed would 
be then 



relative accel. = [ 7~i9- 



Now in all oiur equations for planetary motion (Vol. I, Kine- 
matics, page 189) we d!enoted by a* the known acceleration of a point 
at a known distance r' from a fixed point. If, th^n, we take this 
distance r' equal to the earth's radius, we have 

„. = «Jl«j; (1) 

m' 

This is the value for a* given on page 144, Vol. I, Kinematics, which 
must be inserted in all our equations for planetary motion (page 
139), where M and m are the mass of sun and planet, m' the mass of 
the earth, and g the acceleration of gravity at the earth's surface. 
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Cor. If If = m' = the mass of the earth and m is the mass of a 
body at the earth's surface, we have 



a' = ;— ^; 



or if m is insignificant compared to m', 

a' = ^. 

Attraction of a Circular Arc. — ^The attraction of a circular arc 
ADB of uniform density ^ upon a particle at the centre C is the 
same as the attraction of a mass equal to the chord with the ar&s 
density concentrated at the middle of the arc at D. 

Take any element of the arc a&, and let it 
subtend the angle aCb = oo radians. Then if 
r is the radius of the circle, r<» is the length 
of ab\ and if ^ is the linear density of the arc, 
Sroo is the mass of db. If Af is the mass of the 

particle at C, then kM --^ is the attraction 




of db for the particle at C, where k = 



— fl^ 



m' 



(page 48). The attraction of the element aV at the same distance 
on the other side of D will be the same. Each of these can be 
resolved into components along CD and at right cmglee to CD at C 
The latter components will balance. The sum of the two former is 



kM, 



26r(o cos 



in the direction CD, where G is the angle aCD. 

But roo cos Q is the projection of ah upon the chord, and if the 
linear density of the chord is also S, the mass of the chord projec- 
tion of ab is droo cos 0. The sum of the attractions of all the pairs of 
elements will then be 

A = icM, — ^ , 

or the attraction due to the mass of the chord AB concentrated at 
D, 

Since AB = 2r sin ACD, we have for the attraction 

-. 25 sin ACD 

A = kM. . 

r 

Using the astronomical unit of mass (page 48), we have for the 
attraction upon a iinit mass at C 

. 25 sin ACD 

A=: . 

r 

Attraction of a Straight Line. — ^A limited straight line A'B* of 
uniform density S attracts any external 
particle at C tmth the earns force and in the 
same direction as the correspondivfl arc of a 
circle AB, of the same density, which has the 
point C for centre and is tangent to the 
straight line. 

Let A'B^ be the straight line of uniform 
linear density 8, Draw the arc AB with the 
centre at C, tangent to the line A'B', 
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If CpPhe drawn cutting the circle at p and the line at P, and we 
take any element at p and P, subtending the €Uigle ooj then if the 
angle PCD = 9, we have for l^e length of the element at p, Cp . ao, 

r^P aa 

and for the length of the element at P, '-r . The masses of these 

cos G 

elements, if the linear density of arc and line is d, are d .Cp.oa and 

' P- ^ . Their attractions for a mass M a,t C are 
cose 

where k = ^ (page 48). But CP cos = CZ> = Op = r. Hence 

the attractions of an element at p and P are equal. The arc AB 
then attracts C as the line A!B does ; and by the preceding Article, 
using the astronomical unit of mass (page 48), we have for the 
attraction upon a unit mass at C 

. %S^\n\ACB 

-4l= 

r 

in the direction CF which bisects the angle ACB. 

Attraction of a Circular Bing. — Let r be the radius of the ring, 
and d the distance of a particle at C of mass M 
in the pen)endicular CO to t^e plane of the ring 
throu^ its centre. Take an element of the c 
ring at h which subtends the angle oo. The 
length of this element is roo\ and if ^ is the 
linear density, the mass in the element is droo. 

The attraction on C is then KM-r-^,y where k = -^ (page 48). 

r^ + a m 

The attraction of the element at 6' at the same distance at the 
other end of the diameter is the same. Each of these can be re- 
solved into components at right angles to CO at C, which balance, 
and along CO, The sum of the latter is 

^2^r<» cos© 

KM 5—, 

where is the angle hCO. But cos = - = _ Hence we 

have for each pair of elements the attraction tcM -- 

(r« + d')« 
For the entire ring <M>=it, and we have, using the astronomical 
unit of mass (page 48), for the attraction upon a unit mass at C 

2nrdd 




(r« + d«)« 

Attraction of a Circular Disk.— If the line A'D revolves about 

CD it will generate a circular disk. The arc AD 
with centre at C and tangent at D to A'D will gen- 
erate a spherical surface. Then, as we have seen, 
the attraction of an element atp and P will be equal. 
If the element at p subtends a? square radians (Vol. 
I, i>age 7), its area will be r<o, its mass dr'oi, 
where 5 is the surface density, and its attraction 
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upon a mass Jlf at Cwill be k M J" = KM^ooy where k ^^- (page 

48). 

The attraction of the disk whose radius is AD = jR is then the 
same as the attraction of the spherical surface generated by AD, 
The nimiber of square radians subtended by the oi^ of radius R at 

a distance r from C is 2?r ( 1 — — V The attraction of the 

disk is then 



A=:KM.2ltS (l ^ V 



Using the astronomical unit of mass (page 48), we have for the 
attraction upon a unit mass at C 






[Attraction of a Cylinder.] — For the attraction of a cylinder of 
length I and radius a upon a particle of mass ilf in the axis at a dis- 
tance d from its nearest end, let d be the volume density. Then for 
the attraction of one of its circular slices of a thickness dx^ at a dis- 
tance Xy we have, from the preceding Article, 

kM. 2it6 fl ^ Iab- 



['- 



Va^ + a* J 
If we integrate this between the limits d + 1 and d, we have 

A = KM.27tS[l^ Vid + I? + a« + i/a?Ta«]. 

If we suppose d = 0, so that the particle is on the end surface of 
the cylinder, we have 

A = icM . 2n6\l - V^~+a^ + a]> 

where k = ^— (page 48). 
m' 

Using the astronomical unit of mass (page 48) we have for the 

attraction upon a unit mass on the end surface of the cylinder 

A = 27tS [Z - VTVa!' + a]- 

[Attraction of a Bight Circular Cone.]— For any circular alice 
we have as before kM. 2itd\ 1 ==r \dx. If is the semi- 

X 

vertical angle of the cone, we have cos = . Hence the 

attraction for a particle of mass M at the vertex is 

kM. 2iid[l - cos 0] y dx = KM, 2x6(1 - cos 0)^ 

where h is the height of the cone. 

Using the astronomical unit of mass (page 48), we have for the 
attraction for a particle of unit mass at the vertex 

A = 2x8(1 — COB B)h. 
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Yalne of g above Bea^bveL — ^Let r' be the mean radius of the 
earth, x the height on a mountain above sea-level, and g the accel- 
eration of mivity at sea-level. Then since the acceleration is in- 
versely as tne square of the distance, the acceleration at a distance 
X above sea-level, if we disregsard the attraction of the moimtain, 

would be y-i r. flf- To this we must add the acceleration due to 

(r' + xy ^ 

the mountain. 

Suppose the mountain of uniform density 6 and cylindrical in 
shape, and the particle at the centre of its upi)er surface. Then the 
rcumltant attraction of the mountain for a i)article of mass m is, 
from page 63, if we use the astronomical unit of mass (page 48), 

A = m . 2nd\x — |/a^ + a* + a], 

where a is the radius of the cylinder. If we divide the force by m, 
we obtain the accelerati<m due to the moimtain 

2i€d[x — f'a?Ta'+ a] = 2n8\ x-a \\ + -, + a . 

II a is 00 large compared to x that -^ can be neglected, this reduces 
to 2irto. If we use the ordinary unit of mass, we have, multiplying 
by It s sIL (page 48), for the acceleration due to the mountain 

2itSx.^. 

Let d' denote the mean density of the earth, so that the mass of 
the earth is m' = - 7t8Y\ then the acceleration due to the moimtain 
18, if we substitute this value of m\ 

S 8x ^ 

2 dV*^ 

We have then for the acceleration g' at the height x above sea-level 

^ ^i(r'+xr^26Yj 
The mean density of the earth S' is about 5i times that of water, 
and ^, from what we know of the density of matter at the eajrth's 

surface, may be taken equal to ^. Also we may write 

r^ 2x 

y ^ a.). = ^^ "7 approximately. 

Hence we have approximately 

^ Jt 2x^3x\ A 6x\ 

where x is the height above sea-level, r' is the mean radius of the 
earth, and g the corresponding acceleration due to gravity. 

The assimiptions made in this inve8ti|gation are more applicable 
to elevated table-land than to a mountain. The equation obtained 
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is the accepted formula for estimating the difference in the Yalue 
of g at two places so far as dependent on the heights above sea- 
level. 

EXAMPLES. 

(1) If the mass of the earth is 6.14 x 1(P grama, the mean radius 
of the earth 6.37 x 10' cm,, and g = 981 cm^-per-eec. per aec., find the 
astronomical unit of mass. 

Ans. 3928 grams. 

(2) If the mass of the earth is 11920 x 10"^ lbs., the mean radius of 
the earth 21 x 10* ft., and g = S2 ft.-per-sec. per sec., find the astro- 
nomical unit of mass. 

Ans. 29063 lbs. 

(3) Show that the attraction of a thin spherical sheU of uniform 
thickness and density upon a particle inside is zero. 

Ans. Let P be the particle of mass M. Take any point A on the spherical 
surface. Join AP and produce to A\ If from all points of a small element 

©of the surface at A lines be drawn through P, they will mark 
off a corresponding element at A'. Both these elements sub- 
tend the same conical angle (Vol. I, pa^ 7), oo square radians. 
^' The area of the element at ^ is then AP , oo (Vol. I, page 7), and 
the area of the element at A* is A'F^ . (o. If S is the uniform 
surface density, the mass of the element at ^ is m = 6AI^. <o 

and the mass of the element at A' is m' = SA'P^ . oj. The attraction of the 
element at A for a particle of mass if at P is then (page 44) 

kMSA^.o) __^ 
= KMoa) 

AP' 

and acts in the line PA. The attraction of the element at A' for the particle 

of mass if at P is 

kMSA'I^ . 00 ^ 

A'P^ 

and acts in the line PA'. The resultant attraction upon the particle at P of 
the pair of elements at A and A' is then zero. The whole shell consists of 
such pairs of elements. Hence the resultant attraction of the shell on a par- 
ticle at P is zero. 

(4) Shxnjo that the attraction of a homogeneous sphere on a particle 
within it is directly proportional to its distance from the centre. 

Ans. Let P be a particle of mass if situated within a homogeneous sphere 
at any distance PC from the centre C. Then from the preceding example we 
know that the attraction upon the particle at P due to the shell 
outside of the sphere whose radius is P (7 is zero. The attrac- 
tion upon the particle of mass if at P is then due to the attrac- 
tion of the sphere whose radius is PO. The volume of the 

4 , 

sphere is -^itPC . If d is the uniform density, the mass of 

this sphere \B-^8nP(f. Its attraction for a particle of mass if at Pis (page 
46) the same as if the entire mass of the sphere were condensed at the centre, 




or (iwge 44) k M = tcM. -g «« . PO. 
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The attraction is therefore directly proportional to the distance PC of the 
particle from the centre. 

(5) Assuming the earth to be a homogeneous sphere, compare its 
attraction on a given mass at a distance from its centre equal to one 
half its radius, with the attra>ction when the given mass is at a dis- 
tance equal to twice the radius. 

Ans. 3 to 1. 

(6) Find in dynes the attraction of two homogeneous spheres, each 
of 100 kilograms nuiss, with their centres 1 metre apart. 

Ans. 0.0648 dynes nearly. 

(7) How far tootUd a body fall toward the earth in one second 
from a point at a distance from the earth's surface equal to the 
radius of the earth f 

Ans. The acceleration is inversely as the sqaare of the distance. We have 
then ^ : g ::r^: 4r^, or ^ = -^g. That is, the acceleration is one fourth of the 
acceleration at the surface. 

The distance is then 8 = -o ^<', or, taking g = 22 ft.-per-sec. per sec. and 
<=l.« = 4ft. 

(8) The moorCs mass is 136 x 10^^ lbs.: the moon's rcuiius, 5.70 x 
10* ft.; the nuMS of tJie earth, 11920 x Wlbs.; the radius of ths earth, 
21 X 10* ft. Find how far a stone at the moon's surface would fall 
in a second, the attraction of the earth being neglected. 

Ans. If Jf is the mass of the moon and m that of the stone, the force of 
attraction, if r is the radius of the moon, is, from equation (4), page 48, 

gr'^ mM 

If = — r — :-. 

m r 
The acceleration of the stone is then 

._F _gi^ Jf 82 X 21* X 10" X 186 X 10" _ ^ ^, 
^ " m "• m' > "• 11920 X W X (5.7)» X 10" "" ^ "•P^'-s^^- P®' ^' 

The distance then is -r^t^t or, taking t = 1 sec., 8 = 2.5 ft. 

(9) Suppose the earth to contract until its diameter is 6000 miles, 
what wouM be the effect on the tveight of an inhabitant t The di- 
ameter of the earth to be taken at 8000 mtles. 

Ans. Increased in the ratio of 16 to 9. 

J 10) If the mcLSS of the sun is 300,000 times the mass of the earth, 
Us radius is 100 times the radius of the earth, find the attraction 
oi the surface of the sun of a mass which at the surface of the earth 
is attracted by the force of one pound weight. 

Ans. 80)g poundals, or the attraction of the earth for 30 lbs. 

(11) The diameter of Jupiter is 10 times that of the earth, and its 
mass 800 times. By how much per cent of his former weight would 
the weight of a man be increased by being removed to the surface of 
Jupiter % 

Ans. By 200 per cent. He would weigh by a spring-balance three times as 
much as before. The same number of standard poun& would, however, bal- 
ance him in a lever-balance. The standard pound at Jupiter would be attracted 
by a force three times as great as the earth's attraction here. The lever-bal- 
ance weight wldch g^vee nis mass is unchanged. 
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(12) If ike intensity of gravity at the surface of Jupiter is about 
2.6 times as great as at the surface of the earth, find apnroxinuxtely 
the time which a body would take infaUingfrom a height of 187 ft. 
to the surface of Jupiter. 

Ans. 2 see. 

(13) Find the intensity of the earth's attraction ai the distance of 
the moon, taking 32 ft.'per-sec, per sec, as its value at the surface of 
the earth. The diameter of the nunm's orbit is 480,000 miles, the di- 
ameter of the earth 8000 miles. 

Ans. 0.0089 ft.-per-sec. per sec. 

[(14)J Tivo particles of mass M and m are placed a distance s 
apart. Find the time it wotdd take them to come together by reason 
cf their mutual attraction, if uninfluenced by any &ctemaJforce. 

Ans. The aooeleration of one particle with reference to the other is (page 
48) 

^ _ _ ^ (M+m) 
dp - '^ a^ • 

Int^rating (Vol. I, page 102), we have 
When X = «, t = 0; when a; = 0, we have 



" 2'^'L2if(lf+w)J • 



If the particles are spheres of density 5 and radii E and r, and the density 
of the earth is S\ we have (page 48) 

and 

.__1^ r sr'S' It 

If the spheres are of the same density as the earth, 6 = 6' and 

2""^ [2g{E^ + r»)j ' 

The last equation, then, gives the time of coming together of two spheres 
of radii R and r, of same density as the earth, if considered as concewtraUd 
at tlieir centres. If the spheres are equal. 



t = 



t 



= 4--(^)* 



If, for instance, • = 1 ft., ^ = 82^ ft.-per-sec. per sec., r = i ft., r' = 90,850,- 
000 ft., 

t = 1788 sec., or 20.8 minutes nearly. 



DYNAMICS. 



PAKT I. STATICS, 




CHAPTEB L 



STATICS-OONCURRING FORCES. 



VOBCBB IN aqUILIBRnTM. STATICS. LINB BBFRBSBNTATIVB OF A FOROB. COM- 
FOBinON AND RBSOLUTION OF F0RCB8. SIGN OF C0MP0NBNT8 OF A FOROB. 
OONCUBRINO FOB0B8. STATIC, MOLAB AND DYNAMIC EQUILIBRIUM. COM- 
POSITION AND RESOLUTION OF CO-FLANAB FORCES. CONCURRING FORCES 
NOT IN THE SAME PLANE. CONDITIONS OF EQUILIBRIUM FOR CONCURRING 
FORCES. 

Forces in Equilibrium. — ^When all the forces acting upon a par- 
ticle mutually oalance, so that the particle moves as if no force acted 
upon it, the forces are said to be in eqnilibrinm. In such case the 
particle is either at rest or moves with uniform speed in a straight 
line (p€^2). 

Statics — ^That portion of Dynamics which treats of those prin- 
ciples which are necessary for the discussion of forces and bodies 
in equilibrium, and generally of forces without reference to the 
change of motion caused by them, is called Statics. That portion 
which treats of forces witn reference to the change of motion 
caused by them is called Kinetics. 

[Many writers employ the term Dynamics in the sense in which 
we have used Kinetics, and use the term Mechanics for what we 
have called Dynamics. They thus have Mechanics divided into 
Statics and Dynamics, instead of Dynamics divided into Statics and 
Kinetics.] 

Line Bepresentative of a Force.— We have seen (page 2) that 
the force on a particle acts in the direction of the acceleration it 
causes, and that the magnitude of the force is proportional to the 
magutude of the acceleration. 

Force, then, has magnitude and direction, and is therefore a vec- 
tor quantity, and can be represented, like linear acceleration, by a 
straight Une. 
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Thus the length of the line AB represents the magnitude of the 

force F = mf (pa^e 5). Its point of application is 
F^tnf ^ ^ A, and its direction, of action is indicated by the 
arrow and is always the same as that of the Imear 
acceleration/. 

Composition and Besolntion of Forces.— The principles, therefore, 
of pages 35, 43, 49, (Vol. I, Kinematics) hold good for K)rces also, and 
we can resolve and combine forces and have the ** triangle and poly- 
gon of forces ^' as well. as the triangle and polygon of displacements, 
velocities or accelerations. 

We have also the same rule for the signs of the horiEontal and 
vertical components Fx, Fy^ Fz of a force as for the corresponding 
components /ar,fy» /« of its acceleration. Thus (+) signifies in the 
directions Ox, C5y, 0«, and (— ) in the opposite 
directions. 

If polar co-ordinates are used, the compo- 
nent force along the radius vector is (+) when 
it acts away from the pole, (— ) when it acts 
towards the pole. 

Evidently, then, we must measure angles in 
the plane XY, from OX around towards OF; 
in the plane FZ, from OY around towards 
0Z\ intne plane ZZ, from OZ around towards 
OX 

Concurring Forces, etc. — Forces which act at the same point are 
called concnrring forces. Forces acting at different points are non- 
concnrring. Forces acting in the same direction in the same line 
may be called conspiring forces ; when thev act in opposite direc- 
tions in the same line or in parallel lines they are opposite forces; 
when in the same or opposite direction in parallel lines they are 
parallel forces. Forces whose line representatives lie in the same 
plane are co-planar. Two equal and opposite forces applied at the 
same point mutually balance, so that the point moves as if no for^ 
were applied. (Compare Vol. I, Kinematics, page 178.) 

Static Equilibrium. — When all the forces acting upon every par- 
ticle of a rigid body mutually balance, so that evei^ particle oi Hie 
body moves as if no force acted upon it, the body is said to be in 
static or molecular equilibrium. All points of the body in such case 
are either at rest or they all move with the same uniform speed in 
parallel straight lines, and the body has a uniform motion of trans- 
lation (Vol. I, Kinematics, page 91). 

The motion of a body is then the same as that of any one of its 
points, and the body, whatever its size, may be treated as a particle 
so far as its motion is concerned, and represented by a point. 

All the forces acting upon the body itself may then be consid- 
ered and treated as a system of concurring forces in equilibrium, 
and all the forces acting upon any one particle of the body also 
constitute a system of concurring forces in equilibrium. 

Molar Equilibrium. — When the centre of mass (yiily of a rigid 
body moves as if no force acted upon it, that is, is either at rest or 
moves with uniform speed in a straight line, we have equilibrium 
of the body as a whole, or molar equihbrium, as distinguished from 
molecular or static equilibrium as just defined. 

Now the centre of mass of a rigid body always moves as if the 
mass of the body were condensed into a particle of equal mass at 
the centre of mass, and all the forces acting upon the entire body 
were transferred to this particle without change in magnitude and 
direction (page 18). 
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When there is molar e<][uilibrium, then, all the forces acting upon 
the body if appliedat a pomt would constitute a system of concur- 
ring forces in equilibrium. Also all the forces acting upon any 
particle at the centre of mass of the bodv constitute a system of 
concurring forces in equilibrium. But all the forces actmg upon 
any particle not at the centre of mass are not in equilibrium, and 
we have rotation of the body about the centre of mass. 

So far as translation of the body alone is concerned, however, we 
may consider it as a particle of equal mass at the centre of mass, 
acted upon by a system of concurring forces in equilibrium. 

D3rnamic or &inetio Equilibriiun. — When one point only of a 
rigid body not at the centre of mass moves as though no force acted 
upon it, the body is said to be in dsrnamic or kinetic eqailibrinm 
aoout that point. 

In such case all the forces acting at this one point constitute a 
systemof concurring forces in equilibrium. But the forces acting 
at any other point do not constitute a system of forces in equilibri- 
um, and we have instantaneous rotation about this point. 

Composition and Besolution of Co-planar Forces.— Let the forces 
Fi, Ft, F,, etc., be all in the same plane and act either at a common 
point, P (Fig. 1), or at different points, A, JB, C (Fig. 2), of a rigid 
body. 

m either case, lay off the forces so as to obtain the force poly- 
gon A Fx F^ Ft (Big. 3). Then the line AF% necessary to close 
this force polygon, tc£en as act- 
ing the other way round, gives 
the direction and magnitude of 
the resultant Fr in the plane of 
the forces (pages 35, 36, Vol. I, 
£anematics). 

If the forces are concurring, 
or aU act at the same point P, 
Fig. 1, the resultant Fr must 
act at this point also, in the 
plane of the forces. 

If the forces are non-concur- 
ring, or act at different points 
A, By C, A Fi^. 2, the magni- 
tude and direction of the result- 
ant Fr will still be given by AF. in the force polygon. Fig. 3, but 
its position in the plane of the forces is as yet imknown. 

Cob. 1. If the forces are all parallel, the force polygon Fig. 3 
becomes a straight line, and the resultant Fr is equal to the alge- 
braic sum of the forces, or Fr = :SF. 

CJoB. 2. The component AN or NFt of the resultant Fr, Fig. 3, in 
any direction is eaual to the algebraic sum of the components of 
the forces in that airection. 

Cob. 3. Any number of forces acting upon the same point, 
whether in the same plane or not, can be reduced to a single result- 
ant force. For the resultant of anv two is a force in their plane. 
This resultant can then be combined with another force, and so on. 

Cob. 4. If the algebraic sums of the components of the forces in 
any two directions, as AN and NFt , are zero, the points A and F% 
in the force polygon Fig. 3 conicide, and the resultant Fr is zero. 
The forces are then in equilibrium. 

Analytieal Determination of the Besnltant for Concurring Co- 
planar Forees.— We have evidently the same expressions for the 
magnitude and direction of the resultant for concurring forces 
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as for concurring accelerations (pcige 60, Vol. I, Kinemat- 
ics). 

Thus let any number of co -planar forces, Fi 
F%^ etc., all act at the same pomt O. Tc^e this 
pomt as the origin and draw tne rectangular axes 
OJT, OF in the plane of the forces. Let Fi make 
the angle an with OX, and fix with 0T\ let F% 
make the angle a, with OJT, and fi% with 0T\ 
and so on. 
Denote the algebraic sum of the horizontal components of all 

the forces by Fx. ^^cL the algebraic sum of the vertic^ comx>onents 

of all the forces oy Fy. Then 




Fx = ^i^cos a = i^i cos ai + jFi COS «« + jF» COS ai + etc. ; 
Fy^ SFco8fi=:FiCoefii -hFtCO&fit +i^tcos/?t +etc. 



(1) 



If i<r is the residtant and a, b the angles which it makes with 
the axes of x and y respectivelv, we have for the horizontal and 
vertical components of Fr (Ck)rollary 2, page 69). 



Hence 



FrCOBa = Fx; 

FrCOSb 



cos 



= Fx;i^ 

= Fy. S 

Fr' I 



(2) 



COS 6 = -=1^. 

Fr 



(3) 



Squaring and adding, since cos & = sin a, and cos" a + cos* 6 = 1, 

Fr = VFx* + Fy^ (4) 

The equation of the line of direction of the residtant, when all 
the forces act at the origin, is 



Fy 



(5) 



If the co-ordinates of the point at which the forces act are a?' and 
2^, the equation of the line of direction of the resultant is in general 



F 



(6) 



Equations (1) give the values of Fx and Fy , by which we obtain 

a, b and Fr from (3) and (4). 

The algebraic simis in (1) are found by taking components act- 
ing towards the right or upwards as 
positive, towards the left or aownwardsj^^ 
as negative (page 58). ^pT 

Analytical Expression for the Xagni- 
tude and Direction of the Sesoltant of 
Any Number of Concurring Forces not in 
the Same Plane.— Let -Pi, Ft, F$, etc., 
be any number of forces all acting at the 
same point O. Take this point as the 
origin for three rectangular axes OJT, 
Ox, OZ, Let Fi make the angles ai. 
Ply r\ with these axes respectively, and 

Ft make the angles a%^ fit, r^j and so on. 
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Denote the algebraic sum of the components of all the forces 
along OXhy Fx ; along OYhy Fy ; along OZ by Fm. Then 



Fx = ^Fcos ar= Fx cos ax + F2 cos a^ + F% cos a» + etc. ; ' 
Fy = 2FcoB/3=: Fxcoeflx •¥ Ft cos fit + Ft cos/?. + etc. ; 
Fg = SFooQy = Fxcoayi + FtCOBXt + Ft cos y + etc. 



(1) 



If i^r is the resultant and a, b, c the angles which it makes with 
the axes of x, y and z respectively, we have 

Fr cos a = Fx; 

FrCOBb=Fy; \ (2) 

-FVcosc =Fx. 



Hence 



Fx 
cosa = =-; 

Jfy 

C0S6=^; 

F 
cosc=^. 



(8) 



Squaring and adding, since cos' a + cos' 6 + cos'c = l, we have 




Fr= iTFVTFirTF? (4) 

The equ ations of the projection of the resultant upon the planes 
of ZJ, 77 and FZ are 

Fx Fy Fm 

«=^^» y=w-^* ^^^y- 

Jfu . -Px Sf y 

Hence from (3) we have for the equation of the line of direction 
of the resultant, when all the forces act at the origin, 

X y z X y z 

cosa cos 6 cose' Fx Fy Fz' ' ' ' 

If the coordinates of the point at which the forces act are af^ 
2^, zfy we have for tiie equation of the line of direction of the residt- 
ant in general 

x — af _ y — y" _. z — s^ ^^ x-af _ y — jf _ z-^ 
cosa cos6 cose' Fx Fy Fz ' 

When z and Ft equal zero, these equations reduce to the equa- 
tions of tiie preceding Article for co-planar forces. 

The alfi:ebraic sums in (1) are found by taking components acting 
towards me ri^ht along OX^ or upwards along OF, or in the direc- 
\^ tion OZ as positive. The opposite directions are negative. 

Conditions of E^nilibrinm for Concurring Forces. — A point is in 
eqtiilibrium when its acceleration is zero. In order that the accel- 
eration may be zero, the resultant force acting upon the point must 
be zero. Hence, the vanishing of tJie resultant is the necessary and 
sufficient eandUion for equUwrtum of any number of concurring 
forces. 

We have then, in general, the algebraic conditions 

i?«=s:5J?'oofla = o, i?v = ^i^cos/j = o, jPi =:si^cosr = 0. 
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That is, the algebraic sum of the components of the forces in each 
of any three rectangular directions must be zero. This is equiva- 
lent to saying that all the forces acting upon the point reduce to 
two forces equal in magnitude and opposite in direction. 

It is also evident that if anynumoer of forces acting upon a 
point are in equilibrium, any one of the forces must he equal and 
opposite to the resultant of cul the others. 

Conditions for EqaiUbriiim for Goncnrring Foroes in Special 
Cases. — ^We obtain IJien the following obvious results from the 
condition for equilibrium of concurring forces, which will be found 
useful in special cases : 

(1) If two concurring forces are in equilibrium, they must be 
equal in magnitude and opposite in direction. 

(2) If three concurring forces are in equilibrium, they must all 
act in the same plane. For the resultcmt of anv two must act in 
their plane and be equal and opposite to the third. 

(3) If three concurring forces are represented in magnitude and 
direction by the sides of a triangle taken the same way round, the 
resultant is zero and the forces are in equilibrium. 

(4) Hence, if three concurring forces are in equilibrium, each one 
is proportional to the sine of the angle between the other two. 

(5) If three concurring forces are in equilibrium and their direc- 
tions are represented by the sides of a triangle taken the same way 
round, their magnitudes will also be represented by the sides of 
that triangle, and vice versa, 

(6) If any number of concurring co-planar forces are represented 
in magnitude and direction by the sides of a plane closed x>olygon 
taken the same way round, they are in equilibrium. If their mag- 
nitudes are given by the sides of the polygon, their directions are 
also given by the directions of the sides. 

But if the directions only of the forces are given by the sides of 
the plane polygon, it does not follow that the sides of this x>olygon 
represent the magnitudes, because any number of plane poly^ns 
with parallel sides may be drawn, tne magnitudes of the sides 
varying. 

(7) If three concurring forces in different planes are represented 
by the three edges of a parallelopipedon, the diagonal taken the 
opposite way round will represent the resultant in direction and 
magnitude. This is called the parallelopipedon of forces. 



EXAMPLES. 

(1) Find the resultant of forces of 7, 1, 1, 3 units, represented by 
lines drawn from one angle of a regular pentagon towards the other 
angles taken in order. 

Ans. |/74 units. 

^•^ (2) Pand Q are two component forces at right angles, whose re- 
sultant isR. 8 is the resultant of B and P. ]fQ^2P what is 
Sf 

Ana. 8 = 2Pf^ 

(3) Component forces P, Q, R are represented in direction by 
the sides of an equilateral triangle taken the same way round. Find 
the magnitude of the restdtant. 

Ans. VP*~¥^V + ^'~- Q^i - ^^ ^^' 
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(4) Three component forces are represented by lines drawn from 
the vertices ofairiangte to the middle points qf the opposite sides. 
Show that the resultant is zero, 

(6) Three component forces are represented by lines drawn fnym 
the vertices A, B, Cofa triangle to the middle points of the opposite 
sides^ and have magnitudes equal to the cosines of the angles at A, 
B and Crespectively. Find the resultant. 

Ana. 4^1 ~ 8 cos A ccns B ccns C units of force. 

(6) The centre of the circumscribed circle of a triangle ABC is 
O, and the intersection of the perpendiculars from angular points 
on qmnrnte sides is P. Prove that the resultant of forces r^pre- 
sentea in magnitude and direction by OA^ OB^ Ou wiU be repre- 
sented by OP. 

(7) Three forces are represented by the sides AB, AC, BC of a 
triangle. Show that the resultant luis the direction AC ana is 
repr^ented in magnitude by 2AC. 

(8) ABCD is a parallelogram. From AB, AE is cut off equal to 
one third AB. Prove that the resultant of forces represented oy AC 
and 2 AD is equal to three times the resultant of forces represented 
by AD and AE. 

^ (9) Four forces of 24, 10, 16, 16 dynes act on a particle, the angle 
between thejirst and second being 30% between the second and third 
90% and between the third and fourth 120*". Calculate the resultant. 

Axis. 17.4 dynes. 

y' (10) A weight of 10 tons is hanging by a chain 20 feet long. 
Find how much the tension in the chain is increased by the weight 
being pulled out by a horizontal force to a distance of 12 feet from 
the vertical. 

Ans. By 2.6 tons. 

(11) A weight of ^pounds is suspended by a string, and is acted 
iQxm by a horizontal force. If in the position of equilibrium the 
tension of the string is 5 pounds^ what ts the horizontal force f 

Ans. 8 lbs. 

(12) A mcMs of 10 lbs. is supported by strings of lengths 3 and 4 
feet att€Lched to two points in the ceiling 6 feet apart. What is the 
tension of each string f 

Ans. 8 lbs. and 6 lbs. 

*r (13) A particle is acted on by a force whose magnitude is un- 
known, buz whose direction makes an angle of 60** with the horizon. 
The horizontal component of the force is 1.35 dynes. Determine the 
total force and its vertical component. 
Ans. 2.7 dynes and 2.84 dynes. 

^A (14) Three forces proportional to 1, 2, 3, act on a point. The 
angle between thejirst and second is 60**, between the second and 
third 30**. Find the angle which the resultant makes unth the first. 
Ans. Aboat67^ 

(16) Three cords are tied together at a point. One is pulled in a 
northerly direction with a force of 6 pounds, and another in an 
easterly direction with a force of S pounds. With what force mtut 
ike third be pulled in order to Tceepthe whole at restt 

Q 

Ans. 10 pounds, at an angle with tlie horizon whose tang = j-. 



64 STATICS— OONCUBBIKG FOfiOBS. [OHAP. I» 

9^ (16) If P and Q are two concurring forces and the angle made 
by their directions is 0, fimd the nuignitude of the resuUant JR when 
6 = and 9 = tc. 

Ans. (P+C)and(P-0. 
^(17) Find R when P=Q and = 60% 136% and 120\ 

Ans. B = Pi^; B = P'/2 - ^2; B = P. 

(18) If three concurring forces 3, 4 and 6 are in equilibrium^ find 
the angie between the first two. 
Ans. 90% 

V(19) IfP=e, Q = 11, units, and the angle between P and Q is 20% 
find the resultant R, and the angle between Pand R and that be- 
tween Q and R, 

Ans. B = 16.47 nnits; 19** 80'; 10** 80'. 

(20) A cord is tied round a pin at the fioced point A, and its two 
ends are drawn in different airections oy the forces P and Q, If 

P JL. Q 

the pressure on the pin is — ^^-^$fi^ the angle Q between the forces. 

(21) A cord whose length is 21 is tied to the points A and B in 

the same horizontal line, whose distance is 2a. A smooth ring upon 

the cord sustains a weight W. Find the tension in the cord. 

w 
Ans. T = / . 

^jA (22) Oilmen the four concumng forces Fx =1, F% = 2, F%=^ 
**4 = 4, and the angles FiF» = 90\ ^2^4 = 90% and FiF% — 60\ 
Find the magnitude of the resultant and its inclination to Fu 

Ans. jB = 6.889; 102° 16'. 

(23) Two rafters making an angle of 120" support 112 lbs. ai the 
apex. Find the compressive force on each rafter. 

Ans. 112 lbs. compression. 

A (24) Resolve a force of 120 lbs. into tuH) rectangular components^ 
^a) of which one ts 75 ff>«. / (6) one of which makes an angle ofM"* 7' 8" 
with the resultant. 

Ans. (a) 93.65 lbs. making an angle of dS** 40' 56".25 with resultant 
lb) 99.348 lbs. adjacent to the given angle and 67.306 lbs. 

^' (25) The mutually rectangular forces of 35, 67 and 98 lbs. aet on 
a point. Determine the magnitude and direction of the resultant. 

Ans. 123.766 lbs. making angles of 73'' 34' 24", 57** 18' 30", 37' 88' 42" with 
thQ forces respectively. 

>c (26) A force of 550 lbs. acts on a point. Resolve it in three rect- 
angular directions, (a) wJien two of the components are 100 and 230 
lbs.; (6) one of the components is 120 lbs. ana the given force makes 
with one of the other two components the angle 16* 6' 14"; (c) the 
given force makes with two of the components the angles 87" 13' 13" 
and 54* 17' 8". 

Ans. (a) 489.49 lbs., angles 79" 81' 27", 65" 16' 49" and 27" T 48". (5) 120 
lbs., angle 77* 28' 51"; 681.02 lbs., angle 15" 6' 14"; 78.2 lbs., angle 81" 49' 82", 
with resultant, (e) 445.7 lbs., 821.06 lbs., 26.676 lbs. 



CHAP. L] SXAMPUBS — GONCUBKINQ fOBCES. 65 

(27) A force in apace makes voith the three co-ordinate axes the 
angles a, A y. Show thai (page 12, Vol. I, Kinematics) 

cos* a+ cos' fi + cos' y = 1; 
cos 2a + cos 3^ + 0^ 2;^ = — 1; 
eoe (a -{- fi) cos (a — ytf) + cos' y = 0, 

(28) Two forces etcting on a point make the angle «, and make 
with the co-ordinate axes the angles <xi^ fit, yi, and as, y^,, y^. 
Show thai 

cos 6 = cos ai cos ai -^ cos fii cos /St + cos^i cos y^. 

(29) Three forces P, 0, R, acting on a point O, are inclined at 
anales a, /?, y to a given tine passing through O. Find the magni- 
tuae and direction of the resultant, 

Ans. If 6 is the inclination of the resultant to the given line, 

_ P sin g -f- Q sin /g + jg sin X 
~ Pcosa + QcosiC^+ jBcos^* 

and the resultant is the square root of 

P^ + qf + B? + %qBco&{(i - y) + 2RPcoB{y - a) ^%Pqoo&{a -- p). 

(80) Three forces^ each equal to P, act at a point O in directions 
OAj OBj OC ; the angle AuC being a right angle, and the line OB 
bisecting the angle AOC, Find the magnttude of the resultant, 

Ans. Pit -{• ^2) making an angle of 45° with OA. 

jjf (31) A force P is applied at the hinge A of the knee-joint BAC, 
^ e making the angle a with AB and AC, Show thai 

the pressure at C and Bis -^P tan a, and that if 

P= 60 lbs, and a = 15% 35', 66% 86% 90% the press- 
ure is 6.7, 17.6, 63.6, 285.75 lbs, and co, 

^ (32) A force P is applied to the compound _b Bi_ 

knee^oint shown in the accompanying figure. * '^ 

Show that the pressure eocerted at By Cand 

A , Ctis -jP tan a tan p, 

4 




(83) Find the resultant for a system of 
eight forces acting upon a point, given as follows : 



a, = 63'' 27', /?. = 48" 86', ^i acute; 
a, = 153"* 44', /?, = 67' 13'. . y^ obtuse; 
a, = 76' 14', A = 147** 12', y, obtuse; 
a* = lU" 7', /?4 = 137" 9', y, obtuse; 
a, = 76" 3', /J. = 85° 3', x» acute; 
a, = 145'* 7'. /?. = 78" 3', y. acute; 
at = 62' 10', /3, = 149- 8', y, acute; 
a, = 128*' 58', /?. = 127' 56', y. obtuse. 
Ant. The angles ;^ can be found (page 12, Vol. I, Kinematics) from 

eoB{a+ fi)c(M(a - /3)-\'C08*y = 0. 



Pi = 75 lbs. 
P. = 80 lbs. 
P. =r 95 lbs. 
P« =r 185 lbs. 
P» = 670 lbs. 
P«= 87 lbs. 
Pt = 95 lbs. 
P. = 140 lbs. 
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Hence 

y. = 52'6r82". r, = loa' ay io".86, y, = iwri8", 
y.siaa" 6' 48", rt= serw, r«= or 21' 64", 

yt = 77* 48' aa". 7. K, = laS* 49' 44".3. 
J''s = +34.898 Ibe., i^V = + 890.89 lbs., A = +221.395 lbs., .TV = 866.84 lbs. 

«-« = -^- »' « = 8«-10'86"; coe6 = ^. «r » = ST 2r 14"; 
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Hon-ooncurrin^ Forces.* — In the preceding Chapter we have 
considered concurring forces, that is, forces wMcb act at a common 
point. We shall now consider non-concurring parallel forces, that 
la, parallel forces which act at different points of a rigid body. 

Koment of a Force. — Since force is proportional to the acceler- 
ation it causes, the moment of a force relative to any point or axis 
is defined precisely like moment of acceleration ipoge 60, Yol, I, 
Kinematics). 

Hence the product of the magnitude of a force bjr the magni- 
tude of the perpendicular let fall from any given pomt upon the 
direction of the force gives the magnitude of the moment of the 
force relative to that point. 

The point is called the centre of moments. The perpendicular 
is called the lever-arm of the force. 

The unit of moment of a force is then one poundal-foot, or one 
poundal with a lever-arm of one foot, or in gravitation units one 
pound-foot, or the weight of one pound with a lever-arm of one 

I The same conventions as to sign are adopted a» for moment of 

I acceleration (page 60, Vol. I, Kinematics). Thus rotation counter- 

I clockwiae is positive (+) and clockwise negative (— ). 

\ The same principles must evidently hold for the moment of a 

[ force as for the moment of its acceleration. Hence 

\ A force may be considered an acting at any point in it» line of 

\ direction. 

The tilgi^braic sum of tlie moments of any number of forces is 
L rqual to tlU moment of their resultant (page 68, Vol. I, Kinematics). 
E = Line EepreMntative of Moment of a Force. — Since the moment 
I of a force has thus magnitude and direction, it is a vector quantity 
I and can be represented by a straight line like moment of acceler- 
lataoD. 



■ The sludent should eoastuitl7 refer in thia portioo of tlis work lo the 
TmtmareB in tbp Unl to Ki'ifmatie* "fa Rigid Sj/ttim (puge 109, Vol. 1). and If 
Ld bju timitted thkt portion o[ tUe work sboald now tike il in canneotion with 
auttia. 
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Thus the Ime AB represents by its length the magnitude of the 
,g moment. The plane of rotation is at right angles to 
this line. The direction of rotation is dockvoiae in 
this plane when we look in the direction of the arrow. 
When we speak of direction of a moment we mean 
the direction of its line representative. 

Resolution and Composition of Moments. — The principles of i)ages 
35, 36, Vol. I, Kinematic8, hold good then for force moments as well 
as for acceleration moments (page 62, Vol. I, Kinematics), and we 
have the triangle and polygon of moments. 

The signs of the line representatives of 
the components along the axes of X, Y, Z 
of a force moment f oDow the same rule as 
for components of acceleration (page 62, 
Vol. I, Kinefmatice). Hence components in 
the direction OX, OY, OZ are positive (+), 
in the opposite directions negative ( — ). If 
then we look along the line representatives 
of the components towards the origin O, 
the rotation is always counter-clockwise. 
Therefore rotation from X towards F, Fto- ^ 
wards Z, Z towards X is positive^ in the opposite directions negative. 

For polar co-ordinates directions away from the pole are positive^ 
towards the pole negative. 

Evidently, then, we measure angles in the plane XY, around 
; from OX towards 0Y\ in the plane YZ, aroimd from OY towards 
0Z\ in the plane ZX, around from OZ towards OXy as shown by 
I the arrows in the figiu-e. 

Resultant of Two Non-concurring Co-planar Forces. '^^ — Let the 
two forces F\ , Ft act in the same plane at the points A, .B of a 
rigid body, Fig. 1, in different directions, and let OFt he me direc- 
tion of the resultant Fv 





FIO.S. 




Take a point P anywhere in the plane of the forces and draw 
the lever-arms Fn\ = pi , Pn^ = »a , Pn = r. 

Then, since the moment of the resultant with reference to any 
point is equal to the algebraic sum of the moments of the compo^ 
nents, we nave in general 



Frr = Fipi + FiPi. 



(1) 

[Regard must be p€dd to the signs. Thus if the forces are as repre- 
sented in the figure, we have + Fipi — F^p*,] ^ 

* Compare page 170, for concurring angular accelerations. Kinematic ^a 
Higid System. 
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Since ihia holds good wherever we take the point P in the plane, 
let us suppose the point P at the intersection (7 of the eiven rorces. 
For this point, the lever-arms pi and jps will be zero, the moments 
Ftpi ana Ftp% will be zero, and hence FrV must be zero, or the 
lever-arm r is zero. We can therefore take the point O as the com- 
mon point of application of Fi and Ft and the system reduces to 
two forces acting at the point O or to a system of concurring forces. 
Hence — 

<1) A force ixcting at any point cf a rigid body can he considered 
as acting at any point in its line of direcnon. 

(2) The restUtant cf two non-concurring co-planar forces lies in 
the plane of the forces and passes through the point of intersection 
of the forces. 

Position of the Resnltant. — Draw the line AB intersecting the 
resultant jPV at the point C 

Let ax be the angle of Fx with ABy and a^ the angle of F^ with 
AB. If we take moments about the point C, we have for the lever- 
arm of Fi , AC sin ^i, and for the lever-arm of i^*, EC sin a%. 
From equation (1>, 

Fi . ACfAcL ax=Ft.BCmn a,. 

But AC + BC = AB, Hence 

^Q _ Ft . AB sin gi ^^ _ Ft . AB sin at ,„. 

Fi sin art + i^i sin ai' Fi Bin cti + Ft sin an' 

We thus know the position of the resultant in the plane of the 
forces. (Compare page 179, Kinematics of a Rigid System.) 

Magnitade and direction of the Resnltant. —The magnitude and 
direction of the resultant can now be found, precisely as for con- 
curring forces. 

Thus if we lay off Fi and jF. in the force polygon Fig. 2, AFm 
gives the magnitude and direction of the resultant Fr, 

Take the rectangular axes OJTand OF in the plane of the forces 
and let OX be parallel to AB. Let Ft make the angle ai with OX, 
and /Ht with Ox, and Ft make the angle at with OX, and /3i with 
OY, Denote the algebraic sum of the components parallel to OX 
by Fx and parallel to OY by Fy. Then the equations of page 61 
hold, and we have 

F(g = Fi cos ai + Ft cos (Tt; | 

Fy = Fi cos fit •¥ Ft COB /St. ] ^ 

[H^»rd must be paid to the signs. Thus in the figure Ft cos as 
is positive, all the otner terms are negative.] 

If the resultant Fr makes the angles a and b with the axes of x 

and ]f , we have 

F F 
cosa = ^, cos6 = ^ (4) 

Squaring and adding, 

Fr = VFx* + Fy\ (6) 

In taking the sunmiation indicated by (3), components in the 
direction OJ^or OF are positive, in the directions XO or YO nega- 
tive. 

If 6a is the angle of Ft with the resultant, and G* the angle of Ft 
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with the resultant, and the angle between Fi and Ft , we have di- 
rectly from the force polygon, Fig. 2, 

F F 

Bin Oi = -=^ sin G, sin Oi = --^ sin 6, .... (6) 

and 

Ft = VFx^ + Ft* ± 2FiFt cos 0, (7) 

where the (+) sign is used when B is less then 90*", and the (— ) sign 
when is greater than 90°. 

The tangent of the angle a which the resultant mckkes with AB 
orOXiB 

tan a = ^ (8) 

Fx • 

From (6) and (7) we can find the magnitude and direction of the 
resultant directly if is known. If ai and a* are given, (3) and (5) 
give Fr , and (4) or (8) the direction. 

From (1) we have also 

r^?^!^ (,^ 

where regard must be had for the signs of Fipi and F%pt in any 
case. 

From (9) for any given point P, for which pi and pt are known, 
we can locate the resultant by describine a circle with centre P 
and radius r, and drawing Fr tangent to tnis circle in the direction 
given by (6). (Compare page 180, Kinematics of a Rigid System.) 

Example. —IVw forces Fi = 20 lbs. and Ft = 30 lbs. act at paints A, 

o B of a rigid body, in the directions shown in the 

/^^y^^^ figure. The distance AB = 2 ft, and the angles 

j^^-j9 FiAB = 120% FtBA = 160°. Find the point of ap- 

y^ \ plication C of the resultant^ and its magnitude and 

^ \ direction. 

' \t Ans. Cos ai = sin /^i = 0.5, cos at = 8in-/5» = 0.806, 






Fr e = 90^ Hence 

>IP- 30 X 2 X 0.5 ^ftooftff 

^^ " 20 X 0.866 + 30 X 0.5 "" "'^"^ "' 

ir,= - 20X0.5 + 30 X 0.866 = + 15.98; ) 82.82 ^_ 

' tan a = — t^ts = — 2.083. 



= + 15.98; I 
= - 32.82. ) 



/?; = - 20 X 0.866 - 30 X 0.5 = - 32.82. J "" 16.98 

Or BCFr = 63** 41'. 

Fr = V'(15.98)« + (32.32)« = 36.05 lbs. 

We obtain the same result from equation (7) directly. Thus 



Fr = VW+W= 36.05. 

We also obtain from equation (6) 

80 
8hi Oi = i^tfTk = ^032, or 6, = 56'' 19*. 

Therefore OCA = 180 - (60** + 56'* 19) = 63'* 41', as before. 



k 



Besnltant of Two Parallel Forces.— This is but a special case of 
the preceding Article. Thus if two non-concurring forces are 
parallel, their intersection is at an infinite distance and ax and at 
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become equal, and = 0. We have from equations (5) or (7), page 
70, 

(+) 

page 



where the forces ^i and Ft are to be taken with proper signs 
in one direction and (— ) in the opposite. From equation (2), ] 
69, we have 

^.AC = yAB, iBC^^^.AB 

Jfr ■tfr 

Multiplying the first by ^i and the second by Ft, we have 

F^.AC = F».BC, or ^ = ^^ 



. (1) 



F.-AC <*> 

To prove this independently, take C as centre of moments. 

Pi 





Flo.! 



Then, whether the forces act in the scime or in opposite direc- 
tions, we have 

Fipi — JFijpt = 0, or Fxpx = Ftp% , 
where Oi and pt are the lever-arms. But from similar triangles 
Sl-^ Hence 

Fi_BC 
Ft AC 

We see from (1) that the distances AC and EC depend only upon 
the mamitudes of Fi and Ft and the distance AB between their 
points of application, and not at all upon the common direction of 
y^i and Ft. Therefore if the forces Ft , Ft are turned about A and 
B preserving their parallelism, or if the body is turned, the forces 
Fi and Ft having always tiie same direction and the same points of 
application, the resultant Fr wUl always pass through C The point 
U IS then the point of application of the resultant. 

Hence, the resultant of two parallel forces acting at the ex- 
tremities of a rigid straight line is in their plane and equal in 
magnitude to their algdyraic sum. It acts parallel to the forces 
in the direction of the greater force^ and its point of application is 
on the straight line or the straight line produced, and divides it into 
segments inversely as the forces. Or the prodvjcts of the forces into 
the adiacent segments are equal. (Compare page 181, Kinematics 
of a Rigid System,) 

This principle is known as the ** law of the lever." 

If we take the centre of moments at B and at Ay we obtain di- 
rectly equations (1). 

OoR. 1. When the forces act in the same direction, the result- 
ant lies within the components. When the forces act in opposite 
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directions, the resultant lies without the components and on the 
side of the larger. 

Cor. 2. When the forces are equal and oi)po8ite, Fr = 0. Also, 
from (1), AC = cz> , BC = oo , or the resultant is sero and acts at an 
infinite distance. That is, two equal and opposite parallel forces 
cannot have a single force as a resultant. 

Such a system is called a force couple. (Ck)mpare page 182, Kine- 
matics of a Rigid System.) 

Since the resultant is zero, there is no force of translation, and 
the effect on AB is to cause rotation only. All tendency to rotation 
can be referred to forces forming such couples. 

Moment of a Couple.*— From the last corollary, we see that a 
couple consists of two e^ual and parallel forces acting in opposite 
directions at different points of a rigid body. 

The perpendicular distance between the directictts of the forces 
is callea the arm of the couple. 

The product of the arm by one of the forces is the moment of the 
couple. This moment represents tendency to rotation of the rigid 
body. 

Let the two equal, parallel and opposite forces, +2'', — -F, act at 
14.F the points A and B of a rigid bodv. 

Draw any line CiabCt at rignt 
angles to the direction of the 
forces. 

Take any point Ci on the left as 
' a centre of moments. Then we 

have for the resultant moment 
^« about Ci.F.Cia- FXCia + 06) = 
-p ^F.ah. 

For any point C% on the right, we have 

F. Cib" F(Cib + 06 = — F . a6. 

For any point C between the forces, 

-F . Ca-F.Cb- -F.ah, 

The minus sign denotes clockwise rotation. 

In general, tlie moment of a couple about any point in its plane 
is constant and equal to the product of the arm by one of the forces. 
(Compare page 186, Kinematics of a Rigid System.) 

Cor. 1. A couple may be turned round in any manner in its 
own plane without altermg its effect, the arm ab being unchanged. 

Cor. 2. A couple may be removed to any position in its own 
plane without altering its effect, the arm ab being unchanged. 

Cor. 3. A couple may be transferred to any other plane parallel 
to its own plane without altering its effect. 

Cor. 4. All couples whose planes are parallel and moments 
equal, are equivalent. 

CoR. 5. Any couple may be replaced by another which shall be 
equivalent ana have an arm of any given len^h. 

Cor. 6. We have for any point d the resultant moment 

F .Cia- F{Cia + ab). 

If C\a = 00 , then, since ab is insignificant with respect to Cia, we 
have F^ — F^ = 0. The algebraic sum of the forces or the result- 
ant force is also zero. The moment of a force is the algebraic sum 
of the moments of its components (page 67). The resultant tiiere- 

♦ Compare page 186, Kinematica of a Rigid System. 
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fore acfts throo^ any point where the moment sum of the compo- 
nents is zero. The resultant of a couple is therefore zero at an m- 
finite distance in any direction in the plane of the couple. This is 
Cor. 2, page Tt. 

OoR. 7. A couple cannot be replaced by a single force, but only 
by another equivalent couple. 

Cor. 8. A couple cannot be held in equilibrium by a single 
force, but only by another equivalent couple. 
/^ Line Bepretentative of a Oonple. — ^A line perpendicular to the 
plane of a couple is called the aacia of the couple. 

A couple can then be completely represented by a straight line. 
The length of the line represents the moment of the couple. The 

Slane of the couple is at right angles to its line representative. The 
irection of rotation may be indicated by an arrow, so that looking 
alon^ the line representative in the direction of the arrow, rota- 
tion IS seen to be clockwise. Thus the line AB represents the mag- 
nitude of a couple causing rotation as indicated in ^- 

a plane at right angles to the axis AB. The line ^ [ ■ J ^ b 

representative coincides with the axis of rotation. ^ 

A couple is thus a vector quantity, like displacement, velocity, 
acceleration, moment, force, and the same prmciples apply as to 
composition and resolution of forces. 

when we speak of the "direction of a couple" we mean the 
direction of its line representative. 

Competition and Aesolution of ConpleB. — We have then the 
*' parallelogram and polygon of couples." 

When couples are in the same plane, or parallel planes, their 
line representatives are all parallel. . Hence the resultant of anv 
number of couples in the same or in parallel plsmes equals the al- 
gebraic sum of the component couples. 

The resultant of two couples in different planes is given by the 
diagonal of the parallelogram constructed on the line representa- 
tives of the components, taken the other way round. 

The resultant of any number of couples m different planes, the 
axes being all in the same plane, is given by the line which closes 
the polygon formed by the line representatives taken the other 
way round. 

The line representatives can then be combined and resolved just 
like forces in general. 

The action of a couple acting upon a rigid body is to cause an- 
gular acceleration of tne body about an axis perpendicular to its 
plane. 

Centre of Parallel Forces.* — Let Fi^ Ft, Ft, etc., be any num- 
ber of parallel forces acting at the ^ 
points A\, A%, A%, etc., of a rigid 
oody. 

Then the resultant Fr must be 
parallel to the forces and ej^ual in 
magnitude to their algebraic sum, 
or 

i?V = J^i + -P. + Ft + . . . = 2jP. 

In taking the siunmation, all 
forces in one direction are (4-), in 
the opposite direction (— ). 

Take any two of the parallel 
forces, as jPi , F» , and draw a line 




* Compare page 192, Kinematies of a Rigid System. 
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AiA% through their points of application and produce it to intersec- 
tion K with the plane of ZX. Drop peri>endicular8 AiBi , AtB% to 
this plane and draw the line KBiB% in this plane. 

Now, from page 71, the resultant of i^^i and F%i& Ri = Fi-^ F% 
and its point of application is at A on the line AxA% , such that 

Fx ^ A^A 
Fi " AiA' 

Drop the perpendicular AB to the plane ZX. Then we have by 
sinular triangles 

A^A _BtB 

AiA bb: 

Denote the distances AiBx , A%B% by y\ , y% respectively, and the 
distance AB, or the ordinate of tiie point of application of the re- 
sultant JBi of Fi and Ft , by yu Then we have by similar triangles 

B^B _ y% — yi 

BBx y^ _ y, 

Hence 

^« «. y«-y» ^1. « - Fyxj¥F\yt 
-Pi yt — yi Jfi + Jft 

In the same way for three forces Fx, Ft, Ft we can combine 
the resultant Rx of Fx and Ft acting at the point A, with Ft. We 
thus obtain for the ordinate of tne point of application of the 
resultant of three forces 

- _ Fiyx + F t yt -¥ Ftyt 

^' ~ Fx + Ft + Ft ' 

In general, then, for any number of parallel forces we have for 
the ordinate y of the point of application of the resultant 

.-=^ « 

In precisely similar manner, if we denote the distances AC and 
AD of the pomt^of application of the resultant from the planes of 

YZ £md XY by x and z, we have 

^=-^-^ (« 

- 2Fz 

Equations (1), (2) and (3) give the co-ordinates of the point of 
application of the resultant for any number of parallel forces. 
Tnis point is called the centre of parallel forces. 

We see that its position depends onfy upon the maj^itude of 
the forces and the position of their points of application, and is 
independent of the common direction of the forces. 

CoR. 1. If z is zero, then zi, Zt, etc., must be zero, and the paral- 
lel forces are co-planar and all lie in the plane XY. The centre is 

then given by (1) and (2). If z and y are zero, the points of applica- 
tion are all in the axis of X, and the centre is given by (2). (Com- 
pare page 192, Kinematics of a Rigid System,) If x, y and z 
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zero, the centre is at the origin. If x and z are zero, the centre is 
in the axis of Fand the points of application are all in the axis of 
Yy etc. 

Cor. 2. If a force equal and opposite to the resultcmt is applied 
at the centre of parallel forces, we have a system of parallel forces 
in equilibrium. 

Cor. 3. If a bodj has a motion of translation only, all the points 
of the body move m parallel paths with the same acceleration, if 
any, in the same direction at any instant. Let / be this common 
acceleration. Then if we consider the body to oe composed of an 
indefinitely large number of indefinitely small particles of mass 
mi, ms , ms , etc., the parallel forces on ectch of them are Fi = m/, 
Fi = m^. Ft = i»^, etc. The total resultcmt force in the common 
direction is then 

R = mif+ m^f + m$f + etc. =/(mi + wia + mt + etc.) ; 

or if the total mass M^ mi + mi + ms + etc., 

R=fM, 

Also, if the co-ordinates of the particles mi, m^, ms, etc., are 
{Xiy yi, «i), (a?», ya, ««)> otc., and the co-ordinates_of the point of 

application of the resultant are denoted by x, y, z, we have, since 
the moment of the resultcmt is equal to the algebraic sum of the 
moments of the components, 

i^ =/ilfo = mi/ri + nhfx% + etc. =f2fnXy 
or 

— 2mx ,^. 

'"=ir ^i> 

In the same way we have 

JT-j^my 

^-"ir ^^^ 

The point given bv equations (1), (2) and (3) coincides with the 
centre of mass of the body (page 17). 

Hence, the centre of mass of a body coincides with the point of 
appliccdion of the resultant of that system of parallel forces which 
acis upon alt the particles of a translating body ; that is, when each 
parattel particle farce causes in the particle on which it acts the 
same acceleration in the same direction (page 18). 

Properties of the Centre of Mass. — We have then the following 
properties of the centre of mass : 

1. The centre of mass coincides with the point of application of 
the resultant of that svstem of parallel forces which acts upon all 
Uie particles of a translating body. 

2. Hence, inversely, if all the forces acting upon a rigid body 
reduce to a single resultant force acting at the centre of mass, the 
motion of the Dody is one of translation only. 

3. The algebraic sum of the moments of the masses (page 19) 
of all the pEurticles with reference to the centre of mass is zero (page 
17). 
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If, then, the origin of co-ordinates is taken at tiie centreof mass, 
we have 

2mx = 0, 2my = 0, 2mz = 0. 

If polar oo-ordinates are taken, and the pole is taken at the 
centre of mass, we have 

2mr = 0, 

where r is the distance of any particle from the centre of mass. 

4. Since the attraction of the earth for a body at or above its 
surface, whose longest dimension is insignificant compared to the 
earth's radius, is practiccdly an e<)ual and parallel force on every 
equal particle of the bodv, the weight of the body in such case acts 
at its centre of mass, and a body acted upon only by its weight has 
a motion of translation only. 

Hence the centre of mass is often erroneously called the *' centre 
of gravity " (pages 18, 46). 

5. In all positions of a rigid body about the centre of mass, the 
weight then passes p)ractically through the centre of mass, because 
changing the direction of a system of parallel forces does not, as 
we have seen (page 74), change the point of application of the re- 
sultant, provided the points of application of the forces and tlieir 
magnitudes are unchanged. 

Hence if a rigid body free to move is supported at its centre of 
mass, it will be at rest m all positions about this centre, because in 
all positions we have two equal and opposite forces acting at the 
same point. 

We can therefore locate the centre of mass of a ri^d body by 
suspending it successively in two different positions. The two di- 
rections of the suspending string relative to the body must inter- 
sect practically at the centre or mass, since in each case, if the 
body is at rest, the centre of mass must be vertically under the 
point of suspension. 

6. If a rigid body free to move is supported at a point vertically 
below the centre of mass, it will then be in equilibrium. But if the 
body be moved in any direction, however slightly, around the point 
of 8upj)ort, we shall nave the weight of the body and the upward 
pressure on the support forming a couple causing the body to rotate 
away from its former position of equilibrium. 

A body in such a position is said to be in unstable equilib- 
rium. 

If a rigid body is supported at any point vertically above the 
centre of mass, it will be in equilibrium also. If the body is moved 
in any direction however slightly around the point of support, we 
shall have a couple causing rotation towards the former position of 
equilibrium. 

A body in such a position is said to be in stable equilibrium. 

If the body is supported at the centre of mass, it will remain in 
equilibrium in any position about the point of support. It is then 
said to be in indifferent equilibrium, 

7. The centre of mass may lie outside the limits of the body, as 
for example in the case of a circular ring or a spherical shell. 

8. The motion of the centre of mass of a rigid body is the same 
as if the body were replaced by a particle of eaual mass at the 
centre of mass, and all tne forces acting upon the oody were trans- 
ferred to this particle without change in magnitude or direction 
(pages 18, 83). 
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R«BTiltRiit Force and Coaple for any Homber of PaxaUel Forces. 
t-Take Ibe axis of Fpaiallt'l to tlie com- y 

fcon direction of the pai'ojlel forces !•', , 
!■'•, etc., and let theae forces be ap- 
_ J at the poiata of a rigid body whose 
o-ordinatee are {x,, y,, z,), [Xt, yi.z,), 

■hen the resultant will be the alge- 
braic aiiro of all the forces, or 

F. =F, + F^ + F. + . . .= SF, . (1) 
J forces autuig in the direction OY ^ 
b»iug positive, and all in the opposite ' 
direction being negative in the algebi 

Th« point of application (a-, j/, st of this resultant, or the centre 
it force, is given by 




_SFx 
- SF- 



_SFy -_ 
SF' 



SFz 
SF- 



t2) 



Taking positive rotation in each co-ordinate plane as indicated 
a the figure from X to Y, Yto Z. Z to X, we have for the moment 
*MUt the axis of X m the plane YZ 

Mx~zSF=^SFz (3> 

■And for the moment about the axis of Z'm tlie plane XY 



There is no moment about the axis of Y, o 
r^reeentatives of these moments are positive 
aiid OZ, negative in the opposite directions. 

The resmtsnt moment is then 

Mr = VMx' + M?. . . 



The line representative of the residtant moment makes angles 
"ind/ with the axes of X, F and Z whose cosines are given by 



Mr' 



cob/ = 



(6) 



I Looking alon^ this line representative towards the origin, the 
'■*irection of rotation is always seen counter-clockiviae. 

Eqnilibriam of a Bigid Body. — If a riield body acted upon by 
my number of forces applied at different points is in static equilib- 
4»>n (page 5Si. all the forces must evidently reduce to two ei^ual 
md opposite resultant forces acting in the same straight line 
"hat IS, the algebraic sum of the muments of all the force* about 
try point in space must be zero. Or, any one of the forces must 
e pquu) and opposite to tho resultant of all the others and act in 
JwKame straigbt line with it. If any one of the fiirces is equal ■?_ 
Ud opposite to the resultant of all the others, but does not act in '.' 
•^ " ^ straight line with it, wo have molar equilibrium (jtage J 

Conditions of Eqitilibriunt of a Bigid Body acted upon by Paral- 

I lei Fonei. — If all the forces acting at different points of a rigid 

\ body are parallel; we have then for the necessa^ and sutficient 

vinilitiiins (if rttatic equilibrium: 
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ft 

l8t The cUgebrate sum of the forces must he zero, or 

2F=0 (1) 

When this condition only is complied with, there is no resultant 
force, or any one of the forces is equal and opposite to the resultant 
of all the otners, but does not necessarily act in the same straight 
line with it. fWe have then molar equilibrium\ /pfVvyV 

2d. The atgebraic sum of the moments of trie forces with refer- 
ence to any two co-ordinate planes^paral- 
lei to the forces^ must be zero. 

That IS, if we take the common direc- 
tion of the forces jparallel to the axis of F, 
and take the origin O as the centre of 
moments, we have the resultant momeot 
3fr = 0, or 



When this condition only is complied 
with, there is no rotation about the origin 
O, or about any point in the axis OY, 

The resultant then coincides with the axis OY, If this resultant ' 
is not also zero, there can be no static equilibrium. If it is z^ro, "> 
then the 1st condition is also fulfilled, and we have the algebraic!' ' 
sum of the moments of all the forces about every point in space, 
equal to zero. * . 

In order, then, that there may be static equilibrium, both cofh- 
ions (1) and (2) must be satisfied. ^ 

Cor. 1. If equilibrium, molar or static, exists for any one direc- 
tioh of the parallel forces, it will exist whatever the common direc- 
tion, provided the magnitude and points of application of the 
parallel forces are unchanged. J 

Cor. 2. If the parallel fordes are co-planar, let their comnion 
plane be the plane of XY, and let their common direction be piiaral- . 
lei to the axis of Y. 

Then we have for the conditions of equilibrium ^• 

2F = ()\ (1) 

2Fx=:Q (2) 

If the first condition alone is satisfied, we have molar equilib- 
rium. 

If the second alone is fulfilled, the resultant coincides with the 
axis of Y. 

If both are fulfilled, we have the moment about every point in 
the plane zero, and hence static equilibrium. 



. xlitic 



r i 



/ 



EXAMPLES. 

(1) Show that the centre of mass of the perimeter of a triangle 
. nnot coincide ivith the centre of mass of the triangmar area, ex- 
cept in the case of an equilateral triangle. 

(2) A mass P at rest on an inclined plane is attached to one end 
of a string which passes over a pulley at the top of the plane and 
supports at the other end a mass Q. The pressure of the plane upon 
P is normal to the plane. SJiow that when Q is moved verticattfff 
the centre of mass of P and Q will neither rise norfaU. 
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Amb. Let a be the nagleot ttie plane with the Unrizoolal. Let (he string 
make tho ande S with ths plane. ...' 

The weight ot Pis the attraction of tbe earth for 
The tension of the Etriue is the same as tbe weight of 
Q. Siaee P is at rest, the temtion of tbe string Q. the 
weight F and the Dorroal pres.iurf> N are in equUihriam 
and concur at tbe centre of mass C. Let i be tbe length 
of the siting, and x cha length of that portion uf it, Cc. ■• 
between the body and the pulley, and y that portion of it, cQ. betwfon the 
pulley and the body Q. Then w \- y = I, no matter where the body P ia on 
the place. The distance of the centre of maes of Pafid Q below the pulley is 



, then 



Pxei 



t tf) + Cy 



P+Q 



3 of"/*" and Q below the piiUey Ta 
-Q. which 1b indtptndent of tAe position of Q. 



■ where tbe (-{-} aign for fi is taken when ff is above nod the (— ) sign when fi. 
In in the figure, ia below the parallel to tbe plane through G. 

■ But since Pis at rest, the component of Its weight parallel to Ce mtist be 
liequal and opposite to the t«n<nan of the string Q. Hence P ma (a ± ^} = 
Band the distaiire of the c ' ' " ■ " ■ ■ 

(3) Three maasea of 2, 3, 4 ormces rexpectiwly lie in a atraight 
AW. Hie distance between the first and necotid is 10 inches, between 

^^the second and third 6 inches. Find the centra of maas. 
Aas. At the centre of mass of tbe middle mass. 

(4) Four mosses of 1, 8, 3, 4 pounds are placed in order at egual 
W^iatancts one inch, apart on a rod. Neglecting the rod, find the 
Tfratnf of which they wiU balance. 

Ana. At the centre of mass of the third mass. 
I <B) At the corners of a square, taken in order, are placed masses 

J, 3, 5, 7. Find the centre of maas. 

Abb. If ji 1b the length of a aide of the square, tbe distance of the centre of 
mass from tbe side {1. T) 's g i """l from tbe mde (5, 7) j-. 

(6) From a fixed horizontal rod are aftapended a given number 
ff equal masses by strings, the sum of the lengths of lohich is given. 
Tina the distoTice of the centre of mass from Vie rod. 

If n is the number uf uassee and I the whole length of string used, 
■file rotiolied distance ia — . 

(7) Tivo maasea support each other on two smooth inclined ptanea 
y means of a fine string passing over the common vertex of the 
lanes. If the maasps are moval, show that the centre of mass 

mooes in a horizontal line. 

(H) A solid right cone stands on a plane inclined at an angle 
o^ 80" to the horizon and ia prevented from sliding. Find the 
\_neight of the cotie in tenia of the radius of the base, in order that 
'% may he on the point of overturning. 



<0) A circular table ujeighing w lbs. has three equal legs at equi- 
iatant pointa on ita circumference. Vie table is placed on a level 
— Neglecting the legs, find the atnallest weight which, placed 
"^ nthe table, wiltjuat bring it to the point of overturning. 
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(10) ]jf the table hasfovrlegaat equidistant points^ find the least 
weight that will upset it. 

Ana. 2 Aw. 

(11) The centre of mass of a ladder weighing 60 lbs. is 12 ft, from 
one end, which is fixed. What force must a man apply at a dis- 
tance of 6 ft, from this end to raise the ladder f 

Ans. 100 lbs. 

(12) Two parallel forces, acting in the same direction, are 17 and 
83 lbs. respectively, and their points of apjalication A, B are 8 ft. 
apart. Find the resultant ana its intersection C tcith the line AB. 

Ans. J?r = 50 lbs. parallel to the forces 

.4(7= 5.28 ft., 5C=2.72ft. 

(18) Find the resuUamt and the point C when the foreea in the 
preceding example act in opposite directions, 

Ans. Fr = 16 lbs. in the direction of the larger force 

il(7= 16.5 ft., ^C7=8.5ft. 

(14) Two parallel forces Fi , Ft of 12.5 a^nd 25 lbs, act in the same 
direction upon two points. The resultant acts at a distance cf^ft. 
from Fi. What is the distance between the forces f 

Ans. 6 ft. 

(15) Resolve a force Fr = 52 lbs. into two parallel foroee acting 
in the same direction, Fi and Ft : (a) when the distances from Fr are 
2 and 3 ft,; (6) when Fi = 20 lbs, at a distance of 2 ft. 

Ans. (a) Ft = 81.2 lbs., Ft = 20.8 lbs. 

(b) Ft = 32 lbs. at a distance from Fr of 1.25 ft. 

(16) Resolve a force Fr = 20 Ws. into two parallel forces Fi^ Ft, 
one of which, Fi , acts opposite to Ft : (a) when the forces are distant 
from Fr 8 and 3 ft.; (b) when Fi is 30 lbs, and distant from Fr ^ft. 

Ans. (a) Fi = 12 lbs., Ft = 32 lbs. 

(6) Fi = 50 lbs. at a distance of 3.6 ft. 

(17) A beam of length I is supported at its ends. Parallel foroea 
F\, Fi, Fi act upon it at right angles to its length, dividing thebeam 
into the segments b, c, d and e. Find the pressures Ri ana R» at the 
supports at the left and right ends, neglecting the weight of the 60am. 

_ Fdl'-h) + Fi{d + e)-{-Fte _ Ft(l - e) '\' Ft(h + e) + Fxb 
Ans. Hi = -J , Ut = 7 • 

(18) A table is supported by three legs at the points A, B, C 
A load F is placed upon the table at the point F, Find the press- 
ures on the legs. 

Ans. Let the upward pressures on the legs heFi,Ft,Ft, Then 

F^ + Ft + Ft-F=0, , .... (1) 

Let nt be the distance of i^from the line AC, and At the 
distance of B. Then, taking moments about AC, 

Fni - Ftht=0 (2> 

Let nt be the distance of F from the line AB, and h% the 
distance of 0. Then, taking moments about AB, 

Fnt-Ftht = (8) 

From these three equations we have 

Fnt „ Fnt «, Fni 

ITt = -T — , -Pi = -T— , Pi = -7 — 9 
fit fit ni 

where ni is the distance of iT'from BC, and hi the distance of A 
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If the sidee of the triangle ABO are a, b^ c, and the angles BFC, CFA, 
AFB are a, fi, y, and the disSuices of Ffiom A, B and Caxep, q and r, we have 

»^ - 1 

^_^_.2?»? =zF qr sin a 

\ ; \ * Ai J^, ^sin a+pr sin /?+^ sin x' 

In the same way we can find Ft and Ft. If there are four le^, we have 
four unknown qnantities and only three equations of condition. The problem 
is then indeterminate. 

(19) Find the resultant for a system of parallel co-planar forces 
given by 

Fi=+881b8., a?, =+25 ft., y, = +18ft.; 

Ft = + 20 ** «, = - 10 " y, = - 15 ** 

F, = - 86 '* JT, = -I- 16 " y, = - 27 " 

J?i = - 78 " ^4 = - 81 ''^ y4 = + 17 " 

^. = + 12a " «• = +28 " y, = - 19 " 

Ana. Fr=+661b6., 5 = +77.16ft., y= -86.82ft. 
If the forces are parallel to the axis of T,Mz= 4- 6091.9 lb. -ft. 
If the forces are parallel to the axis of X, Mz=+ 2480.12 Ib.-ft. 
If we look along the line representative of the moment towards the origin, 
the rotation is seen ooanter-clo<^wi8e. 

(20) Find the resuUant for the parallel-force system given by 
Fi = + 60 lbs., Xx =0, y, = 0. «, = 0; 
F, = + 70 " «, = +lft., y, = +2ft., », = +8ft; 
F, = -90" sc = +2" y, = +8" «, = +4" 
-Fi = -160- aj4 = +8*' y4=+4" e4 = +5" 
J^. = +200 " «, = +4" y, = +5" «4 = +6" 

Ana. jPr=+901b8.. 5'= + 2|ft., "5= +8 ft., 7= + 8ift. 
If the forces are parallel to the axis of i, we have 

1& = + 815 lb..ft. , lf« = + 240 lb..ft., if r = 896 Ib.-ft. 

The line representative making the angles with the axes of X, T, Z given by 

oo6d = + ^, cos^ = 0, cos/= + 896'. 

d = 822* 41' 41", tf = 90% / = 52* 41' 41". 

If we look along the line representative towards the origin, the rotation is 
seen oounter-dockwise. 
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8TATI0S~N0N-00NCURRING FOBCES IN GENERAL. 

COMPOSITION AND RE60LUnON OF FOBCES AND COUPLB8. CSNTRAL AXIS OF 
A FORCE SYSTEM. CONDITIONS OF BQUILIBRnTM OF A BIOID BODY. 
ANALYTICAL DETERMINATION OF BESULTANT FOBCE AND COUPLE FOB 
ANY NUMBER OF NON-CONCUBBINO FOBCES IN SPACE. EQUIVALENT 
WBENCH. THE INYABIANT. COMPOSITION AND BB80LUTION OF 
WBENCHES. 

In the preceding Chapter we have considered non-concurring 
forces when they are parallel. We shall now consider non-concur- 
ring forces in general, whatever their direction. 

Compoution and Eesolation of Forces and Conplet. — Let a 
force AB = + F act at any point A of a ri^d body. 

If at any other point O of the bodjr we introduce two equal and 

opposite forces, Oh= + F and Oa = 
— F, each equal in magnitude to AB 
and parallel to it, the motion of the 

a-4 : — h-t: w / - >o body is obviously unaffected by such 

introduction. We have then the 
force AB = + F acting upon the 
body at A, reduced to an equal and parallel force Ob^ + F, acting 
at any point O we please, and a couple consisting of AJB and Oa. 
The moment of this couple is the same for every point in its plane 
and equal to Fp, where p is the perpendicular distance between the 
forces AB and Ob (page 72). The action of this couple is to cause 
angular acceleration of the body about an axis perpendicular to its 
plane (page 72). 

Since tne motion of the point O is not affected by the introduc- 
tion of the equal and opposite forces Ob and Oa, the axis of rotation 
passes through O. The motion of the body is therefore that of the 
point O at any instant, combined with rotation about the axis 
through O, perpendicular to the plane of the couple. 

Hence (compare page 189, Vol. I, Kinematics^ A force PeuaHnq 
at any point of a rigid body can be resolved into an equal ana 
parallel force at any point O of the body at a distance pfrom the 
line of direction of F, and a couple whose moment is Fp^ whose 

f}lane is that of the forces, and whose axis of rotation passes through 
he point O perpenaicular to this plane. 

Conversely, ITie resultant of a force F acting at any point O of 
a riaid body and a couple whose moment is Fp and whose cms of 
rotation passes throuah the point O at right angles to the piane of 
the couple, is an equcu and parallel force acting at a distance p %n 
the plane of the couple. 

Cob. 1. Any number of forces acting at different points of a 
rigid body in different directions can then be reduced to a system 
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of concurring forces actins &t any given ^int of the body, and a 
number of couples whose lino representatives pass through th»t 
point. The forces can be reducea to a single resultant (page 68), 
and the couples can be reduced to a single resultant (page 7'i). 

Hence any number of forces acting at different points of a rigid 
body in different directions can bo reduced in general to a single 
force R acting at that point and a couple whose Une representativs 
passes through that point. The couple will vai^ with the point 
chosen. The force is the same no matter what noint is chosen. 

CoK. 2. This resultant force R and couple wnose moment is Rp 
can again be reduced to a single resultant equal and parallel force 
S at the distance p in the plane of the couple. 

If this single resultant force if passes through the centre of mass, 
every point of the bod^ has the same acceleration / in the same 
direction and the motion of the body is one of translation (pa^e 

75). The single resultant force is then B=fSm, or/=^-, 

where Sm is the mass of the body. 

If this resultant force R does not pass through the centre of 
mass, it can be reduced to an equal and parallol force R ~ fSm 
which does, and a couple whose plane is that of tlie forces and 
whose axis of rotation passes through the centre of mafe. This 
couple tben does not affect the acceleration of the centre of mass, 
which is therefore in both eases in the same direction and equal 

Therefore, when a rigid body is acted upon \>y any number of 
forces applied at different points and acting in different directions, 
that is, whatever tiie motion of the body may be, the motion of the 
e*nlre of mass is precisely t}ie same aa %f the body ivere replaced by 
a particle of equal mass at the centre of mass, and all the forces 
were transferred to this particle without change in direction or 
magnitude. I 

Central Axis of a Force System. — Any numberof forces acting 
at different points of a rigid body in different directions may be ' 
reduced to a single force and a couple whoso axis is in the Une of 
action of the force. 

Let OR be the line representative of the force R, and OM the 
line representative of the couple M. passing 
(hrougn 0. to which, as we have seen, any 
nuint«r of forces acting upon a rigid body 
may be reduced. Resolve OM into the com- 
ponents ON at right angles to OR, and OC 
\ iioag OR. The couple represented by ON can 
laced by the equal parallel and opposite 
— R At and + fl at a point O, .the 
OOi being perpendicular to the plane of ON and OR and 

—^. Then — R and + K at O balance, and the system ia 

mluced to iZ at 0> and the couple represented by OC, whose axis 
is parallol to R {compare page 191, Vol. I, Kinematics of a Rigid 
System). The couple represented by OC causes rotation of the 
body about the axis OC with a certam angular acceleration a, and 
therefore Oi has the acceleration of translation OOi . a. 

But (page lao, Vol. I, Kinematics of a Rigid System) an angular 
acceleration n of a rigid system about any axis can bo resolved into 
on equ^ angular acceleration about a parallel axis at any distance 
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OOi and an acceleration of translation OOi • a in a direction at 
right angles to the plane of the axis. The axis through O can 
then be shifted to Oi. The entire system of forces reduces then 
to the resultant force B at Oi and a couple whose axis is in the line 
OiB, 

When this reduction is made, the line of action of the force is 
called the central axis of the force system, or Pointsot's central axis. 
(Compare page 191, Vol. I, Kinematics of a Rigid System.) 

Sir R. S. Ball has given the name wrench to the resultant force 
and couple to which a given system of forces may be reduced when 
the line of action of the resultant force is the central axis. 

CoR. 1. Since OMia always greater than OC, it is evident that 
the magnitude of the resultant couple is less when its direction is 
that of the central axis than when it has anv other direction. 

CoR. 2. If is the angle between B ana M. then denoting ON 
by JV, and OC by C, 

^^ N If sin <p^ ^ 

OOx = w= — W"^ ~ -if cos 0, 

and this value of C gives the least value of the resultant moment. 
This is called PointsoVs moment 

Conditions of Equilibrium of a Eigid Body. — ^We have proved 
in the preceding Article that any forces acting on a rigid body can 
be reduced to a single resultant force R and a couple whose axis is 
parallel to that force or whose plane is at right angles to it. 

In order, then, that static equilibriiun may exist, R must be zero 
and the moment of the couple must be zero. Or, as we have stated 

(page 77), all the forces must evidently reduce 
to two equal and opposite forces acting in the 
same straight line. Hence, the algebraic sum 
of the moments of all the forces about every 
point in space mnst be zero. Any one of the 
forces, then, must be equal and opposite to the 
resultant of all the others and act in the same straight line with it. 
If any one of the forces is equal and opposite to the resultant of aU 
the others, but does not act in the same line with it, we have molar 
equilibrium (page 58). 

Wo have then two necessary and sufficient conditions for static 
equilibrium:* 

Ist, The algebraic sum of the components of all the forces in each 
of any three rectangular directions must be zero. 

If the forces jTi, jPs, Fi, etc., make the angles (ai, /Ji, yi), 
(aj, /5a, yi)y etc., with the co-ordinate axes, then we must have 




Fx = Fi cos ai + Ft cos a, 4- etc. = 2F cos a = 0; 
Fy = Fi cos fix + Fi cos /?! + etc. = 2F cos /J = 0; 
Fz = Fi cos r^ + -^« cos yt + etc. = 2F cos y =0. 



(1) 



When these equations only are complied with, there is no re- 
sultant force and any one of the forces is equal and opp<)site to the 
resultant of all the others, but does not necessarily act in the same 
line with it. We have then molar equilibrium. 

2d. The algebraic sum of the component moments in each of any 
three given planes at right angles must be zero. 

* Ckmipare pa^ 199, VoU I, EinsmaUeB of a Rigid SysUm, 
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I^ (xi , yi , Zi\ (xt , y9 , zt), etc., are the co-ordinates of the points 
of application of the forces jPi, jP«, etc., 
then 



lfc= 2Fy co&r — 2Fz cos /? = 0; 
My = 2FZCOB a — 2Fx cos r = 0; 
3£z = 2i^cos fl — 2Fy cos a = 0. 



(2) 




The figure shows the direction of posi- 
tive rotation in ea<;h plane and of positive 
components F cos a, F cos A F cos y 

when these equations only are satis- 
fied, there is no rotation about the origin O. The resultcmt then 
passes through O. 

If this result€uit is not also zero, there can be no static equilib- 
rium. If it is zero, then the 1st condition is also satisfied and we 
have the algebraic sum of the moments of all the forc^ about every 
point in space equal to zero. 

In order, then, that there mav be static equilibrium, both condi- 
tions (1) and (2) must be fulfilled. 

CoR. 1. If the forces are all co-planar, let XY be their plane. 
Then z = 0, cos y =0, and the general conditions of static eqmlib- 
rium become 

Fx=2Fco8a =0; 

Fy = 2F cos fi 



= 0;) 

= 0;j 



(1) 



M» = 2Fx COB/3 — 2Fy cos a = (2) 

That is, 

l8t. The algebraic sum of the components of the forces in each of 
any two rectangular directions in the plane of the forces must be 
zero. 

2d. The algebraic sum of the moments of the forces about any 
point in this plane must be zero. 

If the first condition only is satisfied, we have molar equilib- 
rium. 

If the second only is satisfied, there is no rotation about the axis 
OZ. The resultant then coincides with this axis. 

When this resultant is also zero, we have the algebraic sum of 
the moments of the forces about every point in the plane zero ; both 
conditions are satisfied and there is static equilibrium. 

CoR. 2. If three non-concurring forces acting at different points 
of a rigid body are in equilibrium, their lines of direction produced 
must intersect in a common point and the forces must be co-planar. 

For the resultant of any two must pass through their point of 
intersection and He in their plane. The third force must be equal 
and opposite to this resultant and act in the same straight line. 

Cor. 3. If the forces are parallel, take their common direction 

Sarallel to the axis of Y. Then cos a = 0, cos x = ^i oos /^ = 1» 
^x =^0y Fs=^ 0, Fy = 2Fj and we have 

2F = 0; (1) 

2Fx=:0, SFz=:0 (2) 

That is, 

1st. The algebraic sum of the forces must be zero, 

2d. The algebraic sum of the moments of the forces with reference 

to any two cchcrdinate planes parallel to the forces must be zero. 
These are the same conditions given on page 78. 
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If the first conditioif onljr is satisfied, we have molar equilib- 
rium. If the second condition only is satisfied, the remiltant 
passes through the origin and coincides with the axis of Y. 

Cor. 4. If the forces are parallel and co-planar, let their common 
plane be the plane of XF, and let them all oe parallel to the axis of 
V. Then we have 



S-P = 0; 



(1) 
(2) 



SjPa; = 

That is, 

Ist. The algebraic sum of the forces must he zero. 

2d. The algebraic sum of the moments of the forces about any 
point in their plane must he zero. 

Analytical Determination of Eesultant Force and Couple for Any 
Kumber of Kon-concurrinp^ Forces in Space. — (Compare page 197, 
Vol. I, Kinematics of a Rigid System,) Let any niunber of forces 
Fly Ft, Ft, etc., acting at different points of a rieid body be given, 
by (xx , j/j , Zi\ (xt , Vt , Zt), etc., the origin being taken at some point 
of the rigid body, tet Fi make with the co-ominate axes of X, F, Z 
the angles (ai , /3i , yi) respectively ; Ft , the angles (at , fit , r«)t ©tc. 
Then we have for tiie algebraic sum of the components paraUel to 
the axes 



Fx = Fi cos ai + Ft cos aa + . . . 
Fy =z Fi COB fix + Ft COB fit + ... 

Fm = Fi cos yi + Ft cos r« + • • • 



^jPcosa; 
SFcoBfi; 
SFcoBy. ^ 



(1> 



Resultant Force.— If the resultcmt Fr makes the angles a, 6, e 
with the axes, we have 

FrCoaa = Fx, FrCoah = Fy, FrCOBC = Fzt 

and hence the direction cosines are given by 



Fx t Ft! Fz 

cosa=-=-, cos 6= '^ 



Fr 



Fr' 



cosc = 



Fr 



(2) 



Squaring and adding, since cos'' a + cos' h + cos* c = 1, 



Fr = \^Fx* + Fy* + Fz\ 



(8) 



The magnitude and direction of the resultant force are thus 
determinea. 

There are precisely the same equations as for concurring forces, 
page 60. 

Aesultant Couple. — We can resolve each force, i^^i , jFi , etc. (page 

82), into an equal and parallel K)rce 
acting at the origin O, and a couple 
causing a moment about O. Each 
couple can be resolved into component 
couples in the planes XY, YZ, ZX. 

Taking, then, positive rotation as 
indicated by the ngure in each plane, 
we have for the component moments 
in each plane about each axis (compare 
page 198, Vol. I, Kinematics of a Rigid 
iSystem): 
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The moment of the resultant couple is then given by 

Mr = vwTwnn\ (6) 

and its direction cosines are given by 

-Jf. C0S6 = ^, C08/=^ (6) 

The axis passing through tlie origin is thus known in direction. 
The line representative coincides with this axis and is given in 
magnitude by (5). Looking along the line representative towards 
tiie origin, the direction of rotation is seen coimter-clockwise. 

Hie magnitude and direction of the resultant couple are thus 
known. 

We have thus reduced the forces acting upon the bodv to a re- 
sultant force Ft acting at any point of the body taken as tne origin 
O and a couple whose moment is Mr. The resultant force Fr is the 
same in magnitude and direction whatever point be taken. The 
moment Mr depends upon the point. 

If r is the lever-arm of tiie resultcmt with reference to the origin 
O, we have 

Frr^Mr, or r = ^. 

Jfr 

Conditions of Eqnilibriiim. — If the body is in static equilibrium, 
we must have 

i?!r = 0, JPV=:0, F»—0^ andalso lfc = 0, Afy = 0, 3f, = 0. 

We see from (8) that the first condition is fulfilled when Fr = 0, 
or the resultant force is zero. Therefore all the forces must reduce 
to two equal and opposite forces, or any one of the forces must be 
equal and opposite m direction to the resultant of all the others. 

We see from (5) that the second condition is fulfilled when 
Mr = Oj that is, the two equal and opposite forces must act in the 
samelme. 

We have then for the equations of condition for equilibriiun, 
from (1), 

2i?'C0Sa = 0; 1 

2FCOS/J = 0; U (''> 

SFco^y =0; J 

SFycos;"- 2-P2fCOS/J = 0; 1 

SFzQOBa — ^FxQO&r-O, \ (®) 

SFxcoBfi — 2Fy COB a ^Q. J 

If equations (8) only are fulfilled, the two opposite resultcmt 
forces pass througli the origin O, but unless (7) is also fulfilled thej 
are not equal. (Oompare page 199, Vol. I, Kinematics of a Rigid 



and from (4), 
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System.) If (7) only is fulfilled, we have molar equilibrium (page 
58). These are the same equations as on page 85. 

Condition that there shall be a Single Eesnltant Foroe only. — If 
all the forces intersect at a single point, the moment at that point 
is zero, and all the forces acting upon the rigid body reduce then 
to a single residtant force at this point. 

There is, however, one case in which the forces may not all 
intersect at a single point, and yet we mav have a single resultant 
force. In this case all the forces must reduce to three, any two of 
which intersect, while the other, although it does not pass through 
their point of intersection, yet intersects their resultant. 

Thus let the resultant forces parallel to the plane XF, Fx and Fy , 
intersect in a point A. We can then take them as acting at any 
point in the line of their resultant AC Now suppose uiat the 

resultant force Fz parallel to the axis 
OZ intersects this resultant AC at B. 
Then we can take all three as acting 
at B, and thus have a single resultant 
force passing_through B. 

Let x,y, z he the co-ordinates of 
the point B. Then considering Fx^ Fy, 
Fz acting at this point, we have 

Mx=Fzy-FyZ; 
My = Fa^— Fac; 

Mz = Fjfic — Fxyl 

If we multiply the first of these by Fx , the second by Fy . and 
the third by Fz and add, we have (compare page 200, Vol. I, Kine- 
matics of a Rigid System) 

FxMx + FyMy + FzMz = (9) 

Equation (9) gives the condition which must be satisfied in order 
that all the forces may reduce to a single resultant. 

We have evidently for the projection of the line of this resultant 
on the co-ordinate planes 

Mx 




Fy Mz 



Fx My 

''-F;'--rz^ 



Fz 
z = -^v — 



F^ 



Co-planar Forces. — If the forces are all co-planar, take their plane 
as the plane of XY. Then 2; = 0, cos r = 0, and, from equations (1), 

Fx = Fx cos ^r, + Fa cos «'» + ...= ^Fcoa a; 
Fy = Fi cos fix +FiC0Q/3i + ... = SFcosfi; 
Fz=0', 

and from equations (4), 

Afx = 0, Jlfy = 0, Mz =^:SFx cos fi — SFycoa a. 

We see, then, that equation (9) is satisfied. When the forces 
are co-planar, therefore, they reduce to a single resultant. 

The equation of this resultant, if the plane of the forces is the 
plane of AT, is 

Fy Mz 

y = - -X . 

Fx Fx 

The magnitude of the resultant is 



Fr=^ VF7+Fy\ 



" OBAP. ni.] PARALLEL F0RCE8. 

The resultant moment is Vi ; and if r i 
resultant vdtb reference to the origin, 



= Fr(!Osb. V 
= F.C08C.") 



Fx = C08 aSF = 
Fy = COB li:SF = 
F, = COS ySF = 

The resultant Fr must have the common direction of the par- 
f sllel forces, or 

a = a, b = ff. c = r, and Fr = SF. 

VThat is, the resultant Fr is equal to the algebraic aura of the forces 
I and is parallel to them. 

I If we transfer the origin to any other point of the body whose 
I co-ordinates are x'. y'. z', we have from (4), by putting y~y', 
-, z — s^ in place of y, x, z, and taking n, (i, y constant, 

y ylJt*-*')- co«pl51i - !•>= era y[lFv-yXFl- caB»iZFs-fS,F\: \ 
)B«SF(j -i'>-eos ■yISl*-i') = cua«Iijri_i'iF]-oo»>lI/ii— I'lF]: V . (Jl) 
i^ = cospSFYj-x')-co« oIJilK-K') = eo»alXiTr-i'lF]-co«(.[S*V-t'IJ^J. ) 

If we substitute (Jit and (10) in equation (9), we see that equa- 
I tion (9) is satisfied.. All the forces reduce then to a single resultant 
I force. The point of application of this force is given by the values 
I of ^, V\ ^ which maRe Afx. My, M2 zero. Hence the co-ordinates 
ft<if the point of application of the resultant force are 

i-?^ «-?^ z-^^ (12) 

*- SF' »- SF' ^- SF ^^' 

This point is the centre of parallel forces (pace 73). 
EqniTalent Wrencli, —(Compare page 201, Vol. I, KiTiemaiice of a 
—Sigid System.) We have seen (pages 83, 86) that all the forces act- 
■iag upon a rigid body may be reduced to a resultant force Fr acting 
■fttan^ point of the body taken as the origin and a couple Jifr causing 
Itotatiou about an axis through that point. The resultant force 
\fr is tbe some in magnitude and direction no matter what point is 
taken. The couple Mr varies with the point. We have also seen 
rpage 83) that this force and couple can be reduced to the resultant 
rforoe Fr at a certain point and a resultant couple Cr whose axis is 
Bin the line of direction of Fr. The name wrench is given to this 
j^stultant force and couple ; the axis is the central axis : the mag- 
nitude of the resultant force F' is called the inteneity of the 

inch; the ratio of the moment Cr to the force Fr, or ■^, is 

jvidentty a linear magnitude and is called the pitch. It is the 
jever-arm of the couple which gives the moment c^ when tbe forces 
mf the couple are equal to Fr- 

\ single force may thus be regarded as a wrench of zero pitch, 

k couple alone as a wrench of inJmite pitch. 

• C<«np«fo pftgo 300, Vol. I, Kintmatkt (fa WjjM SyiUm. 
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(1) The resultant force along the central axis is given by (3) 



Ft = VFx^ + Fy^ + Fm\ 

(2) The direction-cosines of the central axis are given by (2) 

-*'* t Fy Fa 

cma = -=-, coBh = -^, cos c = — . 

Jfr J^r Mfr 

(3) The moment at every point resolved in a direction parallel 
to tiie central axis must be the same fimd equal to that in the direc- 
tion of the central axis. Let Ct be the resultant moment cdong the 
central axis and let its components along the co-ordinate cuces be 

Take an;^ point for which FxyF^y Fz and Mx^My^M% are given 
as the origin, and let the co-ordinates of any point of the central 
axis be {Qcf\ \f\ 7i'), Then the components mxt my, tom of the 
moment at the origm due to tiie couple in the plane at right angles 
to the central axis are from equations (4), page 87, 

mx = Fzy" -Fy2f'; | 

my = Fxs^' - FzPcf' ; > (13) 

mg = Fyof' - Ftj/'. ) 
We have then 

Mx = Cx + m^ , My =:Cy + my , Mg = c« + mg I 
or 
Cx = Mx — mx , Cy = My — m^y y Cg = Mg — mg, • . (14) 

Hence 

Cr = (Mx —mx) COS a + (My — my) cos b + (JMi — mg) cos c. 

Inserting the values of the direction-cosines of the central axis, 
we obtain 

CrFr = (Mx — mx)Fx + (My - m^)Fy •¥ (Mi— m^)F». 

But since mxFx + myFy + mzFg = 0, this becomes 

CtFt = FxMx + FyMy + FxMz aS) 

We also have from (14) 

Ct cos a — Cx = Mx — mx , Cr cos 6 = Afy — 1% , Cr COS C=JKb— tJU. (16) 

Hence from (13), inserting the values of the direction-cosines, 

Ct Mx^Fyif'-Fzy" _ My 4- Fta^'-Fxz!' _ Mz-¥ Fxy" - Fyxf' .-^ 
Ft" F'x ~ F; ~ Fg ' ^*'^ 

Equations (17) give the equation of the central axis. 
From (16) we have 

Cr^ _ FxMx 4- FyMy -f FzMz ^^. 

J7r -P X + J? y -r -Tz 

This we have called the pitch (compare page 202, Vol. I, Kine- 
mattes of a Rigid System). It is the lever-arm of the couple whic^ 
gives the moment Cr when the forces of the couple are equal to JPr. 



J THE INTARIANT. 

If we iueert (J7> in (16) and reduce, we have for the equation of 
the central axis 

\_( „ _ f gif, - FJUg ] _ J_/ ., _ FiM^ - F^M, \ -| 
i^A* -F^ )~Fy\^ Ft' ) f,„. 

= 77f F? JJ 






„ _ FxMy - FyMx 



a (13) and (16), w© 



JG = Cr COS a - 

M"v = Cr cos ft - 
SI, = Cr COS C - 



J'r(Z" OOB 6 - p" COB C), Fx = Fr 
J'V((C" COS C — Z ' COS O), 

Fr(l/" C09 O — »" COS 6), 



Vcosa; \ 
V cos ft; >. 

VCOBO. t 



When, therefore, Jtfj , M^. M'. Fi. F,,, Ft&regiyeaior&njpoiat 



* b 



„ We have also 
e axis from (18). 
On tne other hand, if the position ix", y\ z") of the central axis 
s given, together with c, and Fr , we can find ifr , M,j, Mx and Ft , 
Ft , F, for the origin. The quantities Fi. F«, F, and Mx, M,,, M, 
are called the coniponetita of the wrench. The wrench ia known 
when these six quantities are known. 

The Invariaiit. — (Compare page 203, Vol. I, Kinematics of a Rigid 
[ System.) From (IS) we see that the quantity 

I FxAft + F,Mv + FzM. 

r fc always equal to FrCr, and is therefore invariable no matter what 
point is taken and whatever the values of Ft, Fy, Fi, that is, 
whatever the direction of the axes. This quantity is therefore 
called the Invariant of the components. Since Fr is also invariable 
whatever the direction of the axes, it may also be called the inva- 
riant of the couple. 

If tlie invariant is zero, it follows that either Fr is zero or c, is 
B«ro. The condition 

FxMt + FyMv + FiJtfr = 

is therefore the condition that there is no resultant force, or rota- 
tion only, or that there is no rotation and therefore a single result- 
ant force only (s£e equation (9) ), 

CompOBition and ReBoIotion of Wrenchea. — (Compare page 203, Vol, 
I, KitternaficB of n Rigid Syslem.) If two wrenches are given, then by 
(SI) we can find the six components of each wrench. Adding these 
TWO and two, we have the six components of the resultant wrench. 
Then by equations t3>, (3), (IS) and |20; the resultant wrench may 
be found. 
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Conversely, we may resolve any given wrench into two 
wrenches in an infinite number of ways. Since a wrench is given 
by six components at any point, we have in the two wrenches 
twelve quantities at our disposal. Six of these are re quir ed to 
make the two wrenches equivalent to the given wrench. We may 
therefore in general satisfy six other conditions at pleasure. 

Thus we may choose the axis of one wrench to be any given 
straight line we please. 

Special Gases. — All cases are included by the general formulas 
(1) to (21) of the preceding Article. 

(a) For concurring forces in space, take the origin as the point 
of concurrence. Then Mx =0, My = 0, Mz = 0. If the concurring 
forces are in equilibrium, we have also Fx = 0, Fy^ 0, Fz = 0. 

(6) For concurring co-planar forces, take the origin as the point 
of concurrence. Then JUi = 0, Afy = 0, Jlf« = 0, and i'z = 0, z = Q. 

(c) For non-concurring cO'planar forces, take AY as the plane. 
Then z = 0, Fz = 0, ACc= 0, 3f« = 0. 

(d) If one point of the boay is fixed, take that point as origin. 
Then since there can be no translation, i^x =^ 0, Fy = Q,F z = 0. 

(e) If an axis parallel to X is fixed, there can only be translation 
along this axis and rotation about it. Hence Fy = 0, F« = 0, My = 0, 
Mz = 0. 

(f) If two points are fixed, there can be no translation, but only 
rotation. If we take the axis of X through the points, we have 
Fx = 0, Fy = 0, Fz = 0, My== 0, Mz = 0. 

(g) If one point is always in the plane XY, the body can have 
no translation parallel to z. Hence Fz = 0. 

(h) If three points not in the same straight line are confined to 
the plane XY, we have rotation about Z only and no translation 
along Z. Hence Fz = 0, Mx = 0, My = 0. 

(i) If two axes parallel to X are fixed, we can only have transla- 
tion parallel to X. Hence Fy = 0, i^« = 0, and Mx =0, My = 0, 
Mz = 0. 

(j) If the forces are all parallel to Y, there is translation paral- 
lel to 1 only, and rotation only about Z and X, Hence Fx = 0, 

Fz = 0,Fy = 0. 
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EXAMPLES. 

(1) Let a rigid body be acted upon by the co-planar forces 

Ft = 50 lbs., F^ = 80 lbs., Ft = 70 lbs., F^ = 90 lbs., Ft = 120 lbs. 

acting at the points given by 

a;, = + 5 ft., y, = + 10 ft.; a;, = + 9 ft., y, = 4- 12 ft.; 
iCa = -f 17 ft., y, = + 14 ft. ; fl;4 = + 20 ft., y* = + 13 ft.; 
a-. = +15ft.,yft = + 8 ft. 

Let the forces make angles with the axes of X and Y, given by 

or, = 70% /?, = 20^ a, = 60% /?, = ISO**; a, = 120% /?, = 80^ 
a* = 150% /3, = 120% at = 90% fit = 0% 

Find the resultant, etc. (Compare Ex. (13), Vol. I, page 207.) 

Ans. We have (page 86) for the components parallel to the axes of X and 
F: 

i^x= 50 cos 70° -f 80 cos 60' - 70 cos 60' - 90 cos 80** = - 80.842 lbs.; 

i^i, = 60 cos 20' - 80 cos 80' -f 120 -f 70 cos 80' - 90 cos 60" = -f 166. 626 lbs.; 

-Fi = 0. 
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The resultant is giyen in magnitude by 



'X 



Fr = VFx* + Fy* = 176.269 lbs., 
and its direetion-coeines by 

«««/.- ^* - -^-0^ ^. ^ - 1170 1ft' 1". 

COB a = -=- = ■^- -^- , or a = 117 lo 1 ; 
Fr 176.259 ' ' 

. Fy +156.626 . 0-. ^o.-„ 

cos & = -=J^ = \^^ ^^^ , or 6 = 27* 18' 1". 
Fr 176.259 

We haye from equation (4), page 87, 

SFx co8/» = + 50co6 20' X 5-80cos80' x9 + 70co8 30' 

X 17 - 90 cos 60" X 20 + 120 X 15 = + 1981.670 Ib.ft.; 

SJPif cos a = + 60 cos 70* X 10 + 80 cos 60" X 12 - 70 cos 60** 

X 14 - 90 cos 80" X 18 = - 1152.245 lb. -ft. 

Mx = 0, Jfy = 0, Mg = SFb cosfi - 2Fy cos a = + 8088.916 lb. -ft. 
Since, then, equation (9), page 88, 

FzJUx + FyMy + FzM% = 0, 

is satisfied, the forces reduce to a single resultant force. 

The moment of this resultant force relative to the origin is 



Mr = i^J/«* + JV + JCr* = J/ir = + 3088.916 Ib.-ft. 
Its lever-arm is 

Mr 8088.915 ,-^.^ 

^ = ;5r = 176:259 =^^?'*- 

The equation of the line of direction of the resultant (page 88) is 



The co-ordinates of the point of application of the resultant are given from 
equations (12), page 89 : 

- :Si^ cos /?_ + 1981.67 _ 

* "■ Fy "" -f 156.626 -^^^ "•' 

- ^Fy cos a - 1152.245 , ^ ^ „^ ^, 
y= F. = -80.842 = + ^^-2gft- 

(2) Find the resultant, etc, for the force system acting on a rigid 
body given by 

Fi=: 50 lbs. ; a, = 60". /Si = 40", yi acute; 

F, = 70 •* a, = 65", /»a = 45". ^'a obtuse; 

Ft- 90 " a« = 70", )5, = 50", ^^i acute; 

.^4 = 120 " a* = 75", y54 = 55% 7^4 obtuse. 

«i =0, yi = 0, Si = 0; 

«, = +lft., y, = -f4ft., «, = -f7ft.; 

«t = + 2 " y, = .f 5 •• f, = +8 " 

«4 = + 8" y4 = + 6" f4 = -f9" 

(Compare Ex. (16), Vol. I, page 208.) 
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Ans. We find the angles y by the forviula. Vol. I, page 12, 

COB* y =^ — COB (a + /5) COB (a — /^. 

Then from page 86 we have 

^x=+ 116.428 lbs., ^y = + 214.480 lbs., JRi = - 61.087 lbs. 

Therefore the resultant is 

Ft = |/Kr* 4- -yi* + W = +249.885 lbs., 
and its direction-cosines are g^ven by 

"Fx , Fy F% 

COBa = ^, 0086=^, COB0 = ^, 

or 

a = 62° 9' 48", 6 = 80' 89' 20", « = 101* 4^. 

We also have for the moments from equation (4), page 87, 

Jfx = - 1888.604. JTy = + 928.947, if* = - 86.908 lb.-ft. 

The resultant moment about the origin is 

Mr = f^Mx^ + iV + Jfe» = + 2061.789 lb.-ft.. 

and the direction-cosines of its line representative are given by 

C08d=^Ur-, COS* =-=/-, COB/=tjj-, 
jMLr Jar Mr 

or 

d = 158"* 5' 40", e = 68' 14' 15", / = 92' 24' 56". 

Looking along this line representative towards the origin, the direction of 
rotation is seen counter-clockwise. 

The equations of the projection of the resultant on the co-ordinate planes 
are 

y = \.mix + 0.746, a; = - 2.28« -f 18.19, f = - 0.28^ - a57. 

We see that 

FxMx + FyMy + FxMx 

does not in this case equal zero. Hence, page 88, the forces do not reduoe to 
a single resultant force, but to a resultant force along the central axis and a 
couple whose axis is the central axis. 

The resultant force along the central axis is, as already found, Ft = 249.825 
lbs., and its angles with the co-ordinate axes are as already found. 

The co-ordinates of the central axis are given by equation (20), page 91, 

"" = ^''^'-f'^^ = +0.488 ft., y" = ^'^' -J'^' = + \jm ft.. 
The resultant couple Cr is given by e<] nation (15), page 90, 

er 

The direction cosines of its line representative are the same as for the re- 
sultant Ft , and looking along this line representative towards the origin the 
rotation is seen counter-clockwise. 

The components of Cr arc given by equation (16), page 90, 

e^e = Cr cos a = — 19.481 lb.-ft., cy = Cr cos ft = — 85.806 lb.-ft, 

tz = Cr cos c = -f 8.5288 lb.-ft. 
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(3) In the preceding example find what the co-ordinatea X4,y*, 
Za of the force F* = 120 Jbs. must be in order that all the forces may 
reduce to a single restUtant. (Compare Ex. 16, page 362.) 

Ans. We evidently have Fg, Fy, Fg, Fr and the angles a, b, e unchanged, 
since changing the point of application of F^ without changing its direction or 
magnitude nas no effect on the magnitude of the resultant or its direction. 

we have then 

J&= -659.571- 98.26^4 -68.82fti«; \ 

ify = + 860.629 + 81.059f 4 + ^*262a;«: V (1) 

JTs = - 107.086 + 68.829au - 81.05^«. ) 

We have as the equation of condition for a single resultant, equation (9), 
Pi«o88, 

Fxltx "I" FyMy "4- FmMs = 0, 

or 

116.«»J& + 214.48iry - 51.057ir« = 0, 

J& + 1.842iry-0.4886Jrs = 0. (2) 

From (1) we obtain 

(J&+ 669.571)81.059 + (Mv - 869.689)68.829 =r (Ifx + 107.086)98.262, 

iCs + 2.216ify - 8.008irs = + 481.084. (8) 

From (2> and (8) we obtain 

0.874ify - 2.564Jfs = +481.084. 

If we retain for Jfy its yalue in the preceding example, 4-928.9^ lb. -ft., 
we shall have 

JCk = - 52.108 lb.-ft., 

J& = - 1788.96 

If we substitute these values in (1), we obtain 

98.26!^« + 68.82aE« = + 1074.4; 
81.069f« + 98.262«« = + 559.808; 
68.82904 - 81.059^4 = + 64.981 

04 = - 0.888s« + 5.997; 
y4 = - 0.788«4 + 11.520. 

If then we aasome S4 = 0, we have 

», = + 6.997, y* = + 11.620. 

(4) Using the values of the preceding exanuple^ find the point of 
application of the resultant. (Compare Ex. 17; Vol. I, page 210.) 

Ans. We have 

jra. = + 116.428 lbs., ^y = + 214.480 lbs., ^, = - 61.057 lbs,, 

^r = + 249.825 lbs. ; 

a = 62' 9' 48". ft = 80'' 89' 20", <j = 10r49'; 

lb =- 1788.976 lb..ft., Ify = + 928.947 lb.-ft., JCk= - 62.1061b.-ft., 

16. = + 1967.828 lb.-ft.; 

il=16r4r. tf = 6r49'68". r=91*81'8". 
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The coordinates x, y, z of the point of application of the lesoltant ar» 
given (page 89) by 

- 1738.975 ^Fii'-F^^ ^ 61.057y - 214.480f; 
+ 928.947 = 2?'ai--yii = + 116. 428«+ 51.057«; 

- 62.108 = .F,^ - .Fa^ = 214.48^ - 116.42^. 
Hence we obtain 

«= - 2.2802e+ 18.194. 
y= - 4.2008« + 88.961. 
If we assome e = 0, we have then 

5 = +18.1Wft.. y= +88.961 ft. 

If we introduce, then, a fifth force, Ft =: + 249.825 lbs., whose diieetioii 
makes with the axes the angles 

a» = 117" 50' 12". /?. = 149' 20* 40". r» = W 11'. 

acting at a point whose co-ordinates are i = + 18.194 ft. and y = 88.961 ft., 
ff = 0. we have a system of forces in eqnUibriom. 

(5) Find the resultant^ etc,^ for the parallel' force system given by 

Fi=+ eO lbs.; «, = 0, yi = 0. f, = 0; 

Ft = -\- 70 •• », = +lft., y, = +2ft.. fft=r+8ft.; 
^, = -90" «, = +2" y, =+8" f,=r+4" 
2?'4 = -160" a?4 = +8" y4 = +4" 14 = + 5 " 
F» = +200 •• a?» = +4** y» = +5" 1,3+6" 

Ans. Fr = 2F= + W lbs.; 



«=^ = + 2|ft., y = -^= + 8ft.. « = ^= + 8lft. 

Vi\*^ (6) A rigid body is acted upon by Uvo forces -Fi = 40 lbs. and 

y^ Ft = 30 lbs. applied at points whose co-ordinates are Xi = 2 ft., 

y, = Sft.y Zi = 0, and x% = 0, y« = 0, z, = 0, and making angles toith 

the axes given by a, = 0% /?, = 90% yi = 90% and at = 90% fit = 90% 

yt = 0. Find the equivalent wrench. 

Ans. (page 89). We have the components 
of the wrendi 

F« = +401bB.. Fy=:0, JP's = + 801b8.; 

JCc=0, Jfy = 0. Jf« = - 120 lb..ft 

The resultant force is JPV = 50 lbs., and its 




direction-cosines are 
+ 40 



cos a = 



50 



cos & = 0. eo6e=i 



_ + 80 
50 ' 



or 



a = 86° 52', 6 = 90% c = 58* 8'. 



The central axis coincides with Fr and makes the same angles with the 
axes. It passes through the point whose co-ordinates are 

«" = 0, y" = + 1.92 ft. = OOu r = 0. 
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The moment of tlie couple whose axis coincides with the central axis is 

Cr= -72 lb. -ft. 

The minus sig^ indicates that the line representative acts opposite to Fr , 
that is, its components in the direction of the axes are 

<5jr = — 57.6 lb. -ft., cy = 0, c« = - 120 Ib.-ft. 

Its line representative acts then in the opposite direction from Fr and 
makes angles with the axes given by 

a = 143*' 8', b = W\ c = 126** 2'. 

Looking along this line representative towards the origin, rotation is seen 

counter-clockwise. 

The moment cr can be replaced by the two equal and opposite forces P, P 

Cr 72 
acting at Oi and as shown in the figure, each equal to -7^ = ^-^ = 37.5 lbs. 

If is the centre of mass, then siuce the motion of the centre of mass is 
the same as if the entire mass of the body were concentrated at the centre of 
mass and all the forces acted at that point (page 83), the motion of is the 
same as if Fr acted upon the entire mass AT concentrated at 0. The accelera- 

— F' 

tion of is then / = ^r^ . The motion of the body is then a motion of trans- 
lation due to Fr acting at the centre of mass and an angular acceleration a, 
due to the moment cr , or the two equal opposite forces P, P acting at Oi and 
O about an axis through coinciding with the direction of Fr. 

c 72 

If we divide cr hy Fr » we obtain ^ = — - = 1.44 ft. That is, we can re- 

x'r OU 

place the moment Cr by two equal and opposite forces Fr , Fr acting at Oi 
and Of The distance OiO^ is then the pitch. 

(7) All the forces CLcting upon a rigid body reduce to a resultant 
force Fr = 10 lbs. acting at a gjiven point and a couple whose moment 
i8Mr = S Ib.-ft. causing rotation about an axtis through the pointy 
which m^kes an angle of 45** with the direction of Fr. Find the 
equivalent wrench. 

Ans. Take the direction of Fr as the axis of X, and the plane of Fr and 
the axis as the plane of XZ, and the point as 
origin. Then the components of the equi- 
valent wrench are 



irc = + 101b8., jPi/ = 0, 
Jfx = + — |:lb..ft.. 



i^*=0; 



ifw=0. 



1/2 



8 




jr, = — ^ lb. -ft. 

4^2 

We have then for the intensity of the 
wrench 

Fr = 10 lbs.. 

making the angles with the co-ordinate axes 

a = 0. 6 = 90% c = 90^ 

The central axis passes through the point Oi whose co-ordinates are 

8 



10 f^ 
and coincides with the direction of Fr. 



ft. = OOu «" = 0, 



96 STATICS— -KOK-COKOUBSnrO F0B0B8. [CHAP. IIL 

The moment of the couple whose axis eoincidee with the oentnd aiis is 

Cr = + -^ lb..ft. = J&. 

The (4-) sign indicates tliat the line representatiYe acts in the same direc- 
tion as ir , tliat is, its components in the direction of the axes are 

Ca5=H — Ib.-ft., Cp = 0, 6t=:0. 

V2 

Its line representative acts then in the same direction as Fr and makes 
the same angles with the axes as Fr. Looking along this line representatiye 
towards the origin, rotation is seen coonter-clo&wise. 

The moment cr can be replaced by two eqoal and opposite forces each equal 
to Fr acting at a distance given by 

^ __?_♦* 
W = 7= ft* 

Fr 10 |/3 

Since this distance is equal to y" = OOi , the pitch is in this case OOi, 
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Conditions of Eqnilibrimn of a Sigid Body Acted Upon by Non- 
I concurring Co-planar Forces. — Wi> have seen (page 84) that when 
1 a rigid body is acted u^n by any number of non-concmring co- 
I plaiiar forcea, the conditions of static equilibrium are two, via.: 
I Is/. The algebraic awn of the compojwnta of the forces in each <tf 
Wony two rectangular direetiona in the plane of the forces mttatbe 
\zero. 

Hence if the forces F,. F,. etc., make the angles (a, , ,8,), (a, , 
1 jSi), etc.. with the co-ordinate axes, we must have 



FiCOBn, + F, COB .t, + F, COB a, + . 

F, COS p. + F, COS ft, + F, coBft,+ . 



= 3F cos a = 
= SF cos ff = 



0; 



(1) 

(3> 



/" 



When these equations are complied with there ia no resultant 
force, and any one of the forces is equal and ojiiposite to the result- 
ant of all the others, but does not necessarily act in the same 
straight line with it. We have then molar r 

equilibrium (page 58), but not necessarily static 
equilibrium. 

In taking the algebraic sum. SF cos a, or 
2F COS ft, components acting in the directions 
OX and OT are positive i >), in the opposite 
directions negative (— ). Also angles with OX 
and OKare measured from OX and Ol'around towards the left. 

Sd. The algebraic sum of the moments of the forces abcntt any 
point ita their plane must be zero. 

Hence if p^.pt, p. . etc., are the perpendiculars from anv given 

" ' ' "^ "ilaneupon thedirectionsof theforcesi*",, i^,. Jf'i,etc., 



Ihun 



F,p^ + F,p^ -H F.p, 



r SFp = 0. 



(3) 



When this condition is complied with, there is no rotation about 
ktlie point selected. But there maybe rotation about some other 
|noint. In order, then, that there may be static equilibrium, both of 
■ ueira conditions must be complied with. We have therefore three 
leqiiationB of condition. 
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In taking the algebraic sum 2Fp of the moments of the forces, 
rotation counter-clockwise is taken as positive (+), and clockwise 
as negative (—). 

Cob. If three co-planar forces act on a rigid body at different 
points, and the bodv is in equilibrium, the line representatives of 
these three forces, if produced, intersect in a common point. For 
the resultant of any two of them must pass through their point of 
intersection and be equal and opposite to the third and in the same 
straight line with it. 

Framed Structore — StresSi etc. — A framed or jointed structure 
or "truss" is a collection of straight members pinned or jointed 
together at the ends so as to make a rigid frame. 

The simplest rigid frame is obviously a triangle, because that is 
the only figure whose shape cannot be altered without changing 
the length of the sides. All rigid frames must consist, therefore, 
of a combination of triangles. 

Any point where two or more members meet is called an apex 
of the frame. 

The force in any member which resists change of its length is 
called the stress in that member (page 7). If the stress resists 
elongation, it is called tensile stress. If it resists shortening, it is 
called compressive stress. Any member in tensile stress is called a 
tie; in compressive stress, a strut. A vertical strut is called a 
post. An inclined member generally is called a brace. 

Determination of the Eeactions of a Framed Structure. — In 
general a framed structure rests upon supports. The pressures 
exerted by these supports are called the reactions of the supports. 

These reactions usually have to be 
determined. 

Thus if the co-planar forces Fi, F^, 
Fs act at the apices a, c, d of a rigid 
framed structure, and if -Ri , Rt, Ri 
are the unknown reactions or press- 
ures in the same plane exerted by the 
supports at the apices A, B, and e, 
then if there is equilibrium of the 
frame, the algebraic sum of all the ver- 
tical components must be zero ; the al- 
gebraic sum of all the horizontal components must be zero ; the alge- 
braic sum of all the moments about any point in the plane of Sie 
frame must be zero. 

If rt, , as , as are the angles made by the forces Fi, F9, F» with 
the horizontal, and ai , at , as the angles made by the reactions Rt^ 
Ri , Ri with the horizontal, we have then 

Fi cos «) -{-Fi cos era + Fa COS ^a -H Ri COS Ui -\-Ri COS Oa +R3 COS a* =0. (1) 

In this equation components towards the right are positive (-h), 
and towards the left negative (— ). 

If /C^i , fi-2, fi:, are the angles made by the forces -F, , i^« , Ft with 
the vertical, and 61, 62, 6a the angles made by the reactions i2i, 
Ri , Rj with the vertical, we have 

jPi cos fii +F-i cos fii + F3 cos fia +Ri cos bi + J^a cos 6a +R3 COS 63=0. (2) 

In this equation components upwards are positive (+), and 
downwards negative (— ). 

Again, if we take any point, as for instance the point B, as a 
centre of moments, and let pi , pt » pa be the lever-arms of the forces 




p 
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R,L, + R,L, + F^p. + Ftp, + F.p, ■- 



. . (3) 

Each moment in equation (3) must be taken with its proper sign 
(+1 for couoter-cloCKwise rotatioo, and ( — (for clockwise rotation. 

If the diroctiouH of all the forc«B and reactions are known as 
well as their points of applicatiou, and if the forces Fi, Ft, F, are 
also known, we have then three equations between thi'ee unknown 
quantities, Ri, R,. and R>, and can therefore determine them. If 
tiii-re are more than three reactions unknown, we caonot deter- 
mine them. There are then more unknown quantities than equa- 
tions of condition. 

If there are but two reactions, Ri and Rt , that is, if Ri then is 
zero, we can determine R, and Ri from the equations tl) and (2). 

1 also in such case determine if i directly from equation 
^(3), and thus have, since R, = (I, 



R,L,+F,p, + F,p, + F,p, : 



0. 

By taking moments about .1, we can in the same way determine 
lift directly, when R> = 0. 

Setermination of the StreBBes In a Framed Structure. ^.^ soon 

» all the external forces acting upon a framed structure, including 

Bthe reactions, are known we can proceed to find the stresses in the 

^Tarious members. We can make use of two methods. The first 

method is based upon the fact that the algebraic siuu of vertical 

and horizontal components is zero. We call it the "method by 

■resolution of forces. The second method is based upon the fa«t 

■lihnt the algebraic sum of moments is zero. We call it the "mettiod 

Iby moments," or the "method by sections." 

T 1. UeUtod by Beaolation of ForceB,* — Since the frame is in equi- 
librium there must be equilibrium at every apex of the frame, 
e all the forces acting at any apex must form a system of con- 
.. . Jig forces in equilibrium. 

But the necessary and sufficient condition for equilibrium for a 
ystom of concurring forces is tliat the resultant shall be zero. 
%at is, the algebraic sum of the horizontal components of all forces 
rting at an a.pex must be zero, and the alge- 
[braic sum of all the vertical components 
must be zero, 

Tako for instance the apex « of the pre- 
[ ceding figure Ipage 100). At this point we 
[ have acting the force Fi and the stresses in 
I the members Aa. ab, and ac These four 
■forces form a system of concurring forces in 
■equilibrium. 

ft Hence if itt , nt, a, are the angles made 
Bhy the nienil>ers An, ab and ac with the 
Hiorixmital, and rti the angle made by Fi 
(vith the horizontal, and we denote the 

resses iu the corresponding members by aA, ab, ac, we have 




Fi cos a. + aA cos a, + ah c 



(1) 



If /J. , ySi , >S. are the angles made be the members Aa, db, and ac 
with th» vertical, and 6. the angle made by Fi with the vertical, 

* Fur carrmgiiiLiiIiiit; urnplik melliod see iiR|,-(' 13G. 
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and we denote the stresses in the oorresponding members by oA^ 
ab, ac, we have 

Fi cos hi + aA cos fii + ab cos fit + ac cos fit=0, • . (2) 

Components towards the right or upwards are positive, towards 
the left or downwards negative. Angles are measured from the 
horizontsd a.rand vertical a F around towards the left. 

Since we have thus two equations of condition, this method can 
be (ipplied at any apex when all the forces except two are known. 

If more than two are unknown at any apex, it cannot be applied 
at that apex. 

If the value of a stress as found by (1) and (2) comes out positive 
(+), it shows that the stress in the member is away from tne apex 
or tensile. If it comes out negative, the stress is towards the apex 
or compressive. (See Example 2, pa^ 104. for illustration.) 

2. li^Bthod by Moments, or the " Method of Sections. " * — Suppose the 
frame completely divided into two parts by a section cuttuig any 
member the stress in which is desired. Then the stresses which 
existed in the members before they were cut must evidently hold 
in equilibrium the external forces acting upon each of the two parts 
into which the frame is divided. 

Thus if we wish to find the stress in any member a^ (see figure, 
page 100), take a section cutting aCy be and he, thus completely oivid- 

ingthe frame into twoportions, and consider the left- 
hand portion only. Then the stresses in ac, be and 
be must hold in equilibrium the external forces Ri 
and Fi, 

Place arrows on each of the cut pieces as in the 
figure, always pointing towards the section. Now 
if we take moments about the apex &, that is, if we 
take the point of moments at the point of intersection of the other 
members cut by the section, whose stresses are unknown, their 
moments relative to this point will be zero. We have then the 
algebraic sum of the moments of the external forces Fi and Rt and 
the moment of the stress in ac, all with reference to 6, equal to zero. 
Hence, denoting the stress in ac by ac and its lever-arm by p, we 
have 

ac X p + 2 moments of external forces = 0. 

If then the external forces and their lever-arms are known and 
the lever-arm p of ac is known, we can find the stress a/:. 

The moments in the* algebraic sum must be taicen with their 
proper signs, (-H) for rotation counter-clockwise, and (— ) for rota- 
tion clockwise, and the moment of ac with the sign indicated by 
the rotation due to its arrow. Thus in our figure the moment of i?i 
is negative, of Fi n€»gative, and of ac negative. If the stress comes 
out positive, it indicates, as before, that it acts away from the apex 
of the cut member or is tensile. If negative, towards the apex or 
conmression. (See Example 2, page 104, for illustration.) 

This method is general and can always be applied when all the 
cut members whose stresses are unknown, except the one whose 
stress is desired, meet in a point. 

Thus if two of the cut pieces are parallel, their intersection is at 
an infinite distance. 

Then if we wish to find the stress in cb, we take a section cutting 
a&, be and cd. The intersection of ab and cd is at an infinite dis- 

* For corresponding graphic method see page 148. 
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tance. We therefore have the lever-arm for c6, oo cos /5, where p is 
the angle of ch with the vertical. Hence 

JJiQo— i^ioo— -F.oo +C&XQO cos /5 = 0, 
or 

c6 = - {Rx -Fi- Ft) aecfl. 

The algebraic sum of the external forces {Ri —Fi — Ft) is called 
in this case the shearing force. For horizontal chords and vertical 
forces we have, then, the stress in any brace equal to the shear 
multiplied by the secant of the angle which the brcice makes unth the 




vertical. This shear should always be taken as acting at the end c 
of the brace belonging to the left-hand portion. If, then, it is posi- 
tive, or if i2i is greater than Fi + Ft, it acts upward at c and hence 
gives compression in cb. Therefore we have the minus sign in the 
equation above for the value of the stress in cb, (See Example 4, 
page 106.) 

SupernuDiiB Members. — In general the external forces acting upon 
a rigid frame are always known or must first be found. The stresses 
in the members are required. Since every apex of the frame is in 
equilibrium, we have at every apex a system of concurring forces 
in equilibriimi. 

We have then two ecjuations of condition in order that the re- 
sultant shall be zero, viz., 

2 F COB a = 0, 

SFco&fi = 0, 

or the algebraic sums of the horizontal and vertical components 
must be zero. 

If, then, all the forces acting at any apex except two are known, 
these two can be found. But ix at every apex there are mpre than 
two forces which are necessarily unknown, the problem is indeter- 
minate, and the frame has superfluous members. 

Criterion for Saperfluous Members. — The simplest rigid frame is 
a triangle, because that is the only figure wnose sha^e cannot 
change without changing the length of its sides. All rigid frames 
must consist therefore oi a combination of triangles. 

Any one member of the frame fixes the position of two apices, 
one at each end. Ever^r other apex after the first two requires two 
members to fix its position. It then, n, is the number of apices, 
2(n — 2) will be the niimber of members lacking one. Let m be the 
number of members. Then, if there are no superfluous members, 
we must have 

m = 2in — 2) + 1 = 2n — 3. 

If m is lees than 2n — 3, there are not members enough. 
If m is greater than 2n — 3, there are superfluous members. 
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EXAMPLES. 



(1) In the cases of the three frames represented by Figs. 1, 2, 3, 
each supporting a weight F at the apex, show that in the first case 
there are not enough members and the frame is not rigid; in the 
second case the frame is rigid ; in the third case there is a superflur 
ous member. 

Ana. From our criterion, i» = 2» — 8, page 108, we have the number of 

. apices in the first case n = 6. Hence 

r 



I 



/V no. 1. /\^^° 




Fio. 8. 



the number of members should be 
m = 9. But the number of mem- 
bers is only 8, or less than the num- 
ber necessary. 

In the second case n = 6 and m 
should be 9, and the number of 
members is 9. 

In the third case n = 6 and m should be 9, but the number of members is 
10, or greater than the number necessary. 

(2) A rigid f rams ABC, consisting of two rafters AB and AC 
and a horizontal tie BC^ supports a load F at the apex A. If the 
angles made by the rafters with the horizontal are ai and a« at B 
and C, find the stresses Si, S^, S» in the rafters AB, AC and the 
tie BC, for equilibrium ; also the pressures Ri and Rt of the sup- 
ports. The weight of rafters and tie neglected, 

Ans. Let the pressures or reactions of the 

support be Rx and R% at B and 0, Fig. 1, and 

the stresses h& 8i , 8% and 8% in the rafters AB 

and A G and the tie BG. 

1st Method : By Beiolntion of Forces. — 

(Page 101.) The forces acting at each apex 

must constitute a system of forces in equilib- 
rium. 

Let us take first the apex A as origin, Fig. 2. 

We have here the force F and the two stresses 

8\ and Si, constituting a system of concurring forces 
in equilibrium. Therefore the algebraic sum of the 
horizontal forces must be zero and the algebraic sum 
of the vertical forces must be zero. Hence giving 
the proper signs to F and the sines and cosines of 
the angles tXx and a^ (page 102), we have 





Fio. 2. 



- S\ cos ax -\- 8i cos aj = 0; . . 
— 8x sin ax — 8^ sin a% — F = 0. 
From (1) and (2) we obtain 



8x = 



Fcos nr» 



jP*COS «! 



sin (a, +«»)• 



0« = — -v- . 



sin (ax + a.)' * 



(1) 

(2) 

(8) 



In equations (8) the (—) si^ denotes direction towards the origin A 
indicated in Fig. (1). A negative result then denotes compression. 

At the ai)ex B we have the stresses Sx and St and the reaction Rx in equi- 
librium. At the apex C we liave S^, 89 and R^ in equilibrium. Hence for 
the algebraic sum of the horizontal components at B we have, taking the 
origin at B, 

81 + 8x cos ax = 0, 

and for the algebraic sum of the horizontal components at G we have, taking 
the origin at 0; 

^ 8a — 8i COS at = 0. 
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From both equations we have, from (8), 

8t = — 8i COB oTi = — S« COB a» = + 



^cos aicos OTa 
sin (ai + a,) 



(4) 



The positive result denotes direction away from the origin in each case, or 
Xensian, as shown in Fig. 1. 

At the apex B we have for the algebraic sum of the vertical components 

a ' IDA D I -ycosor, sina, 

8i sm ai + i?i = 0, or i?i = + 



At the apex C we have 

iS, sin a, + iJ. = 0, or Bt = + 



sin {a I -|- at) ' 

Fcosoi sin a, 
sin {ax + a,) * 



(6) 



(6) 



The positive result denotes upward direction for Bi and B%, 
In all formulas the acute wUties of the angles a/re to be used, 

2d Method : By Koments.— Let the horizontal 
-distances of F from B and (7 be c and d. 
Let the length of the rafters be a and b. 
Then we have 

^ cos OTi = c, h cos at — d, b sin at = a sin ai. 

Since all the forces acting on the frame are in ^ 
equilibrium we have the algebraic sum of the _ 
horizontal and vertical external forces zero. 
Hence 




Also taking moments about C, we have 
- Bx{e + d) + Fd-0, or Bx = 



Fd Fco9 or J sin ori 



c + d sin (oTi + ^«) 
and taking moments about B, we have 

Bi{e + d)- Fe = 0, or Bt = — r-i = — r-7 j ^. 

^ ' ' c + d sm (ai + <*i) 

If we conceive a section through AB and BC, we have as on page 102 » 
taking moments about 0, 

o / I jv . n / I j\ A o -'^J J^ cos or J 

— 8xie + d) sin ai — i?i(c + d) = 0, or 5i = : = — -7—, : 1 

^ ' ' \ I / » sin or, sin {ax -f- a,) 

The minus sign denotes eompression. If in the same way we cut AO and 
€B and take moments about B, we have 

«/■•.. »3f /\ r» ^^ F COS ax 

— fi.(c + d) sin a, — -Fc = 0. or /St = — . , ^ ; = — -7-7 r-^> 

^ ' ' (c + d) sin or, sm {ax + a,) 

Again, cut AB and B<7 and take moments about A, and we have 

Bx Fcos ax cos a« 



iS^ X a Bin ai — UiC = 0, or 8% = 



tan OTi sin (ai -|- a,) 



I 



(8) -A roof -truss has a span of 60 ft. and a centre height of 12.6 
I ft Each rafter is divided into 

^^ ' four equal panels, and the lower 

horizontal tie is divided into six 
equal panels. The bracing is as 
shown in the figure. Find the 
stresses in the members by tnH> 
P methods, for a weight of 800 lbs. 
* at each upper apex. 



AmAKK 



e 



I 




\ 
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Ans. El = Ei = + 2800 Ibe. 

Stress in ila = - 6260 lbs., a^ = - 5818 lbs., b6 = - i696 lbs., 

cd = - 3577 lbs., A6 = + 5600 lbs.. tf= + 4802 lbs., 

/^ = +4008 lbs., « = - 720 lbs., «6 = + 720 lbs., 

6/= - 1081 lbs., /c = + 920 lbs., <y = - 1443 lbs., 

gd = + 2401 lbs. (See Example (1), page 104.) 

(4) A bridge-truss I ft. lonq is divided into five equal panels in 
.F iF iF IF IF the lower chotxl and four equal panels in 
\^ \e 1^ \ i the upper chord. The depth is constant 

and equal to d ; the panel length is p. 

The bracing is isosceles as shotvn in tne 
\^ figure. Find the stresses for a load F lbs. 

at each upper apex. 

Ans. JRi = i?, = + 2.51?'; 
R.P - \fp 2ig.p-2 J». 

de^ 2 <^- a 

Ad--BxB^P, ae = - {Rx - F) sec ft, bf= - (Ri - 2F) sec fi, 
da = + RiQec/3, tf& = + (i?i - F) sec ff, 

where fi is the angle made by the braces with the yertical. 

\ > (5) A u^ight of 6 lbs. hangs on the arm of a safety-valve at a 
y ^ distance of 18 inches from the fulcrum. The valve-spindle is at- 
tached at 1 inch from the fulcrum. Disregarding friction and the 
weight of the arm, find the steam pressure for equilibrium. 

Ans. 108 lbs. 

(6) In a ivheel and axle the radius of the axle is r, and of the 
wheel R. A tveight Q hangs by a rope wound about the axle. Find 
the force P acting tangent to the wheel in order to hold Q suspended^ 
disregarding friction. 

Ans. P=^' 

{7) A shopkeeper has correct weights but an untrue bcUance, one 
arm of which is a and the other b. He serves out to each of two 
customers, as indicated by his^alance, Wlbs. of a commodityj, using 
first one scale-pan and then the other for the commodity. Does Ke 
gain or lose % 

Ans. Loses W — ^ lbs. 

ab 

(8) The arms of a balance are unequal^ and one of the scales is 
loaded. A body, the true weight of which is Plbs., appears, when 
placed in the loaded scale, to ufeign W lbs., and when placed in the 
other scale to weigh W lbs. Fiiid the ratio of the arms and the 
weight with which the scale is loaded. 

W — P P* — WW 

Ans. Ratio of arms = -= — ==7; weight required = — =- — =-. 

-r^— W W — P 



r 
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l9) A square and a rectatigle of uniform IhuJmess avd density I 
are joined in one plane at a common aide. Find th« length of the I 
r«!tangle in order that the two may balance atjotit (hat side, the I 
density of the rectangle being one lialf of that, of t}te square. 

Ati ". Tbe lenglli oF tlie rectatiglp = H itiugoanl of l.lie squarLv 

10) The tJiacribed circle being cut oat of a right-angled triangle, J 
^, i,i, find the centre of maea of the Temair,-' " 



(Ae sidea of which 
Ads. Take »d( 



13 of .V. Dod Me i IV 



(11) A cubical box half filled with water is placed upon a red- 
angular board, so that the edaea of its base are parallel to those, of \ 
the board- If the hoard is sloicly inclined to the horizon about an 
edge, and the box is prevented from sliding, at what angle will the 
boxjuat lend to overtnrni 

(18) Let the forces + 4,-7, +8. — 3 lbs. act perpendicularly too\ 
atraight line at points A, B, C and D,ao that AB = 5/t.,BC = Aft., t 
CD =2 ft. Find tlie resultant and its point of apphcalion E. 

Ans. S = 3 lbs.. AE = 3 fl. 



,__ _. . ^ trees %v>hich,^ concurring, would be in equilibrium \ 
act each in the strfe of a triangle which renreaenta them in magnitude 1 



(1S> Let three/or 



atid direction. If not concurring, allow that they are equivalent to ] 
a couple whose moment ia proportional to the area of the triangle. 

(14) Three forces act at the middle points of the sides of a rigid 
triangular plate in its plane, each force being pei-pendicular and 
proportional to the side on which it oofs. If tneforcce a 
ward or outward, ahow that the resultant is zero. 

'IB) Asystemof any number of ci)-planar forces being represented 1 
in magnitude and directum by the aides of a closed polygon taken i 
the aame way round, shoiu that the sum of their moments about any 

C'nt in their plane ia cottstant and independent of the position of 
point. 

(Ifl) Forces of 10. 20. 30 and 40 jiounda act on a rigid body at A, 

. t, C. D. tite four corners of a square whose aide in 2 ft. and in its 

plane. Their inclinations to AB, BC, CD, DA are 4B°, 90°, 30'. 60° 

! freapeetimly. Show that the resultant is a force of 35.65 Hw,, and 

Ithttt its line of action is distant 3.05 ft. from C- 

(17) Parallel forceit in tfie aame direction, and of the magnitudes 

1 10, 15. 20, 25 lbs., act at points A. B, C, D respectively of a straight 

rod, the diatancea AB. BC. CD being S, 3, 4 ft. respectively. Find 

[ the distance of the point of application from A. 

Ads. SOTfeet. 

I (IB) Tu:oparallel foreea in opjtosite directions of 20 and a lbs. act 1 
ai points A arid B of a rigid bod}/ A ft. apart. Find the diatancea 
from A and B of the point in which their resultant line of action ' 

' eutaAB. 



(IB) TJie numerical measures of the magnitude of a force which 
acta upon a point in a j/t'wn dii-ection. and of the eo-'ordtnafes of the ' 
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point in the plane of the force, are denoted hy a,h, c ; but it is not 
Known which is which. Find the centre of all the forces which may 
be represented, 

Ans. a? = y = !— — -^ , 

a + 6+c 

' (20) Forces 1, - 3, - 6, 7 oc* on a rigid rod atjpoints A, B, C, D, 
whose distances are such that AB = 3, BC = 2, CD = 2. Find the 
! resultant. 

Ans. A couple whose moment is 15 units. 

(21) Three equal and co-directional forces (F) a>ct at three comers 
of a square (side = a) perpendicuJarly to the sauare. Find the 
magnitude of the force which, appliea at the other comer of the 
square, would with the given forces constitute a couple, and the 
moment of the couple. 



s. 



Ans. 3F; "HaF ^%. 



{22) ABC is a triangle right-angled at B, At A a force F is 
applied in the plane of the triangle perpendicular to AC; at Ca 
force 2F in the same direction ; at B a force SFin the opposite di- 
rection. Find the moment of the resulting couple. 

^ FiAB' - 2BC*) 
'^^'- AC • 

(25 ) Two forces P and Q act at the ends A and B of a straight 
lever AB without mass. To find the position of the fulcrum in ouster 
that equilibrium may beproauced, tne inclination of P and Q with 
AB being a and fi. 

Ans. Let AB = c, and x^ y the distances of the fulcrum from A and B re- 
spectively. Then 

Qc sin 6 Pc sin a 



Psin a + y sin /?• "^ Psina + Psin/3' 

(24) A rod CD, unthout mass, moving about a smooth hinge at C, 
presses at D against a ivall inclined at an angle a unth the horizon, 
and has a weight W siispended at its centre. Find the inclination Q 
of the rod to the Jiorizon in order that the pressure at D may be 

2^- 

Ans. = —a. ^ 

(25) Two weights P and Q are suspended from the extremities of 
a lever icithout mass, in the form of a circular arc, which rests untn 
its convexity downwards upon a horizontal plane: If 2a is the 
central angle of the arc and the central angle f rim the point of 
attachment of P to the point of tangency with the horizontal plane, 
find ^ for equilibrium. 

P-Q 

Ans. tan = • ^ • tan a, 

(26) 772^ arms of a balance are unequal, and a substance placed 
successively in each scale appears to weigh P and Q lbs. Show 
that the lengths of the arms, disregarding the mass of the balance, 

are as ^P to \fQ. 

(27) If weights P and Q, P being the greater, baU\nce on a lever 
ACB without mass, about a fulcrum at t7, and the weightsare inter' 
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ehangedy show that the additional weight required at A for equilib- 
Hum will he 

(28) It is found that a body weighs P when suspended at the end 
A of a balance without mass^ and Q when suspended at B. Show 
thai the fulcrum ought to be shifted towards A a distance equal to 

VP- V Q , AB 

VP-\-Vq' 2' 

(29) The lenath of a false balance-beam is 3 ft, A body in one 
scale weighs 4 lbs.; in the other, 6 lbs, 4 oz. Find the true weight of 
the body and the lengths of the lever-arms, 

Ans. True weight = 5 lbs. ; lengths of anus, 1 ft. 4 in. and 1 ft. 8 in. 

(30) Three uniform rods AB, BC, CD, rigidly connected so as to 
forra three sides of a square, rest upon a fulcrum at A. Suppose 
the weight of ea^^h rod to act at its centre, Find the inclination 6 of 
AB uHth the horizon. 

Ans. tanO = ■^, 

^31) ABy CD, DE are three eqjual uniform rods, rigidly connected 
at right angles, B being the middle point of CD. Suppose the weight, 
of each rod to act at its centre, ana tlie system to hang from a ful- 
crum at A. Find the inclination B of AB to the horizon for equi- 
librium, 

Ans. tan = 6. 
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CHAPTEK V. 



EQUILIBRIUM OF A PERFECTLY FLEXIBLE 
INEXTENSIBLE STRING. 



GENERAL EQUATIONS OF EQUILIBRIUM. EXTERNAL FORCES VERTICAL. CON- 
TINUOUS CURVE. LOAD UNIFORMLY DISTRIBUTED OVER THE HORIZONTAL. 
CATENARY. CATENARY OF UNIFORM STRENGTH. LOAD PROPORTIONAL TO 
THE AREA BETWEEN THE STRING AND HORIZONTAL. STRING ACTED 
UPON BY A CENTRAL FORCE. 

Equilibrinm of a Perfectly Flexible Inexteiuible String. — If a 
perfectly flexible inextensible string is fixed at two points and 
acted upon by forces applied at any given points in any directions, 
we may consider the string, when in its position of equilibrium, as 
a rigid body. 

The resultant force at any point must then act in a direction 
tangent to the string at that pomt; for otherwise there would be a 
normal component* which, as the string is perfectly flexible, would 
act to change the position of eouilibrium or that point. 
We shall consider only co-planar forces. 

General Equations of Eqnilibrinm. — Let a perfectly flexible in- 
extensible string be fixed at the two points A and B and be acted 

upon by external forces in its 
plane. It is required to de- 
termine the tension T of the 
string at any point P, and the 
position of any point P for 
equilibrium, disregarding the 
. weight of the string. 

The string when in equi- 
librium will evidently take 
the form of a polygon, if the 
forces are applied at points 
or are ** discontinuous ; the 
tension in any segment, as 
bcy being the resultant of the 
tension in the preceding segment ab and the force Ft at b. 

Take the origin of co ordinates at the lowest point O of the string, 
and let the co-ordinates of any point P of the string be x and y. 
Let the external forces acting upon the portion OP of the string be 
Pi , Ps , etc. ; the co-ordinates or their points of application a, 6, etc., 
be given by (Xi , yO, (Xi , y^); etc. ; and their angles with the axes of 
JTand Fbe given by (ai , /»i), (a,, fit), etc. 

110 




w 



dCHAP. T.] 8TATTC8 — NON-CONCDKRING CO-PLANAR FORCES. 



I Also tho algebraic sum of the momente of all the external forces 
Iwtween O and P with reference to O, or the moment about the 
axis of Z, is 
ai 






M, = ^ Fxcos/3-^Fycosir (3) 



I 



rcos.i:=0; 1 

= 0: 

«- Ty COB a = 0. J 



In taking tho algebraic sums, components to the right or upward 
are positive, to the left or downwards negative. Also rotation 
counter-clockwise is positive, and clockwise negative. 

Let the tension at the point Pbo T, making the angles a and ff 
with the axes of X and Y, and let the horizontal tension at tho 
lowest point Obe H, 

If the portion of the string from O to P is in equihbrium, we can 
treat it as rigid, and we have then the algebraic pum of the hori- 
xontol and vertical components of all the forces acting upon it equal 
to zeroi also the algebraic sum of the moments of all the forces 
acting upon it, with reference to any point as O, equal to zero. 

Hence the conditions for equilibrium ore 

— H+ Fz + Tcos.!: 
F„ + TcoB p = 

Jtf, + fj-COSyS- 

We have also 

We have then four equations between the four quantities H, T, 
a and fi, and can therefore find them for any given j- and y. Equa- 
tions H)are general and apply whether the lorces are discontinuous 
or applied continuously along the string. 

External Forces Vertical.— If all the external forces acting upon 
the string are vertical, we have i^V = and Fy = ^'pF. Hence 
I from equations (4) of the preceding Article, 

Tcoaa = ff; 

r cos j8 = - S'pF. 

That is, for a perfectly flexible inextensible string in equilibrium 
1 tinder tlio action of vertical external forces, whether the forces are 
4ipplied continuously along the string or diseontinuoualy : 

1»(. Tfc« horizontal comj><»ifnt of the tension at any point is coh- 
tant a7ul eqtutl to the horizontal t^iaton at the lowmat point. 
2d. The i^ertical component of the tension at any point ia equal 
f <o the, algebraic sum of all the forces betuxen that point and the 
' Mtxst point. 

Continnona Curve — Tangential and Normal CoinponentB.~ir the 
■ forcon are appli<Hl continuously along the string, then the shape of 
I the string when in equilibrium will be a continuous curve instead 
■of a. polygon. 
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Let ab = da he the length of an indefinitely small portion 
of the curve. Let the resultant force in anv durection continu- 
ously applied over cte be i*', so that the 

ds 
force per unit of length is -^. Let the 

tension of the string at a be Ti , tangent 
to the curve at a, and the tension at o be 
Ti\ tangent to the curve at 6. Let the 
very small angle between these tangents 
be So, and let the force F make the angle 
<p with the tangent at a. 

Then since for equilibrium we may 
consider ab as rigid, the three co-planar 

forces Ti , T^ and F are in equilibrium and must intersect at a 

common point c (page 85). 

We can consider them, then, as three forces concurring at c and 

in equilibrium. If then we resolve these forces along the tangent 




at a, we have 



Ta cos de + i^cos - Ti = 0. 



When ab = d8 is indefinitely small, the points a and b come 
together, dO becomes zero, and cos dB = 1. Hence 



-;- COS <p = 

da 



Tt - Tx dT 



da 



da 



(1) 



That is, the tangential component of the external force per unit 
of length at any point is equal to the variation of tension per unit 
of length at tliat point. 

Again, resolving the forces along the normal at a, we have 

7\8indO-F8in0 = O. 

If (J is the radius of curvature, we have bd = p sin dO. When da 

da 

is indefinitely small, we can tiike bd =ds = ab. Hence sin dB = — . 

Substituting this, wo have, when the points a and b come together^ 



;^ sm = 
aa p 



(2) 



That is, the normal component of the external force per unit of 
length at any point is equal to the tension at tliat point divided by 
the radius of curvature at that point. 

CoR- If the external force per unit of length at every point of 
the string is normal to the string, (p = 90% and, from equation (1), 
Ta — jTi = or jTi = Ti at every point. That is, the tension is con- 
stant throughout the string. This is the case when the string is 
stretched over any smooth surface whose pressure on the string at 
every point is noi'iual, and acted upon by no forces except the nor- 
mal pressure of the surface and two equal terminal tensions. In 

T 
such case w = -, or the normal pressure of the surface per unit of 

length at any point is inversely proportional to the radius of 
curvature at that point. That is, u/o = jT = the constant tension in 
the string. 
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Load TTniforndy Siatributed over the Horizontal Projection of 
the Stiing.~Thi8 is approximately the case of the ordinary suspen- 
sion bridge. 

Let the mass of the unit load or load per unit of horizontal pro- 
jection be constant and equal to 
w in gravitation imits (page 6) 
or u;g in absolute units. Let H 
be the horizontal tension at the 
lowest point O, and T be the 
tension at any point P of the 
string, both in gravitation units. 

Equation of the Cnrve. — Let x 
and y be the co-ordinates of any 
point Pof the string, the origin 
being taken at the lowest point O. Then we can consider any por- 
tion of the string OP when in equilibrium as rigid and acted upon 
by the forces #, T, and the entire load wx between O and P. The 
resultant force lox of the load between O and P acts at the centre 
of mass of the load, or, since the load is uniformly distributed, half 
way between O and P. If then we take moments about P, we 
have for the moment of the load with reference to P, 

x waf 

tox X — = . 

2 2 






We have then for equilibripm 

"2" 



— Ey = 0, or 



af = — y, 
w 



(1) 



The curve of the string is then a parabola whose axis is vertical 

2H 
and whose parameter is — . If tc? is constant and the parameter is 

constant, H is constant. Hence, the tension at the lowest point is 
constant for all parabolas having the same parameter, when the 
load per unit of horizontal projection is constant, whatever may be 
the length of me curve. 

Tension at the Lowest Point. — ^To find the tension H at the lowest 
point, we have only to substitute in equation (1) the co-ordinates of 
some known point. Thus let Xb and yt be the co-ordinates of the 
end B. Then equation (1) gives 



H = 



U)Xb* 

2y6 ' 



(2) 



Or we may find this value of H directly by taking moments 
about B, Thus the resultant of the load between the lowest point 
O and B is wxi, and it acts at the centre of mass of the load, or, 
since the load is uniformly distributed, half way between the 
lowest point O and B. If then we take moments about B, the 

We have then for equilib- 



moment of the load is woct >^ "o ~ ~2~" 
rinm 



— Jyb=0, or ff= 



2 



2yb 



Slope of the Curve. — ^Por the slope or inclination a of the curve 
at any point with the horizontal, we have seen already, page 111, 
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that for vertical forces the horizontal component of the tension at 
any point is constant and equal to H^ and the vertical component 
is wx. We have then for the slope at any point P 

tana=^ (3) 

For the slope at the end B we have then 

tana6 = ^^ (4) 

Xb 

Tension at Any Point. — For the tension T at any point P we have 
then 



T = H\/i + (^y=^Heeca 



(5) 

For the tension at the end B we have 

n = -^ Vxb* + 4yi,'. (6) 

[Solution of Preceding: Case by Calcolns.] — Let the unit load or 
load per unit of horizontal projection be constant and equal to u^ in gravi- 
tation units (page 6). 

Then referring to our general equations (4), page 111, we have in 

gravitation units Fy = — wXy Fx = 0, cos a = --, cos p,= ^y where 

CL8 as 

ds is the length of an element of the curve and dx, dy its horizontal and 

vertical projections. Therefore from equations (4), page 111, 

- jsr + r^ = 0, 
d» 

-WX+ T-^ = 0, 
ds 

where H and T are to be taken in gravitation units if u; is taken in gravi- 
tation units. 

Eliminating T, we obtain 

Hdy = WQcdx, 

Integrating, and taking the origin at the lowest point 0, so that when 
a; = 0, y is also zero, we have 

XT ^^ ^ 25" 

Hy = -—, or «:• = — y (1) 

This is the equation of the curve as already found, page 118. 
If we substitute the co-ordinates of the end J?, xi, and yt , in place of 
X and y, we have from (1), for the tension H at the lowest point, 

^- 2y^ (^> 

For the slope or inclination a of the curve at any point we have, by 
differentiating (1), 

dy wx 
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The slope at the end B \a then 



tan a^ = 



2^ 



(4) 



For the tension T at any point j> we have 

dx dx ^ da^ ^ \H' 



(5) 



For the tension at the end J?, 



WXt^ 






(6) 



[Load Unifomily Distribnted over the Strinc:.]— "^^ curve of equi- 
librium assumed under the action of gravity, by a perfectly flexible string 
of uniform normal section and density, when suspended from two points 
not in the same vertical, is called the catenary. In such case the load is 
the weight of the string and is uniformly distributed over the curve. If 
the unit load or weight of a 
unit length of the string is 
not constant, but varies con- 
tinuously according to any 
law, the curve of CK^uilibrium 
is called a cateiiarian cnrve. 

Let to be the mass of the 
unit load, or the load per unit 
of length of the string, in 
gravitation units (page 6). 
Then if d is the uniform den- 
sity of the string, or the mass per unit of volume, A the constant area of 
normal section, and s the length of any portion of the string, the mass of 
that portion is SAs, and the mass per unit of length, or the load per unit 
of length in gravitation units, is 




to = 6A. 



(1) 

In absolute units we have to = SAg, 

Bef erring to our general equations (4), page 111, we have in gravita- 
tion nnits Fy = —wi, where $ is the length of the string from the lowest 

point to any point P. We also have -Fx = 0, cos a = ^, cos /3 = ~, 

where ds is the length of an element of the string and dx, dy its horizontal 
and vertical projections. 

Henoe from equations (4), page 111, 

•^ ^dx 
ds 

-««+rg=0; 

where jETand Tare to be taken in gravitation nnits if to is taken in gravi- 
tation units. 

miminating T, we have for the slope a at any point P 



X dy to 

tan a = -r- = -—•«. 
dx H 



(2) 
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rr 

Let ir= iocy or e = — , where e is then t?ie length of that portion of the 
string whose weight is equal to the tension Hat the lotaestpoint C. Then 

%-i <«> 



Differentiating (8), substituting cU = Vdaf + df^^ and rednoing, 



'^)'7--.V^' 



or 

dx 



■m 






Integrating this, we have 

If we take the axis of F passing through the lowest pdnt Oy we have 

^ = 0, where a? = 0. Therefore const = and 
ax 



~ = log nat[| + /TTg] = log nat[f + |/lTj]. . (4> 



Or, if = 2.718282 is the base of the Naperian system of logarithms, 

X 

dx ' ^ ^ ' da^ dx ' dx^ e 
or , . r- * -• 



'^=.-!+i/i + g=S+l=;Vi+5- • . («) 






Solving this equation, we have for the slope a at any point (see (8)) 
Integrating (6), we obtain 



X X 



y = tl^ + e *']+ const. 



Now, taking the origin (see figure) at a distance equal to 00 ^e 
below the lowest point ol we have y^e when x^O. This gives const. =s 0. 

S 

The horizontal line OX at the distance s: — below the lowest point is 

w ^ 

rr 

called the directrix. The distance 0(7 s c s ~ is called the paravM^. 
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We have tilien for the eqnatioii of the curve, tftking the origin at the 

distance 00=^0^ — below the lowest point (7, 

w 



SB SS K 



y = -[^ +e " ) (7) 

The point at the distance 00 = cs= — below the lowest point is 

w 

called tTie origin of the catenary, and equation (7) is the equation of the 

catenary referred to this origin. 

We have from (6), 

m X 



=!(/-.-=) 



« = ^^^ -c ^j (8) 

Equation (8) gives the length of the curve from the lowest point to 
anypoint P. 

From (7) and (8) we have 

y» = a« + <?; (9) 

and differentiating (9), 

« = y^ = yco8/J (10) 

Let FM and PT be the ordinate and tangent at P, and let fall the 
perpendicular JfZTon PT, Then 

PJf=y C06)5 = «; (11) 

and since y* •- i* = ^, we have 

JCr=c (12) 

Hence, given the catenary, we can construct its origin and direction as 
follows : 

On the tangent at any point P measure off PN equal to the arc OP. 
At N erect a perpendicuiar NMto the tangent meeting the ordinate of P 
in M. Then the horizontal line through M is the directrix. 

We have seen (page 111) that for vertical external forces the horizontal 
projection of the tension at any point is constant and equal to H^ and the 
vertical component is ws. Therefore the tension T at any point is 



r= 4/ir« + w'^* = Hy\ + ^ 



(18) 

rr 

But, from (9), <? + «* = y*; therefore, since w^ — , 

c 

H 
T= — y = fvy (14) 

c 

That is, t?ie tension at anypoint cf the catenary is equal to the weight 

ef a portion qf the string whose length is equal to the ordinate of that 

point, 

T 
From page 113 we have to sin ^ = — , where p is the radius of curva- 

P 
ture. In the present case <f>=^ p = angle made by vertical with the tan- 
jS^ni at^. Substituting T = toy, we have 



4) sin /S = p cos or = y. 
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We see then from the figure (page 115} that the length of the radiits of 
curvature at any point is equal to tJie length cf the normal between that 
point and the directrix. 

e ._ 

We also see from the figure that ^ cos a = 6, or y = . Theiefore 

cosor 

p = — r — = € sin* a. (15) 

COB* a 

We also have 

. ^ s cosft 

c=z9tejx6, or - = -t— ^. 

'^ e sin fi 

Hence from equation (8), after reduction, 

a = «tan/51ognat cot-)5. (16) 

The catenary possesses other interesting properties, among which are 
the following : 

The centre of mass of the catenary is lower than for any other curve of 
the same length joining the same two points. 

If a common parabola is rolled on a straight line, its focus describes a 
catenary whose parameter c is equal to the focal distance of the parabola. 

If an indefinite number of strings (without weight) are hung from the 
catenary, so that their lower ends are in a horissontal line and then the 
catenary is drawn out into a straight line, the lower ends of the strings 
will be in the arc of a parabola. 

S Catenary of Uniform S^ng^th.] — If the area of the normal section 
e string at every point is proportional to the tension at that point, the 

unit tension, or tension per unit of area, 
will be the same at all points, and the 
curve assumed under the action of grav- 
ity by such a string of uniform density 
and perfectly flexible is called the cat- 
enary of nniform strength. 

Let A9 be the area of normal section 
of the string at its lowest point C7, where 
the horissontal tension is ffy and let t be 
the constant unit tension, or tension per unit of area. Then 

ff=:tA (1) 

The tension at any other point P, where the area of normal section is 
Aj is 

T=tA (2) 

Hence, from (1) and (2), 

T 
AxA^wT'.H, or -4 = A^ (3) 

Let ^ be the uniform density of the string. Then the mass of an ele- 
ment of the string of length ds, or the weight in gravitation units (page 
6), is dAds. The weight in absolute units is 6Ads x g. 

Referring to our general equations (4), page 111, we have for the 
weight in gravitation units of the string from the lowest point to any^ 
point P 




^' = -/' 



6Ad$. 
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We have also Fx = Oj co&a= 3-,co8/3 = ~^, where ds is the length 

as OB 

of an element of the string, and dx^ dp its horizontal and vertical compo- 
nents. Hence, from equations (4), page 111, 

ds 

t/o ds 

where ff and T are to be taken in gravitation units. 
Eliminating T, we have 

ISAds 
dy^^Jo Jdp\ _ dAds __ 6Ad^ 

dx" H * ^^ [dxj H ^ Tda' 

A T 
Inserting the value of ^1 = -^, we have 

Jdy\ ^ 8A,d^ 
\dx) Sdx ' 

Let di^^da? + di^, and let 

6A. 1 Hi 

That % 18 the length of a string of constant cross-section A^ equal to 
the cross-section at the lowest point 0, and the same uniform density d as 
Gie curve, whose weight is equal to the horizontal tension H at the u>west 
point. Then 







^\dx] edx edx 


or 






or 




da^ 1 

dy^ c • 
^ dx" 


Integrating this, 


we 


obtain 


« 




tan-'(|-)=?+Ooiurt. 



Let the axis of Fpass through the lowest point € of the curve. Then, 
when « = 0, we have 



Hence 



r;? = and Const. = 0. 
dx 



tana=f5{.= tan* (5) 

da c 
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Integrating again, we have 

y sz — clog nat COB- 4-Oonflt. 

c 

If we take the origin at the lowest point (7, then, when « = 0, we have 
y = and Oonst. = 0. Hence 

y= _clognatco6- = clog nat sec (6) 

Equation (6) is the equation of the catenary of uniform strength. 
From equation (5) we hare 

X ^ J dan 

a = - and da = — . 
c e 

If p is the radius of curvature, we have pda = <b, and hence 

d$ ds X ,^ 

p = -J- = e-T- = e sec - {7) 

da dx e 

If we integrate the equation 3- = oo6a: = coB-, or (2* = sec -dx, 

d$ e e 

we have, since, when a; = 0, » = and the Const of integration is zero, 

« = clogntan^45'* + £] (8) 

Equation (8) gives the length of the curve from the lowest point O to 
any point P. 

From (8) we have 

» , , 1 + sin — 

e 



€^ = tan f45^ + ^] =^ 



■> 



cos — 
e 

where e = 2.718283 is the base o f the Nap erian system of logarithms. 

OB / OR 

If we substitute sin - = 4/ 1 — cos' — and reduce, we obtain 

-I^ = sec? = !(/+/'-) (») 

cos— ^ ' 

e 

Substituting (9) in (7), we have 

We have seen (page 111) that for vertical external forces the horizontal 
projection of the tension at any point is constant and equal to Sj and the 

2> 

vertical component is therefore J7tan a = JJtan — . We have then for the 



tension at any point P 



r=jff|/l+g = ^4/l + tan«|=JJsec?.. . . .(11) 
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Let the two points of support A and ^ lie in a horizontal line AB. 

Then the curve will be symmetrical with respect , ^^ 

to the lowest point C, Let the entire length of ^^ ^ — '■^ — ^ — ^^ 

span AB be 22, then the weight of the entire 
string W will be given by 

Tr=:afftan-, 
c 




or, since, by equation (4), c = ^, 

o 

ir=2iftani^ 



or 



^=1 



oot-. 



'Hie Biea of normal section at any xx>int F is then, from (2) and (11), 

W 



. T H X 

^=r— s= sec --"Ss . 

< i c 2^ 



. ^Z X 

oot -psec-^. 
^ c 



X t 

Substituting the vidue of sec — from (9) and putting c = ^, we have 

for the area of cross-section A at any point P at a distance measured along 
the curve from the lowest point C equal to « = CP, 

il = ^p+r"^) cot^ (12) 

From eq|uation (12), if the points of support are on a horizontal, and 
the span Ab^ the weight of the entire string, its density and the unit ten- 
sion are given, we can find the area of normal section at any point P at a 
distance s along the curve from the lowest point C 

[Load Proportional to the Area between the Stringy and a Horizon- 
tal.] — Let the load on any portion of 
the string CF be proportional to the 
area OCFx between the curve and a 
horizontal line OX, Take the origin 
at O in the vertical through the lowest 
point C, and let the distance 00 = y^, 
y^ Let w be the mass, or weight in 
gravitation units (page 6), of one unit 




of area of the load area between the curve and OJT. 
Let H =r t^, or 

^ = 0"; 

W 



(1) 



that is, i?i8 the area af that portion of the had wtea whose weigJU is 
equal to the tension HattTie lowest point 0. 

Let the area OCFx be denoted by u. We have then for the load from 
C to any point P, 



Zy = — tt?M = — tt^ jydx. 



(2) 



Referring to our general equations (4), page 111, we have also Fx = 0, 

^ ^ dy jt 

cos a = 3—, cos d = ^, and 
ds '^ ds 



-H + 



^dx 



-u,fi,dx 



dz 
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Eliminating T, we have 

di""dE?~"5'""? ^^' 

Multiplying by 2dUy 

2du(Pu _ 2udu 

Integrating, 

du* u* ^ 
— = — + Const. 

Now u = /ydx, and du = ydx, or -^ = y. Therefore, when u= 0, 
t/o dx 

du 

^ will be equal to 2^0 = OC, and Const = ^o. Henoe 

du* w' , , du 

^=^ + y.*. or <te = 



Integrating, 

aj = c logn - +y ^ + y«' + Const 
When u = 0, we have a; = 0, and Const. = — c logn ^o. Hence 

Or, if 6 = 2.718282 is the base of the Naperian system of logarithms, 

e^=iL+i/^+l. (5) 

cyu ^ (fyo* ^ ' 

Solving this for u, we obtain 

e«-e ^] , 

Also, since y = — =y -J- + yo", 



(6) 



» JC 



We have from (8) also 



(7) 



(8) 



« C 



•""£=?.=&(••"-'•") 



(9) 



For the tension T at any point P, since -Py = J?^ = JST-if, 



= 4/i?t« + -H'* = i5rf/l +^* = -H'8eca. . . . (10) 
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The length c is the parameter of the curve. From (6) we have 

and 



12a 



y^ y t^iJ ' 



cV< 






Therefore, from (4), 



and henoe 



= c logn f J^ + i/^-; - A 



c = 



X 



^ Ct * <• - ') 



(11) 



(12) 



Strin^r Acted on by Central Force. — When the lines of action of th& 
forces applied to the elements of the string all pass through the same point,, 
the force acting on the string is said to be 
central, and this point is the centre of 
force. 

Let P be any point of the curve, and 
take the centre of force O as the origin, and 
let the radius vector OP = r make the angle 
with the axis of X Then we have 

cobO=— , sinS = -. . . (1) 
r r 

Let the force F upon the element ds at 
any point P make the angle 4> with the tan- 
gent at P, and let the tangent make the angle a with the axis of z. Then 

dx 




dy 
coea=:=--, sina=--^: 
da ds 



(2) 



(8) 



X dx y dy 

cos = cos (a — 0) = cos a cos + sin a sin = — -t- + — -r^; 
y' \ ' r ds r da 

*. . ^ . * xdv y dx 

sm = sin (a — 0) = sin a cos — cos a sin = — -/^ — =^ 3-. 

r da r da ^ 

If p is the perpendicular ON let fall from on the tangent at P, and f> 
is the radius of curvature of the curve at P, we have, page 88, Vol. I, Kine- 
matics, 



P = 



rdr 
dp 



(4) 



Now from equation (1), page 112, if i?* is the force upon the element 
da^ we have 

r,— Ti=dT=: ^Fgos <P, 
<nr, substituting the value of cos from (8), 

dr = - -^(«to + ydy). 



But a^ + y* = f*, henoe xdx + ydy = rdr, and therefore 

dT^-^^r. 

da 



(5) 



\ ^ 
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From equation (2), page 112, we have 

T F , ^ 

or, substitnting the value of sin (p from (8), 

T_F__f dy _ ^\ 
p "^ rd8\ da ''da)' 

But 0-4^ — y^- = ajsina — ycos a =p. Therefore 
da da 

^=1^- («) 

Substituting the value of — from (5), we obtain 

dT^^TriL. 

Substituting the value of p from (4), we obtain 

dT _ _^dp 
T " p' 

If we integrate this and let T=Ti when p = jji , we have 

Tp = Tipx = a Constant (7) 

Hence we see that the moment of the tenaian with reaped to the centre 
of force is constant^ or the tension varies inveraely aa t?^e perpendicular p 
on the tangent from tJhe centre offeree* 

Eliminating T between (7) and (6) and putting for p its value from (4), 
we have 

dp ^ dr F 

'^ " T^i ' ds' 
or integrating, 



p" J Tipx ' da' 



(8) 



the limits of the integral being given by the conditions of the problem. If 
the force is away from the centre, or repulsive, F is positive ; if towards 
the centre, or attractive, F is negative. 

From (8), when F is given, the equation to the curve is to be found, or, 
if the curve is given, F may be found. 

Also from (7) and (5) the tension at any point of the curve may be 
found. 

From equation (46), page 88, Vol. I, Einematios, we have 

r*de* 1 1 . dr» 

P = _,^ . ^^^, 1 or —a = 15 + 



dr" + r»d6'' * p« r* r^dS"' 

or if we denote — by w, 

r 

' =: U' + (9) 

p* ^ d^ ^ ' 

Equation (9) will be found useful in reductions. 



* Compare with page 85, Vol. I, Kinematics, where we see that for a particle 
moving with central acceleration the moment of the velocity is constant. 
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[Central Force IiiTersely as the Sqnare of the Distance.]— As an 
application of the preceding Article, let ns suppose the force F upon an 
element da of the string to be repulsive and to 
vary inversely as the square of the distance from 
the centre of force. 

Let d be the density of the string or the mass 
of a unit of volume. Then the mass of an ele- 
ment of length da whose area of normal section 
is J. is dAds, Let the central acceleration of 
one unit of mass at a known distance of r' from 
the centre be a'. Then the acceleration a at any distance r is given by 

-=-, or o = — . 
The force ^upon an element ds at the distance r is 

where the (+) sign is to be taken for repulsive force and the (— ) sign for 
attractive force. Let the density d and area A of normal section be 
constant, and let 

H^a'r^dA, (1) 

where the constant // is evidently numerically equal to the force on the 
mass of one unit of length of the string at a distance unity. 
Then if the force is repulsive, we have 

^ « (2) 







ds 


r "~r. • • 


From equation (5), 


page 


123, 








dr = 


:-J<fr. 


Integrating, 












r= 


^ + Const. 



When the initial value of r is ri , let the corresponding value of T be 

Tu Then Const. = Ti — - , and we have * 

ri 

r=rt + Jl-iJ (3) 

From equation (8), page 124, 

-L — — r ^ — — ^ C— ^ 
p ^ J Txpx r* "" J mx r"' 

where we denote the moment Txpx by mi. 
Integrating, 

= — • - + Const. 
p mx T 

— 

• Notice the analogy with the velocity as given on page 145, Vol. I, Kine- 
matics, of a particle acted upon by an aJOT^cHw force varying inversely as the 
square of the distance, vii., 



•• = V + 8av(J-i]. 
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Let p =jpi when r = ri. Then Const. = — and 

Pi tniri 

i=i + ji.(i_i) 

p pi mx\r rij 
If we put for the sake of simplicity 



(4) 



-^ = c and ^ = — c^, . • . . (5) 



equation (4) becomes 



1 c 

p r ' 



or if we denote - byw, 

•^=:CU^CK (6) 

We have then from equation (0), page 124, 

Hence 

^ = ((r»-l)M*-2c*iru + c«A^ (7) 

The integral of this equation will give the equation of the curve of 
equilibrium. 

We have evidently three cases : when c" > 1 ; when c* = 1; when c* < 1. 

Case I : When c^ is Greater than Unity. — Letc' be greater than unity. 
Then let 

c» - 1 = n«, 
and we have from equation (6), after reduction, 

^= .. ""!.. ^^ (8) 



V(«-^)--$ 




From equation (8) we have dT=fidti. But we have seen, page 112, 
that when dr = 0, the force is normal to the curve of the string. That 
_ value of u in equation (8) which makes du = % 

2>^^^^^^\ will then give an apse A, that is, a point where 

jA the string is perpendicular to the foroe. Let this 

value of u be Uo = — . 

n 

du 
From equation (8), putting ^ = ^» ^® obtain 

Wo = — = ^(1 + c) (f) 

To fir 

For any value* of u less than this, equation (8) becomes imaginary. AU 
values of u mast therefore he greater than Uo , that is, u increases or r 
diminishes each way from the apse. We have then du positive in equa- 
tion (8). 
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Integratmg equation (8), we obtain 

«=ii,^[«-giV(«-T")-$'] + «°-^ 

Le 6 = ^ when t* = ut = -j(l + c). Then Const. = 0— - logn^ . 

If e = 2.718282 is the base of the Naperian system of logarithms, we 
have 



^•"-«-("-$)=/("-5)'-"^- 

Squaring and reducing, we have 

-='^k^ — H ) <!»> 

Equation (16) is the polar equation of the curve of equilibrium. 
The values of c and k are given by equations (5) and (1). 
If we measure from the initial radius vector r\ through the apse, we 
have <^ = 0, and Ux = wo. Therefore, from (9), 

«. = -,-(! +0. or -^ = ^5^^. 
Substituting this value of k- in (10), we obtain 

Ux 



u = 



if. 4- 1 L^» 
mx 



-jj-^'-y"" I (u) 



■] 



Equation (11) is the polar equation of the curve of equilibrium when 
the angle 6 Is measured from the initial radius vector rx through the apse. 

yfe have u = -, Ux = — » and the value of /< is given by equation (1). 

T Tx 

Case 2 : When c* is Equal to Unity. — When c* = 1, we have 
<=4-lorc=s — 1. When c = + 1, we have w* = c" — 1 = 0, and from 
equation (11), u = Ux^ or r = ri. The centre of equilibrium when c = 
+ lis therefore a circle. 

When c = — 1, we have also n* = c* ^ 1 = 0, and, from equation (11), 

ji s= ~ or indeterminate. In this case we have, from equation (7), 

d8 = "^*^ (la) 



/^ 



Putting ^ = 0, we have for the value of u at the apse 



K 

tt. = 3. 



For any value of u greater than this equation (12) is imaginary. All 
values of u must then be less than Uq, ovu diminishes each way from the 
apee. Henoe du is negative. 
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Integrating (12), we have 

e = 4/ 1 — — + Const. 

' K 

if 

Let = when u = uo = ^ • "^^^^ Const. =: 0, and 

e-0 = /l-^, or u = f[l-(O-0)l. 

Hence 

2 

^ = . -• ... . • • (%o} 

l-(©-0)' 

Equation (13) is the polar equation of the curve of equilibrium when 
c = — 1. The value of k is given by (5). 

If we measure 6 from the initial radius vector Vi through the apee, we 

iC \ 2 

have = 0, and ui = s- = -, or k- = -. Substituting this value of jc, 

« Ti Ti 

'•=r^'- <i^ 

Equation (14) is the polar equation of the curve of equilibrium when 
c = — 1, when the angle is measured from the initial value of r through 
the apse. 

Case 3: When c* is Less than Unity. — Let c* < 1 and put 1 -- c* = n\ 
Then from equation (7), after reduction, we have 

« .■.-'" . (la) 



V?= -(«-$)' 



Putting — = 0, we have for the value of u at the apse 



Wo = -yd — C). 



Any value of u greater than Uo gives e<]^uation (15) imaginary. All 
values of u must then be less than Uo , or u diminishes each way from the 
apse. Hence we take du negative in equation (15). Integrating, we have 



1 t^ + — r 

= - cos "" ^ — + Const 

n cK 



n* 



Let 9 = when u = Uo, Then CouBt, = <p, and 

(9_0)=LcoB-»fc + 5!5iV 

n \ CK J 

or 

cos n(0 ^ 0) = + — . 

CK 

Hence 



tt = -^[o-oo8iKe-0)] (1«) 
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Equation (16) is the polar equation of the cnrye of equilibrium. 

The value of k is given by (5), 

If we measure from the initial radius vector n through the apee, we 

have = 0, and t*i = w« = ^^(1 — c), or jc = !^*^ -. 

Substituting this value of k- in equation (16), we have, if we put 
= , where /i is given by equation (1), 



U = 



1+ ^ 



^^ + oosn6J (17) 



mi 



Equation (17) differs from the focal polar equation of a conic only in 
having the angle multiplied by a number n lees than unity. 



EXAMPLES. 

(1) An endless fleasible string of uniform linear density but with- 
out weight is moving so that the velocity of each element has a con- 
stant magnitiuie v and a direction always tangential to the string. 
Show that the tension is the sam^ at every point of the string^ and 
find it. 

Ana. Since the tangential velocity is constant, there is no tangential accel- 
eration and hence no tui^ntial force. 

Therefore from equation (1), page 112, Tt^ Ti = 0, or there is no variation 
in tension. 

If p la the radias of curvature at any point, then the normal acceleration of 

hat point is/n = — (page 68, Vol. I, Kinematics). 

If d is the linear density, or the mass per unit of length, then the normal 
fo«e per unit of length is Sfn = -. From equation (2). page 112. we have 
then 

^ = 1. or r=«^. 
p p 

where T ia given in ponndals. In gravitation unite (page 6), 

9' 
where g is the acceleration of gravity. 

(2) An endless flexible circular string of radius r and of uniform 
linear density d, but unthout u^eight^ rotates in its own plane about 
its centre with 'the angular velocity oo. Find its tension, 

Ans. The tangential velocity roo is constant, and hence there is no tangential 
force. Therefore, just as in the preceding example, there is no variation in 
tension. 

The normal acceleration is fn= rool^ (page 76, Vol. I, Kinematics). 

If d is the mass per unit of length, then the normal force per unit of length 
is drctf*. From equation (2), page 112, we have then 

T 
droa^ = — , or T= ^r'co*, 
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where T is given in poondals. In grayitstion units (page 6), 

where g is the acceleration of gravity. 

(3) A body tveighing 7 lbs. is suspended from a fioced point by a 
uniform string, 12 inches long, weighing 18 oz. Find the stress in 
the string at its middle point and at its upper and lower ends. 

Ans. 7^^ lbs., 8ilbs., 7 lbs., in gravitation units; or, taking ^ = 32, 243 
poundals, 260 poundals, 2IS^ poundals. 

(4) Show that the horizontal component of the tension at any 
point of a uniform flexible string hanging in equilibrium from ttco 
fixed points is equal to the tension at the lowest point, and that the 
vertical component is equal to the weight of the portion of the string 
between the given point and the lowest point 

Ans. See page 111. 

(5) Show that at any point of a uniform flexible string which is 
hanging in equilibrium with two points fixed, its inclination to the 
horizon is the angle whose tangent is the ratio of the weight of the 
portion of the string between the given point and ihe lowest point to 
the tension at the lowest point, 

Ans. See page 116. 

(6) In the preceding example, show that the squxire of the tension 
at any point is equal to the sum of the squares of the u)eight of the 
portion of the string between the given point ana the loioest pointy 
and of the tension at the lowest point, 

Ans. See page 117. 

(7) A telegraph wire, weighing 400 Jbs, per mile, is stretched be- 
tween two points in the same horizontal line at a distance of 100 yds, 
with a horizontal tension of 400 Jbs. Find the deflection of the lovoest 
point of the wire below the fixed points, neglecting stretch and sup- 
posing the wire perfectly flexible. 

Ans. From equation (6), page 116, a; = 150 ft., c = 6280 ft., deflection = 
2.1 ft. 

(8) A uniform wire tveighs w lbs. per foot and is just able to stand 
a stress of P pounds. It is hung between tuH> points in the same 
horizontal line, distant d ft., so as to be on the point of breaking. 
Obtain an equation to determine the half length s, the wire being 
supposed to be perfectly flexible and inextensible. 



Ans. From page 117 we have P* = JJ* + to***. Hence H= i^P" — w*«*. 
Also c = — = -5- , and a? = - . Therefore, from equation (8), 

dw dw 






2w 



(X y r"— w-«- y tut* - «;■»" y 

)• 



(9) A string 202 ft. long, which weighs 1 lb. for every 10 ft., is 

hung between tivo points in the same horizontal line distant zOOft. 

Obtain an equation to determine the tension H at the lowest point in 

gravitation units, 

1 H 

Ans. We have « = 101 ft., ^ = Tq lb., « = 100 ft., c = — = lOiT. 



\ 
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From equation (8), i>age 117, 



101 



/ 10 _io\ 



Solving this equation bj a series of approximations, we find IT to be about 
40 lbs., provided the string is perfectly flexible and inextensible. 

(10) Find the law of variation of the mass per unit of length at 
each point of a string acted on by gravity in oraer that it may hang 
in the form of a eemt-circle whose diameter is horizontal. 

Ans. Let AB = 2r be the horizontal diameter and the centre of the semi- 
circle. Let P be any point of the curve, and the 
anele POO = a. Let the co-ordinates of P be a; 
andy. 

dcB dy 

Then cos a = —-, sin a = -7- . 
d» ds 

We have from equations (4), page 111, 




dx 



£ 



-//«*+2'g=0. 



where S is the linear density or mass per unit of length, and Jfand Tare in 
gravitation units. 

Dividing the second by the first, we have 



or 



s =/■-. 



^tPy _ 6d8 
(te* ~~ dx' 



But the equation of the curve is a^ -f- ^ = ^* Henoe 

.^— —* A <^y _ ^ ^^ — _ ^ 

(to"" y* da? "^ y* """y** 

Therefore 






^ _f» dx 

y* d$ 



dm 



But -T- = ooB a, and 
da 



dx 
d» 



= — y. Hence 



That is, the mass per unit of length varies inversely as the square of the 
distance of the point below the horizontal diameter. 

(11) A telegraph line is constructed of wire which weighs 7.3 lbs. 
per 100 feet. The distance between the posts is 150 feet and the wire 
sags 1 foot in the middle. Show that it is screwed up to a tension of 
about mibs. 

(12) Find the law of variation of the mass per unit of length in 
order that a string may hang under the action of gravity in a 
parabola. 
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Ana. From pue 118, ttio load per unit of faorfMUtel piDJeeUon 1b eonsUut 
knd equal to w. ^e load per unit of kngtli U then proportioiul to the tangaat 
of the slope, or ^ ^ « tui a. 



(IS) iShoto that the area of fwmutl aecOon at any paint in the 
catenary of ww/orm atrength ia pnqxtrtional to the radm* of cur- 
vature. 

Am. Prom page 121, we we that A la proporUoud to sec - . From peg* 

120, eqiuUoD (7), we see that sec - la ptoportioiul to the mdloa of cnrrktare. 

(14) A uniform inextentible atring aaaumea the form of a circle 
under the action of a repuZn've force emanating from a potnt on ita 
drcumfercnce. ^nd the law of farce. 



Ana. From page 124, Tp = Const. = e, or f 

vector of anj point P, p = 

T 
From page 113, ^ = - 

of the drde. Hence -^- 




: — . Bat if r is the ladiiu 
P 

rooflfi. Hence 7= — ^—z. 
reotS 

- COB S, where S is (be ndlos 
fiooBe = --^, BntfooaO 



r and cob 9 - 



1 I 



Taries invenel j aa the cube of the diatiince. 



_4efl 



the force 
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COHCPF U tmO OO-PI.ANAK FORCRfl. APPLICATION TO FRAMED I 

APPUt£ST ISDKTBMIIKATION. H0K-COBCORHING FOBCKS, EQUILIBBJOM 
POLTOOW, GRAPHIC COKHTRCCTION FOR CBMTRB OV PAKALLKIi POBCES. 
PROI-BBTIBB OF K^DIUaRIDU POLtOON. APPLICATION TO PARALLgL 
rOKCSS. 

Graphical Statics.— While the eolution of statical problems by I 
computation and analytical methods is sometimes tedious ana | 
involved, they may often be solved with comparative ease and 
' ■ by graphic construction. 

■ itical problems by graph _ 

to gr&phical statica. We shall consider only co-planar forces. 

Concurring Co-planar Forces. — Let any number of co-planar 
forces F., F,, F=. F., etc., 
given in magnitude and direc- 
tion, act at a point A, Fig. 1. 

In Fig. 2, from any point 0, 
lay off t« scale the line repre- 
sentative of F, from to 1. 
then the line representative of 
Ft from 1 to 2, then the line 
rcprcBcntJvtive of F, from 2 to 3. then the line representative of Ft \ 
tniinS to 4, and soon. The polygon 1 3 3 4 thus obtained we call \ 
the force polygon. 

If all thi-se forces are in equilibrium, the algebraic sum of their 
horizontal and vertical components must bo zero. But when this I 
is the case, evidently 4 and 0, in Fig. 2, must coincide, or tl)e force I 
potugon must close. We have then the following principle : | 

Jj an]/ number of concurring forces are in equilibrium, the foro9 
jutlj/gtm is cloned. If the force polygon is not closed, the line 4 
neceasary to ntake it cloee mvea the magnitude and direction of the 
reaultant R. ff toe eonalder this reatutant acting at thepfimt of 
application A tn the direction from 4 to 0, obtained by/ollomng 
round the pitlygon in the direction of the forces, it ivilf hold the 
/irrcfK at A in equilibrium. If taken as acting in the opposite dii-ce- 
tion at A, it will replace the forcea. 

C<>8. I. The onier in which the forces ai-e laid off in the force 
polygon is immaterial. Thus in Fig, 2, if we had laid off 1. then 
the line representative of F. from 1 to 8', and then the line repre- 
eentative of Ft , we should arrive at 3 just as before. By a similar 
cbnngD of two and two we can have any order we please'. 

1S3 



134 



GRAPHICAL STATICS — CO-PLANAR FORCES. [CHAP. TU 



F4 



ft. 



Fig. 1. 



1" 



2 



3t 



CoR. 2. Any line in the force polygon, as 2, 3, or 1 3, is the re- 
sultant of the forces on either side. Thus 2 is the resviltant of JF^i 
and Fi , and, acting in the direction from 2 to 0, holds Fi and Ft in 
equilibrium and replaces F» , F* and R, 

Cor. 3. If the forces are all parallel, the force polygon becomes 

a straight line. Thus in Fig. 1, if the parallel 
forces Fi , Ft, Ft, F*, etc., act at the point A, 
we have the force polygon Fig. 2, 1 2 3 4, and 
the closing line 4 is as before, the resultant R 
and equal to the algebraic sum of the forces. 
If taken as acting from 4 to 0, it will hold 
Fio. i, the forces at A in equilibrium. In the opposite 
direction it will replace the forces. 

Notation for Framed Structures. — Let the 
figure represent a roof -truss composed of two 
rafters, a horizontal tie-rod and mtermediate 
braces consisting of struts and ties. 

The notation which we adopt in order to designate any number 
of a framed structure, or any force acting upon the structure, is as 
follows: 

We place a letter in each of the trian^lar spaces into which 
the frame is divided by the members, and also a letter between any 
two forces. Any number or force is then denoted by the letter on 
each aide of it Thus in the figure AB de- 
notes the force i^i , BC denotes the force 
Ft , CD denotes the force Ft , DE denotes 
the upward pressure of the right-hand 
support Rt , EA denotes the upward pres- 
sure of the left-hand support Ri. Also Aa, 
Bb, Cd, De denote the portions of the 
rafters which have these letters on each 
side. The portions into which the lower 
tie is divided are in the same way Ea, Ec, Ee. The braces are 
a6, 6c, cd, de. 

The student should carefully adhere to this notation for the 
frame whenever using the graphic method. 

Character of the Stresses. — The determination of the kind of 
stress in a member of a frame, whether tension or comnression, is 
as important as the determination of the magnitude of tne stress. 

In the preceding figure, suppose we know the upward pressure 
at the left support Ri or EA, and we wish to find the stresses in 
the members Ski and Aa, Fig. 1, which meet at the lower left-hand 






Fio. 3. 

apex. If these stresses and Ri are in equilibrium, they will make a 
closed polygon. If then we lay off EA in Fig. 2, upwards, equal 
to Ri , ana then from A and E draw lines parallel to Aa and Ea 
in Fig. 1, and produce them till they intersect at a. Fig. 2, evi- 
dently the lines Aa and Ea in Fig. 2, taken to the same scale aa 
EAi will give tiie magnitude of the stresses in Ea and Aa in Fig. L. 
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Thus, linea in the force polygon which have letters at each endM 
give the stresses in those members of the frame denoted by tlie eameM 
letters at the aideis. I 

Now as to the character of these streasea, the directions An and] 
aE ia Fig. 2, obtained by following round in the known directioDl 
of Rt, are the directions for equilibrium (page 133). I 

Since we are considering the concurring forces acting at the left- 1 
hand apex, transfer these directions to Fig. 1, and we see that Aa 
acts towards the apex we are considering and thus resists compres- 
sion, and aE acts away from it and therefore resists tensioii. Tlw 
stress in Aa is therefore compressive i — ) and in a£ tensile (+). 

In genoi-al. then, if we take any apex of the frame in Fig. 1, and J 
consider the concurring forces acting at that apex as a systen * 
concurring forces in equilibrium, wo nave the following rule: 

Follow round the force polygon in Fig. 2 in the direction 
dicated by any one of these forces already knoKn, and transfer . __ 
directions thus obtained for the atreaaea to the apex In Fig. 1 undtr I 
eonsideration. If the stress in any mender ia thus fmmd acting I 
avray from the apex, it is tension (+); if towards the apex, it w 1 
compression (— ), 

Application of Preoeding^ PrinoipIeB to a Frame. — Let Fig 
be a frame consisting of two rafters, a horizontal tie-rod and bi'ui. 
ing aa shown, carefully drawn to a scale of a certain number of ■] 
feet to an inch. This we call the frame diagram. 





Let the forcea F, . Ft, F, act at the upper apices, and let the 
reactions or upward pressures of the supports be Ri and R,. 
Nolato the frame and these forces as directed, so that F, = AS. 
F, = BC. F, = CD, R, = DE, R, = EA, while the members are Aa. 
Bb, Cd, De, Ec. Ec, Ea, ab, be, cd, de. 

The outer forces acting upon the frame cause atresaes in the 
members. These outer forces must first be all known, or if any are 
unknown, they muat first be found. 

Ijiy off these outer forces AB. BC, CD, DE, EA in Fig. 2 to a 
Bcalo of a certain number of pounds to an inch. Each force in Fig, 
8, havins letters at its ends, la ei/ual and f)a>'allel to those forces m 
Fig-l which have the same lettera at tite sidvs- 

Tbe polygon formed by AB. BC. CD, DE, EA {in this case a 
straight line, Cor. 3, page 134i we have called the force polygon. 

Ifthe 6'ame ia in equilibrium, this polygon muat always close, 
that is, the outer forces acting upon the frame must be in e«qiiilib- 
rium. If it does not close, these outer forces are not in equilibnum 
and the frame will move. That ia, the frame itself, so far as its 
motion as a whole is considered, may be treated as a point (page 
83). 

Having thus drawn and notated the frame Fig. t and con- 
structed the force polygon Fig. 2, we can find the stresses in the 
muintMirs. The forces and stresses at i-ach apex must be in equilib- I 
rium, and therefore form a closed polygon. 



I 



136 GRAPHIOAL BTATI08— OO-PLAHAB F0BCB8. [CHAP. YI. 

Thus consider first the left-hand apex, Fig. 1. At this point we 
have the reaction EA and the stresses in Aa and Ec^ constituting 
a system of concurring forces in equilibrium. But we already 
have EA laid off in Fig. 2. If then we draw Aa and Ea in Fig. 2 
parallel to Aa and Ea in Fig. 1, and produce to intersection a, the 
polygon is closed and we have in B^. 2 the stresses in Aa and Ea, 
to the same scale employed in laying off EA, Since EA acts up- 
wards, if we follow roimd from JE; to A and A to a, and a to JS^, m 
Fig. 2, and transfer the directions thus obtained for Aa and aE to 
the left-hand apex in Fig. 1, we have the stress in Aa towards this 
apex or compression (— ), and the stress in aJE away from the apex 
and therefore tension ( -h ). 

[The student should follow with his own sketch and mark each 
stress with its proper sign as he finds it.] 

Let us now pass to the next upper apex, at Fi. Fig. 1. Here we 
have Ft or AB and the stresses in Aa, ab and Bh in equilibrium. 
But we already have the stresses in Aa and AB laid off m Fig. 2. 

If then we draw from a and B in Fig. 2 lines parallel to oh and 
Bh in l^'ig. 1, and produce to intersection &, the polygon is closed 
and we have in Fig. 2 the stresses in ah and hh. Since AB is 
known to act downward, we follow roimd in Fi^. 2, from A to B, 
Blod.dtoa, and a to A, and transfer the directions thus obtained 
to the apex at Fi , Fig. 1, under consideration. We thus obtain the 
stress in Bh towards the apex or compression, the stress in ha to- 
wards the apex or compression, and the stress in aA towards the 
apex or compression, just as already found. 

Note that in the first case, when we were considering the apex 
at JJi , we found the stress in a A acting towards that apex. Now 
when we consider the apex at Fi we find the stress in aA acting 
towards that apex — in both cases, then, compression. 

Let us now consider the second lower apex, Fig. 1. We have 
here no outer force, but the stresses in Ea, ah, he and cE must be 
in equilibrium and therefore form a closed polygon. But in Fig. 
2 we nave already found the stresses in Ea and oft. If then we draw 
from h a line parallel to be in Fig. 1, and produce it to intersection 
c with Ea, the polygon closes, and we have in Fig. 2 the stresses 
in be and cE. We have already found aE to be tension. It must 
therefore act away from the apex we are considering. We there- 
fore follow round in Fig. 2, from £J to a, a to 6, & to o, and c to ^, 
and transfer the directions thus found to the corresponding mem- 
bers in Fig. 1. We thus obtain the stress in Ea tension and the 
stress in ah compression as already found, and the stress in he 
tension and in cii; tension. 

Let us now consider the top apex. We have here the force 
Fii = EC, and the stresses in B6, he, cd and dC, in equilibrium. 
But in Fig. 2 we have already laid off BC, and we have found the 
stresses in Bh and be. If then we draw from c and C lines parallel 
to cd and Cd in Fig. 1, and produce to intersection d, the polygon 
closes and we have in Fig. 2 the stresses in cd and Cd. Smce BC 
acts downwards, we follow round from 5 to C, C to d, d to c, c to 6, 
and b to B. Transferring these directions to the corresponding 
members in Fig. 1, we obtain the stress in Cd compression and in 
dc tension, while the stress in ch is tension and in oB compression 
as already found. 

We can thus go to each apex and find the stresses in every 
member. 

The lines in Fig. 2 which thus give the stresses in the members 
constitute the stress diagram. Each stress having letters at its 
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«ids in Fig. 2 u parallel to that menAer in Fig. 1 which has the 
same lettern at its aides. 

Apparent Indetermiimtion of StreueB.— It sometimes bappeoB 
that a frame has no superfluous members and yet in applying the 
graphic method we are unable to find any apex at which all the 
furves but two are known. In such case the difficulty may be 
overcome by taking out one or more of the members and replacing 
them by another member, and then applying the method until we 
find the stress in some member which is not affected by the change. 
Or we may find the stress in this member by the method of sec- 
tions (page 102). Having found this stress, we can replace the 
membra^ taken out and find the actual stresses. 

Thus let Fig. 1 be a frame • acted upon by the forces F,,F,, 
Ft . Ft , etc., and the reactionB or upward preaeures of the supporta 
M,,Jt,. 




1 
I 



Notate the frame and the forces by letters on each side as di- 
rected (page 134). 

Then lay off to scale the outer forces in Fig. 2, thus forming the 
force polygoii ABCD . . . HIA. This polygon is a straight line in 
ttiia caee, because all the forces are parallel, and it must close, that 
I, tlie outer forces are in equilibrium. 
We can now proceed to find the stresses as follows: 
Consider first the lefthand apes, Fig. 1. At this point we have 
e reaction I A and the stresses in Aa and la constituting a ays- 
ti of concurring forces in equilibrium. But we already have I A 
I&fd off in Fig. 2. If then we draw Aa and la in Fig. 8 parallel to 
So and Aa in Fig. 1, and produce to intersection a, the polygon is 
Mosed and we have in Fig. 2 the stresaes in Aa and la to the same 
ale employed in laying oflf the forces. Since lA acts upwards, 
e follow round from / to .d, .^1 to a, and a to /, in Fig. 3, and 
^mnsfer the directions thus obtained for Aa and al to the corre- 
sponding members in Fig. 1. 

We have then the stress in Aa towards the apex we are con- 
(deling or compression (— j. and the stress in al away from that 
pex or tension (+). 

Considering now the next upper apex, we have here the force 
_IB known, the stress in Aa already found, and the stresses in ab 
ttid Uh unknown. If then in Fig. 2 we draw aft and Bb, thus clos- 
g Iht-* polygon, we obtain the etresaes in ah and Bb. 

• DiBregud for the preBent tbe dotted member iu Fig. 1. 
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Since AB acts down, we follow round in Fig.. 2 from A to B, B 
tob.bto a, and a back to A, and transfer the directions thus ob- 
tained to the corresponding members in Fig. 1. We have then the 
stress in Bb towaras the apex we are considering or compression 
(— ), the stress in ba towaras that apex or compression (— ), and the 
stress in a A also towards that apex or compression (— ), just as we 
have already found it. 

Note that when we were considering the apex at Ri , we found 
the stress in aA acting towards that apex. Now when we consider 
the apex at Fi we find the stress in aA acting towards that apex. 
In both cases, then, compression. 

We can now consider the next lower apex, where we have the 
stresses in la, a6, be and cl in equilibrium. We already know la 
and ab, and if we draw in Fig. 2 be and cl, we obtain the stresses^ 
in be tension (+), and in cJ tension. 

Thus far there has been no difficulty in the application of the 
graphic method. But now we cannot consider the next upper or 
lower apex, because at each we have more than two unknown 
forces. If we should start at the ri^ht end, we should soon come to 
the same difficulty on the right side. Apparently we can go no 
farther. 

The number of members is 27 (we disregard the dotted member 
in Fig. 1). The number of apices is 15. We have then, applying 
the criterion for superfluous members (page 103), m = 2n — 3. There 
are then no superfluous members. 

If now we remove the two members de and ef and replace them 
by the dotted member e'/, where e' takes the place in the new nota- 
tion of the two letters e and d, we have still a rigid frame with no 
superfluous members. For the number of members is now m = 25 
and the number of apices is n = 14. We have then w = 2n — 3. 

But this change has evidently not affected the stress in the member 
Ig. We can therefore now carry on the diagram until we find the 
stress in Ig, or we may compute the stress in Ig directly by the 
method of sections (page 102). 

Thus if we now consider the apex at -Fa , Fig. 1, we have at this 
point the stresses in the members Bb, be, ce' and e>C, and the force 
BC, all in equilibrium. We know BC, Bb and be, and if we draw 
in Fig. 2 ce' and eC, we obtain the stresses in eC compression and 
in ce' compression. 

We can then pass to the apex at F% , Fig. 1, where we know all 
the forces except the stresses in Df and/e'. We draw then Df and 
fe' in Fig. 2, and obtain the stresses in Df compression and in fef 
tension. 

We can now pass to the next lower apex, where we have the 
stresses in Ic, ce' and e/, and can therefore find fg and Ig. We 
draw then fg and Ig in Fig. 2, and obtain the stresses in fg and Ig 
tension. 

We have thus found the stress in the member Ig, and since this 
is unchanged by the removal of the members de and ef, we can now 
replace those members and remove ef. 

We can now consider the second lower apex and find the 
stresses in cd and dg, and can then pass to the apex at Fz and fijid 
the stresses in ef and Df, and so on. We can thus find the stress in 
every member of the frame, and there is no real indeterminateness. 

Remarks upon the Method.— The method just illustrated we 
may call the *'araphic method by resolution of forces?^ The stu- 
dent will note tnat he must always know all but two of the forces 
concurring at any apex before he can consider that apex. 



OHOICB OF 8CUES, BIO. 

I evident thst if the frame is completely divided into two 
portioQS by cutting the meuil>era, the etreeees which existed in 
the cut members before the section was made must hold in 
equilibrium the outer forces acting upon each portion of the frame 
(page 102». 

This is at ouce made evident by Fig. 2, page 137. 
Thus suppose a section cutting the menibers Bb, be and cE, Fig. 
1. and thus dividing the frame into two portions. We see from 
Fig. 2 that the stresses in the cut pieces make a closed polygon 
_ with £.1 and AB. the outer forces on the left-hand portion, or 
^^_ with BC, CD and DE, the outer forces on the right-hand portion. 
^^K If we solve the triangles in Fig. 8, page 137, we obtain algebraic 
^^Hexpressions for the stresses identical with those obtained oy the 
^^H" idgebraic method by resolution of forces " (page 101). 
^^H Thus since the algebraic sum of the horiKontal and vertical 
^^Hcomponents of the forces acting at each apex must be zero, we 

■ (ron 



►have -^ fii -K Aa c 



r Aa=!- 



, where 'i is the angle 
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of the rafter with the vertical. We get the Ranie result at once 
from Fig. 2 by solving the triangle AaE In the same way wo 
have at once, from Fig. 2, ab = — F, coa fi, where fi is the angle of 
ab with the vertical. 

We see also from Fie. 2, page 137, other relations, Thus we see 
that the stress in ab will be the least possible when it is perpendicu- 
lar to the rafter. We also see at a glance how the stress in any 
member is affected by a change of inclination of the member. 

(Anally, the application of the method is equally simple no 
matter how irre^ar the frame may be. 

If the frame is symmetrical with respect to the centre, and the 
forces f > , Pi in Fig. 2 (page 137) are equal, it is evident tliat tho 
stresses in each half will be the same. We have then Cd = Bb. 
«( = c&, and so on. 

Choice of Scales, etc. — In general the larger the frame is drawn 
in Fig. I, the bettor, as it then gives more accurately the direction 
of the members composing it. 

The force polygon Fig. 8, on the other band, should be taken to 
Ho larger scale than consistent with scaling off tho forces to the de- 
gree of accuracy required, so as to avoid the intersection of very 
long lines, where a slight deviation from true direction multiplies 
the error. If an error of one twenty-flfth of an inch is considered 
the allowable limit, the scale should be eo chosen that one twenty- 
fifth of an inch shall represent a small number of pounds, within 
Uie degree of accuracy required. 

The stress polygon Fig. 2 should be completely finished and the 
Signs for tension ( +) and compression {— ) placed on the frame for 
each member aa its stress is found, to avoid confusion, before the 
Stresses are taken off to scale. A good scale, dividers, straight-edge, 
tnangle. and hard fine-pointed pencil are all the tools required, "nie 
work should be done with care, all lines drawn light, points of 
intersection accurately located and the frame properly notated to 
correspond with the force polygon. Care should be exercised to 
'^Becure perfect parallelism in the lines of the frame and stress 
polygon. Some practice is necessary in order to obtain close results. 
It should be remembered that careful habits of manipulation, 
while they tend to give constantly -in creased skill and more ac- 
curate results, E^ect voiy slightly the rapidity and eaae with 
which, these results are obtained. 
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EXAMPLES. 

(1) A roof'tru8B has a 9pan of 50 feet and rite ofl2.fi feet. Each 
roifter is divided into four equal panels, and the lower horizontal tie 
into six equal panels. The bracing is as shown in the figure. A 
weight of 800 lbs. is sustained at each upper apex. Find the 
stresses. 

Ans. Draw the frame in Fi^. 1 to a scale of, saj, 12 feet to an inch, and 
notate it. Then conBtract the force polygon ABODEFOHIA, Fig. 2. 

Note that B% or HI and £1 or lA are 
equal and each 2800 lbs. The force polj- 
gon then closes as it should. We can take 
the scale of Fig. 2 as 8200 lbs. to an inch. 
Then an error of ^/^ of an inch will be 
about 128 lbs. 

We can then find the stresses as shown 
in Fig, 2. 

Aa Bb 

-6280 -5816 

le le 

4-4832 4-4024 

de ef 

4- 928 - im + 2400 lbs 

The accurate results (Ex. (3), page 542) 
as found by computation are 

- 6260 - 5813 - 4696 - 3577 4- 5600 

4- 4802 4. 4003 - 720 4- 720 - 1081 

4- 920 - 1443 4- 2401 lbs. 

It will be seen that the greatest error is only 30 lbs. The above results 
were actually obtained from the diagram, using the scales given. 

(2) Sketch the stress diagram ;f or a roof -truss as shown in the 
following Fig. 1, equal forces acting at every upper and lower apex. 

Ans. The student should note that the reactions DE and GA are each equal 
to half the sum of the downward forces or 2i forces. 

d 





Cd Df la 

- 4700 - 3680 4- 5624 

ab he cd 

- 720 4- 720 - 1060 

im 




We lay off then in Fig. 2 AB, BC, CD downwards. Then DE upwards 
equal to 2^ forces. Then EF, FO downwards. Then OA upwards equal to 
2^ forces, and closing the force polygon. 

The stresses can now be found as always. 

(3) We give in the follounng fiqures a number of frames with 
their stress diagrams.* For the sake of generality ^ the outer forces 
and reactions are often taken inclined as well as vertical. 

* The student should sketch the stress diagrams for himself in each case, put- 
ting down as be goes along the sign (— ) and (4-) for compression and tension 
upon each memW of the frame as soon as he finds it. 
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Fig. 1. 



Fig. %. 



Fig. 8. 






Wig. 6. 



Fiff. 6. 






FiS. t. 



Fls* B. 



Fig. ». 
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Fig. 10. 




Fig. 13. 





Sis. 14« 






Fig. 12, 




FIs. 16. 



Fie. 16. 



Fig. 17. 
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Vlff. »7* 




Fig. 88. 



Von-oononrring Forces. — Let the co-planar forces Fi, Ft, Ft^ 
F4 , etc., act at the points Ai, At, A», X of any rigid body, Fig. 1. 

If we lay oft the forces to scale 
in Fig. 2, we have as before the 
force polygon 012 3 4, and the clos- 
ing line 4 gives as before the re- 
smt^t. If this resultant acts in 
the direction 4 upon the rigid 
body, it will hold the given forces 
in equilibrium. If it acts in the di- 
rection 4, it will replace the given 
forces. 

We thus know the magnitude 
and direction of the resultant. But 
its position in the plane of die forces 
in Fig. 1 is as yet unknown. 

In order to determine this, 
choose any point O in Fig. 2, and 
draw the lines OO and 04. This 
point O we call the pole of the force 
polygon. Now since every line in 
the force i)olyRon represents a 
force, by thus choosing a pole O and drawing lines OO, 04 to the 
extremities of the resultant 4, we have resolved the resultant into 
the two forces represented by OO and 04. This is evident from tiie 
fact that these two lines make a closed polygon with 04, and hence 
taken as acting from 4 to O and O to 0, as shown by the arrows, 
hold the forces Fi^ F%, F%, FaIh equilibrium, or replace the result- 
ant 4 (page 133). As the pole O is taken anywhere we please, we 




tlVlL,!^ grj 



■QDILIBBIIIli FOLTGOK. 



ill 

i 

Kr. 



Cttii tliufl resolve the resultant 4 for equilibrium into forces in any 
two dlrectiotui we wish. 

Let us then consider the resultant 4 for equilibrium, replaced 
by the two forces 40 and 00. Anywhere in the piane of the forces 
ill Fig. 1 draw a line s. parallel to OO and produce it till it meets 
, produced if necessarv, at n. 

If then we take Si aua F^ , Fig. 1, &e acting at a. their resultant 
ill pass through a and be parallel to Si in the force polygon P'ig. 
because s, ui the force polygon is the resultant of Fi ana s, , since 
closes the polygon for thost forces. Through a in I^'ig. 1, theu, 
_.'aw a line {^fUlel to Si and produce it to intersection b with Ft , 
produced if necessary. The Ime a, in the force polygon is the re- 
flnltant of s. Eind J^.. Parallel to this line then draw «, through b, 
Fig. 1, and produce to intersection c with Fi , produced if neces- 
sary. The hue »> in the force polygon is the resutlant of »i and Fi. 
PHrallel to this line then draw si through c, Fig. 1, and produce to 
intersection d with F, , produced if necessary. Finally through d ia 
Fig, 1 draw a line Si parallel to Si in the force polygon. 

We thus find for any assumed position of si in the plane of the 
forces in Fig. 1 the proper coiTesponding position of s.. Since now 
It. and a. are comjionents of the resultant in profier position and 
each may he considered as acting at any point in its hue of direc- 
tion, we have only to prolong them, and tlieir intersection gives a 
poijtt eon the line of direction of the resultant. 

^ We prolong s> and a, then in Fig. I to intersection e. The line 
^ of direction of the resultant passes uirou^h e. Acting in the direc- 
tion from 4 to 0, it will hold the forces m equilibrium. We Uius 
know the magnitude, direction and position of the resultant for 
eqiiilihrium, 

Potition of Pole and of s, Indifferent.^The method is evidently 
general no matter where in the plane of the forces in Fig. 1 we 
take s- as acting, ami no matter whore we take the pole in Fig. 2. 

Pole, EqnilibriQm Polygon, Hays, Cloaing Line. — The point O we 
call the polo in the force polygon. It may be taken where we 
please. The uoljgon ubcd in F'ig 1 we call the eqnilibriiim polygon, 
and ab, be, ca. etc., are its segtiimtls. In the present case it is evi- 
dently the shape a string would take if suspended at any two points 
u A and B. in Fig^ 1, on a. and a,. The stresses in the segments 
would be tensile. These stresses are given by the lines OO, 01, 02, 
In the force polygon, and we call these lines r&yg. In general 
forces may act up as well as down, in which case some of the seg- 
ments would sustain compressive stresses and our equilibrium 
ilygon would contain struts as well as ties. 
l«t ufl take any two points, as .-1 and B, upon the end segnients 
and a,. Fig, 1. and supjioee them fixed. The force 5> acting at 
wo shall then have to replace by two forces, one parallel to tbe 
lultant and one in the direction AB. So also for «> at B. Tiw 
ro of the two components parallel to the resultant must be equal 
id opposite to the resultant, and the component in the direction 
B must be resisted by a strut or compression member AB. This 
solution we make at once hy drawing through O in the force 
iljrgiin a line OL parallel to AB, The line AB we call tbe cloains 
w. Thus we see from Fig. 2 that the sum of the components iL 
id LO equals the resultant. 

In any case, then, we can fis any two points of the equilibrium 
ilygon as A, B, by drawing the closing line AB. A line OL 
rough O parallel to AB, in the force polygon, gives the com- 
inentH into which «g and 84 are resolved. 
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We can then consider the entire polygon AahcdB^ with its clos- 
ing line AB, as a frame in equilibrium witi^ Uie given forces, and 
can apply to it the principles of page 135. 

Thus take the apex A. Here we have the reaction jRi = XX) in 
equilibrium with tne stresses in AB and Aa, Following round in 

^ the force polygon from X to 0, 
V to O, and O to X>, and trans- 
ferring these directions to the 
apex A, we find /So away from 
A or tension, and OL towards 
A or compression, just as on 
page 136. 

So also at the other apex B 
we have i^ = 4Xr in equilibrium 
with the stresses in ABand 
Bd. Following round in the 
force polygon from 4 to X, If 
to Oy ana O to 4, we find ^^4 
away from B or tension, and 
LO towards B or compression, 
as before. The components Ri 
and Ri act opposite to the re- 
sultant 04 which rei)laces tiie 
forces, £tnd equal to it in mag- 
nitude. The forces at A and 
B parallel to OL are equal and 
opposite. Hence the frame is 
in equilibrium. 

Recapitulation. — Our method, then, is as follows : 

Ist. Draw the force polygon by laying off the forces to scale one 
after the other, in any oraer. The line which closes this polygon 
gives the resultant in magnitude and direction. When it is taken 
as acting in the direction obtained by following round the force 
polygon in the direction of the forces, it will cause equilibrium. In 
the opposite direction it replaces the forces. 

2d. Choose a pole O, and draw the rays «o , «i , «i , etc. 

3d. Draw the equilibrium polygon. 

4th. Fix any two points in the end segments of the equilibrium 
polygon by drawing the closing line of the equilibrium polygon 
between those two points. 

5th. A line drawn in the force polygon parallel to the closing 
line of the equilibrium polygon will divide the resultant into the 
two reactions at the ends. We thus have a frame the stresses in 
which can be found as on page 136. 

Graphic Construction for Centre of Parallel Co-planar Forces. — 
Lot F%y F9, F9, etc., be parallel co-planar forces acting at the points 
Ai , A« , As , etc., of a rigid body. 

We construct the force polygon Fig. 2 by laying off the forces 
Fi , Fi, Ft, etc. The resultant is then the algebraic sum of the 
forces and parallel to thom. 

Then choose a pole O and draw the rays a„ , 81 , 83 , St , etc. 

Anywhere in the plane of the forces, Fig. 1, we draw a line 
parallel to «o to intersection a with Fi; then ab parallel to 81 to 
mtersection b with F^; then be parallel to 89 to intersection c 
with Fa ; then 82 through c parallel to «a in Fig. 2. 

The intersection d of ^0 and 8» is a point on the resultant which 
therefore has the direction and position dC. 
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Now suppose the forces jPi , i^t , i^t , etc., all turned in the same 
direction through a right 




_^ y 



y«i 
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angle. 

Draw the new equilibrium 
polygon «o' a' h' d «•', whose 
sides are respectively per- 
pendicular to those of the 
nrst. 

The intersection d' of s^ 
and St is a point on the re- 
sultant whicn therefore has 
the direction and position 
d'C, 

The intersection C of the 
two resultants gives the 
centre of force for the system 
(page 73). 

Cor. The same construc- 
tion evidently determines the 
centre of mass (page 75), if 
we divide a body into a con- 
venient ninnber of portions, 
and take the weight of each 
portion, -Fi, F%^ F% ^ etc., 
acting at the centre of mass 
of that i>ortion. 

Properties of the Equilibrium Polygon. — ^The equilibrium polygon 
has many interesting properties. We shall calf attention to oidy 
two. 

1st. As we have seen, the intersection of any two segments is a 
point in the resultant of the forces included between those segments. 
Thus in the preceding Fig. 1, the intersection d of «• and «« is a 
point on the resultant of F\, Ft and Ft 

2d, Let 8oad, Fig. 1, be a portion of the equilibrium polygon, and 

Fig. 2 its corresponding force polygon. 

Take any line fe in Fig. 1, parallel to 
Fi and draw the perpendicular cd = x. 

Let de = yhe the ordinate between St 
and 8i. 

In the force polygon Fig. 2, draw the 
perpendicular OH = H from the pole to 
01. This is called the pole distance of Fu 
Then by similar triangles we have 

y:x::Fi:H, or FiX = Hy. 

But FiX is the moment of Fi with ref- 
erence to any point on the line fe. 

Hence, the moment of any force as F^ 
with reference to any pointy is equal to the 
ordinate through this point parallel to F\ , included between the 
segments of the equilibrium polygon which m£et at F\ , multiplied 
by the pole distance of Fi in the force polygon. 

Application to Parallel Forces. — The outer forces acting upon 
framed structures are generally weights and reactions of supports 
due to these weights. We have then in general to investigate a 
system of parallel forces. 

Let i^i , jPi , Ft , Fig. 1, be vertical forces acting upon a rigid body 
or framo. 
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Lay off the force polygon 0128, Fig. 2. Choose a pole O and 
draw the rays 8o , «i , «i , 8». 

Then in the plane of the forces Fig. 1, draw «o to meet i^t at a; 
then 8i through a to meet Ft at 6; then 8i through b to meet Ft at 



Fxo. 1. 





c; and finally 8s. We thus have the eguilihriimi polygon SoO^k^s. 
We see that the horizontal component of the stress m any segment 
is constant and equal to OH (page 111). 

Drop verticals through A and B which meet the end segments 
8o and 8» in A' and R. If we fix the i>oint6 A\ B' hy drawmg the 
closing line AB^ the reactions at A\ B will he the reactions at A 
and B of the frame. 

Therefore in Fig. 2, draw OL parallel to A'B and we have 
]J) = Ri, and 3Ir = A. 

Draw the pole distance OH. Through the apex K of the frame 
drop the vertical Kkmn. Then, as just proved, OH (to scale of 
force) X A:n (to scale of distance) = the moment of Bi. Again, OH 
X mn = the moment of Fi, The resultant moment is then given 
hy OH X (hn — nm) or OH x km. 

That is. for parallel forces, the pole distance multiplied by the 
ordinate of the equilibrium polygon at any pointy parallel to the 
forces included between the closing line ana the polygon, gives the 
resultant moment of all the forces on either side of the ordinate with 
reference to any point in that ordinate. 

If then we make a section cutting EKy CK and CD, and take 
the centre of moments at K, we have (page 102) stress in CD x 
lever-arm for CD = algebraic sum of moments of Ri and Fx with 
reference to JST. But this algebraic sum we have just seen is given 

by ^ X km. Hence stress in CD is equal to z ^ — 7=^. 

lever-arm for CD 

We can therefore find the moment ^aphically at any point by 
multiplying the ordinate to the equilibriimi polygon at that point 
by the pole distance. 

A few examples will make the application of the preceding prin- 
ciples clear. 

Ex. 1. Let AB, Fig. 1, be a beam or rigid body or framed struc- 
ture subjected to two unequal weights ^1 and F% applied at any 
two given points. Required the reactions at the supports A and B, 
also the moment at any point of all the forces right or left of that 

point, when equilibrium ex- 
ists. 

Draw the force polygon 

Fig. 2, choose a pole O, and 

draw 80, 81, 8s, and the x)ole 

distance H, 

^ , ^ _ Construct the equilibriimi 

HO..!. I frsrz^ polygon Fig. 1 by drawing a 

I>a]:tulel to 80 to intersection a 



FiQ. 3. 




'■ CHAP, ri.] APPUCATIOK TO PARALLEL FORCES. 149 

with F. : tbrouKh a a parallel to s. to iatersection ft with Fi-, 
through 6 a pariQlel to «i. Drop verticals from A and B and draw 
the closing Ime AB. Parallel to AB draw OL in Fi^ 2. 

Then i)Oand 2L are the reactions at A and B; and since tliey act 
upwards, the aupports must be below A and B. 

The moiueot at aiiy [loint K is equal to the ordinate kn mtilti- 
plif^ by the pole distance H. 

Ex. 2. It 18 well to observe that the order in which the forces 
are taken makes tio difference in the results, although the figure 
obtained may be very different. 






Thus take the eame example as before, but number the forces ii 
inverse order, Fig. 1. 

We form the force polygon as before, choose a pole and draw 8t , 
«i, «i. Now parallel to 8c we draw a line till it meets Fi at a 
(note that si must always be produced to meet Fi]; then from a 
a parallel to s, till it meets Ft at 6; then from b a parallel to «i. 
I Draw the closing line AB. A parallel to it in Fig. 2 gives the 
I nactions LO and 2L aa before. At apex b of the equilibrium poly- 
I'gon we Snd 8, tension, since Ft acts downward. At apex a we find 
I «t tension, since Fi is downward. Hence at A', Ss acts away from 
I A , and following round in the force polygon we obtain iO acting 
I JDP^^r^- At B, Si acts away, and hence 2L acts upwards also. 
I Tne BUpports at A and B must then be below. 
I As to the moments, the moment of the reaction at A with refer- 
l'«nce to any point K la H v. km. The moment of F, is - H x np. 
■ 'The resultant moment is i7x (Km — npi. The lower ordinatea 
I subtracted from the upper will give us the same figure as before. 
I Whenever, then, we obtain a double figure as in the present case, 
Bit shows that we have taken the forces in inconvenient order. We 
liliave only to change the order to obtain the moments directly from 
I the equilibrium polygon. 

J QMing Line at Bight Angles to the forces— Choice of Pole 
t])UtaDoe. — It makes no difference what inclination the closing line 
Hiay have, because, aa we have seen, the ordinate in the equilibrium 
Julolygon parallel to the resultant, multiphed by the pole distauce, 
l^vea the resultant moment, vnth reference to any point on that 
ordinate, of all the forces right or left. 

We can, however, if we wish always cause the closing line to be 

at right angles to the parallel forces. Wo have only to find first 

by preliminary construction the reactions or the i>oint L. If then 

— B take a new pole anywhere in a line through this point at right 

Igles to the forces, the closing tine will be at right angles to the 

Drees. 

As to choice of , pole distance, we have only to so choose the 
Mition of the pole as to give good intersections for the polygon. 
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The multiplication may be directiv performed by properly chang- 
ing the scale in the eqiulibrium polygon. The ordinate to this new- 
scale wiU then give the moment at once. Thus if our scale of 
length in Fig. 1, preceding, is five feet to an inch, and the pole dis- 
tance in the force polygon Fig. 2, measured to the scale of force 
adopted, is ten pounds, we have only to take fiftv moment units to 
an inch as the scale for the ordinates and they will give the 
moments directly. 

Ex. 3. Let the single weight Fi act at any point of the rigid 
body AB, Then the equilibrium polygon is AaB, The vertical 
reactions at A and B are XO and LL, l)oth acting up, and hence the 
supports are below A and B, 



Pio. 1. 




Fio. 2. 




We see at once that the moment is greatest at the weight and 
decreases to zero at each support. 

Ex. 4. Let F\ act outside of the supports A and B. Observe in 





constructing the equilibrium polygon that 8o is always produced 
till it meets Fx\ also that the closmg line AB always unites the 
two points vertically under the supports, upon the two end seg- 
ments. 

The reactions require special notice. Thus the reaction JBt at B 
is the resultant of the stresses in aB and B'A\ or IX in the force 
polygon. The reaction Rx at A is the resultant of the stresses in 
A'a and A!B\ or LO in the force polygon. 

Since Fx acts downward at apex a, we have Bx compression and 
«o tension. Therefore at apex A we take «o acting away, and hence 
obtain XO acting down, or the support is above A. 

At apex B' we take sx acting towards, and hence obtain IX act- 
ing up, or the support is below B, 

Ex. 6. One Downward and One Upward Force between the 
Supports. — Here we need only call special attention to the fact that 
as F'i acts up and is less than Fi , 8t m the force polygon Fig. 2 lies 
between 8o and 8i. 
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The reactioQ at A is the resultant of «, and L or iO. The reaction 
■at B is the resultant of si and L or LZ. ^ 

■Since Fi is down at a, we have »= ton- fio. :. t ■ 

laion, and Binue F, is up at b, we have 
■ 4* tension. At apex A'., then, a<, acts 
I avray, and heni;e ii is compression and 
\ Uii acts Hpwai-d and support at A is 
below. At apex S", ft a«t8 away, and 
Z> is compression as before and '2L 
acts downward, or support at £ is 
above. 

We see also that if F, were less. 
I eo that t falls below L in the force 

polygon, the reaction at B would be ' 
I upward also, and the support would then have to be below. The 
I student should sketch the case for F, greater than ^'i. 

At the point K we see that the moment is zero. If AS is a 
beam, the point ^ is the "point of inflection," or the point at which 
the curve of deflection of the beam changes from concave to con- 
vex. The beam would be concave upwards as far as £', and from 
there on convex upwards. 
I Ex. 6. In the preceding case, let the forces be equal. Laying off 
' tiie force polygon Fig. 2, the first force extends from to 1. and 
' the second from 1 back to 0. Choosing 

a pole O and drawing «. , 8> , «■ , we find 
that fio and si coincide. 

Ck)nBtructing the equilibrium poly- 
gon and drawing the closing line A'a 
and its parallel L in the force polygon, 
we see that the reaction at A or the 
resultant of s, and L is £0, and the re- 
action at B or the resultant of Si and L 
is also I/). The reactions are therefore 
equal. Since s, and st are both tension, 
we have reaction at A upward or sup- 
port below A, and reaction at B down- 
ward or support above B. 

TTiis is m accord with the principle (page 73) that a couple can 
I Only be held in equilibrium by another couple. Morever. the re- 
r Bultant of «„ and «> in Fig. 2 is zero, and the point of application is 
I at the intersection of s^ and Si in Fig. 1, or at an inflnit« distance. 

That is, the resultant of a couple is zero at an inflnite distance 
|tpaBe73.j 

I At K the moment is zero as before, and 
\ flection- 

r Ex. 7- Two Eqcal Weights beyond the Suppoktb. — The figure 
' needs no explanation, except to call attention 
I to the reactions. 

I TliUB the reaction at A is i» acting down. 
! At fi it is 21, acting up, 
I The moment at any point, in all cases, is 
i the ordinate multiplied by the pole distance 
I H. Tile shaded areas then show how the 
\ nonionts vary. 

We repeat hero that the order in which 

.io forces are taken, in all cases, as also the 

L Bosition of the pole, is indiflferent. The stu- 

I oent will do well to work out cases to scale 

I'Uid satisfy himself that this is true. 




I 
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Ex. 8. Two Equal ajeo) Oppobitb Fobobs beyond thb Suppobts. 

— Observe that 80 is produced till it inter- 
sects Fi at a in Fig. 1; then 81 from a to 
b; then «« parallel to «t or 80 in Fig. 2. The 
closing line A'B' is then drawn. A parallel 
to it in Fig. 2 gives L. 

The reaction at A is ZO acting down, 
and at B, OL acting up. 

Between B ana Ft the moment is con- 
stant. This is the graphic interpretation 
of the principle, page 72, that the moment 
of a couple is constant for any point in its 
plane. 

Ex. 9. A Unifobmlt-distbibitted Load. 
—Let the load be uniformly distributed. 
We might consider it as a system of equal 
and equidistant weights very close together. 

Thus in Fig. 1 the load area, which is a rectangle of uniform 
density, whose height is the load per unit of length, and whose 
length is AB^ may be divided into any 
number of equal parts. The weight on 
each of these parts acts at its centre of 
mass. We can then lay off the force 
polygon Fig. 2. Since the reactions at 
A and B are equal, we take the i>ole in 
a horizontal through the middle point of 
the force line. The closing line A'B' will 
then be parallel to AB (p. 149). We can 
then draw 80 , 81 , 8s , etc., and construct 
the equilibrium polygon. It is evident 
that the points a, 6, c, d, etc., wiD enclose 
a curve tangent to aby bc^ cdj etc., at the 
points midwajr between, that is, where 
the lines of division of the load area meet 
the sides of the equilibrium polygon. 

The ordinates to this curve, multiplied by the pole distance H^ 
give the moment at any point on the ordinates. 

It will bo seen, however, that this method is deficient in accuracy, 
because the lines ab, bc^ cd, etc., are so short and there are so many 
of them. If, however, we can find what the curve A'abcdy etc., is, 
we could draw the curve at once. 

Suppose we divide the load area into only two portions of lengths 
X and t— X, where / = AB^ Fig. 3. The entire weight over the por- 
tion X can be considered as acting at 
the centre Ci of the load area. The 
same holds good for the portion I — x. 
We thus have two forces Fi and F2. 

Taking the pole as before, so that 
the closing line A'B' shall be parallel 
to AB, construct the equilibrium poly- 
gon A'abB'. The c!urve of moments 
will be tangent at A\ c and B\ as 
shown by the dotted curve. 

Now we see tliat, no matter where 
the load area is supposed to be divided, 
we shall always have for the distance 
ei ea between Fi and Ft 
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That 18, DO matter where the line of divisioQ is taken, the hori- 
EOntal projection of the line ab of the equilibrium polygon is 

constant and equal to -^l. But abiBO, tangent to the curve required. 

But if from any point on the line Ad we draw a line ab limited by 
the line B'd, so tnat the horizontal projection is constant, the line 
afc will tmvdop a parabola. 

This mB7 easilj be proved ss follows : Let the \otid per unit of langth be p. 
Then the entire load is pi and the reaction at eaeL end is -- . 

Mif point distant x from the left support is then 



Bat since F, is equal to pt. 



This is the equation of u pftrabola. At the oenln « = 






,!dL 



CoH. 1, We Bee, therefore, that when a string is suspended from 
two points A', B and sustains a load uniformly distributed over 
the horizontal, the curve of equilibrium is a parabola 'page 113). 

Also the horizontal component of the stress at any point, as is 
evident from the force polygon, is constant and equal to H. Also 
the vertical component ot the stress at any point as c, Fig. 3, is 
R< — F,, or equal to the total load between the lowest point and the 
point considered (page lllV 

Cott. 2. We have the following construct n f th quilibrium 
curve. Lay off a perpendicular eE at the 

oeutre e and make it equsl by scale to ~ 

Through A, K and B construct a parabola 
having its vert«x at K. The ordinate tothi 
parabola through any point will give tho 
moment at that point. 

The distance Kd is also equal to — . be- 

tmse the moment of the reaction with reference to e is 
■' 




.d^ = «i-«K=^-£? = ^. 
4 8 8 

OoR. 3. Bow to Xhraw a Pa rofto/o.— Since we know, then, the 
we can always draw the lines Ad and Bd. If 



'distance i 



i=e. 




,g then we divide Ad and Bd into any nuoiber of 
etiual parts and number these parts along one 
lint' away from d and along the other towards 
d. we have only to draw lines joining any two 
points having the same number and these lines 
will all have the same horizontal projection — . 
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The^ will therefore encloBe the parabola required. Tangent to 
these hnea we may sketch the curve. 

A better method is to plot the ordinates to the curve from itB 
equation, 

^8 2 

Hethodi of Solution of Framed StntotnrM. — In Chap. lY we 
have given and illustrated two methods of computation for framed 
structures : 

1st By Resolution of Forces (page 101). 
2d. By Uomente or the " Method bv Sections" (page lOS). 
In the present Chapter we have tne corresponding graphic 
methods : 

let. By Resolution of Forces (page 13S). 
8d. By Uoments (147). 



EXAKPLES, 



(1) A roof-trusa Aosa ^panof SO ft. and a centre height of i2.S 
ft. Each raftfr is divided into four equal panels, and the lower 
horizontal (t« is divided into six equal paneta. The bracing ie as 
shown in the figure. Find the atreaaea in the tnembera/oy the 
graphic method of moments, for a weight of 800 Uts. at each upper 
apex. 

Ans. Wa have compated the stresses (page 105, £x. (8)) by tbe two 
methods resolution ot forces and moments. We have also found the stresses 
hj the graphic method of resolaUoD of forces (page 140, Ex. (1)). 




will be more acicurate to assume the pole distance as unit;, thus dlscturding the 
force polygon Altogether, and constmct points in a pataboU from the eqna- 
tion 

_ pt p^ 
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In the present case the load per foot i& if we suppose half weights of 400 

6400 1 2 

at the ends, -^^ = 128 lbs. = p. Taking x=^^,^l^ etc., we have 

*~ T' 8' 8^' 8 • 

y = 17500 30000 87500 40000 lb. -ft. 

Laying these off ip any convenient scale, we determine very accurately the 
points a,o, c, d of the equilibrium polygon. The other half of the polygon is 
precisely similar. 

The ordinates to this polygon will give, to the scale adopted, the moment, 
for any point of the truss, of the outer forces left or right. Thus the moment 
with reference to A; of all forces right or left is km, Fig 1. We find by scale 
km = 21666f lb. -ft. In the same way for the next lower apex we find the 
moment 35000 lb. -ft. The moment at the next lower apex or centre of the span 
is 40000 lb. -ft. 

Now by the method of sections (page 102) we have for any member 

Stress X lever-arm + 2 moments of outer forces = 0. 

The second term is given by the ordinates of the equilibrium polygon to 
scale. 

As regards the centre of moments for any member, we must observe the 
rule (page 102), viz: Cut the truss entirely through by a section cutting only 
three members the strains in which are unknown. For any one of these take 
the point of moments at the intersection of the other two. 

For the proper sign for the first member of the equation place an arrow on 
the cut member pointing away from the end belonging to the left-hand por- 
tion, and take the moment (-{-) or (— ) according as the rotation indicated by 
this arrow is counter-clockwise or cloKskwise. 

If the stress comes out positive, it indicates tension; if negative, oompres- 
sion. 

Take for instance the first lower panel. La, The centre of moments must 
be taken at the first upper apex. The moment for this point is given by the 
ordinate na of the equilibrium polygon, or — 17500 lb. -ft. We take the minus 
sign, because the rotation is clockiwise. We have then 

La X 8.125 - 17500 = 0, or La = + 5600 lbs., 

where 8.125 ft. is the lever-arm of La, 
In similar manner we have 

Lc X 6.25 - 80000 = 0, or Xc = + 4800 lbs., 

where 6.25 ft. is the lever-arm of Le, 
For Le we have 

Le X 9.875 - 87500 = 0, or Le = + 4000 Iba, 

where 9.875 ft. is the lever-arm of Le, 

For the first upper panel Aa, take the centre of moments at k. The mo- 
ment for this i>oint is given by the ordinate from k to the first line of the poly- 
gon produced. It is therefore larger than km, which gives the combined 
moment of the reaction and first weight. We find it by Kale to be — 283881^ 
lb.-ft. 

We have then 

- ^a X 8.727 - 2888i = 0, or ^a = + 6260 lbs., 

where 8.727 ft. is the lever-arm for Aa, 

In like manner for Bb we have centre of moments at k, and moment km = 
-216661. Henoe 

- Sfr X 8.727 - 21666t = 0, or J5& = + 6818 lbs. 
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For Od we have 

-01x7.454-85000 = 0, or 6U = -f 4601 lbs., 

where 7.454 ft. is the lever-arm for Cd, 
For Df we have 

- 2>/ X 11.151 - 40000 = 0, or 2>/ = + 8587 Ibe. 

For all the braces the point of moments is at the left-hand end. Taking a 
section through B&, ab and La, we have acting on the left-hand portion only 
the weight £B and the reaction. The moment of the weight relative to the 
left end is the ordinate a'V, or by scale — 5000 lb. -ft. The lever-arm for db is 
6.984 ft. Hence 

- 06 X 6.984 - 5000 = 0, or oft = - 731 lbs. 

For he we have 

+ abx 6.984 - 5000 =0, or a& = + 721 lbs. 

For cd the moment is afb' + 6V, or — 15000. We have then 

- cd X 18.869 - 15000 = 0, or cd = - 1081 lbs., 
and so on. All lever-arms can be scaled off the frame or must be computed. 

The present method is not to be recommended for the braces. In prolong- 
ing the sides ab, he, etc , of the equilibrium polygon, a slight variation in 
direction will make considerable error in the ordinate at the end. Also as the 
sides ab, he, etc., are short they do not give direction accurately enough. 

Of all our four methods, the graphic method by resolution of forces (page 
185) is the easiest of application to such cases. 

The more irregular the frame the more advantageous it is. 

(2) A bridge-girder, as shoion in the figure, 10 feet deep, SO feet long, 
eight equal panels in the lower chord and seven eqvmjparms in the 
upper chord, has a load of 5 tons at ea^h louder apex. Find the 
stresses by diagram and by moments. 




Ans. The panel length is 10 ft., sec 6 = 1.117. By moments then 

-4a X 10 - 17.5 X 10 = 0, or ^o = + 17,6 tons. 

JBc X 10 - 17.5 Xl5-f5x5 = 0, Be = + 28.75 



c< 



OHAP. YI.] EXAMPLES. 157 

Cfe X 10 - 17.5 X 25 + 5 (5 + 15) = 0, Ofe = + 88.75 tons. 

DgX 10- 17.5 X 85 + 5(5 + 15 + 25) = 0, I>g = + 88.75 

- 76 X 10 - 17.5 X 10 = 0, 76 = - 17.5 

- itf X 10 - 17.5 X20 + 5X10=0, 7tf = -80 

- ijr X 10 - 17.5 X 80 + 5a0 + 20) = 0, ^ = - 87.5 
-7AX10- 17.5X40 + 5(10 + 20 + 80) = 0, 7A = - 40 

/a = - 17.5 X 1.117 = - 19.55, «fo = - 7.5 X 1.117 = - 8.88, 

06 = + 19.55. tf = + 8.88, 

ftc = - 12.5 X 1.117 = - 18.96, fg=- 2.5 X 1.117 = - 2.79, 

«J = + 18.96, gh = + 2.79. 




CHAPTER Vn. 

WORK. 

WORK INDEPENDENT OF PATH. UNIT OF WORK. VIRTUAL DISPLACEHENT. 
VIRTUAL WORK. PRINCIPLE OF VIRTUAL WORK. 

Work. — The product of a uniform force by the projection of the 
displacement of its point of application along the line of action of 
the force is called work. 

Thus let a uniform force, that is, a force constant in direction 

and magnitude, act at a point Ai , and let the 
displacement of the point of application be 
AiAi = d. 

Let be the angle FAiA* between the force 
and the displacement. Then the projection of 
the displacement AiAa = d upon the line of the force i^is Ain = 
d cos 0, and we have for the work TF, 

W=Fdco&Q (1) 

But FcoB e is the projection of the force F upon the line of the 
displacement A1A2. 

Hence, tvork is the product of a constant force by the projection 
of the displacement of its point of application along the line of the 
force, or the product of the displacement by the projection of the 
force along the line of the displacement. 

If the projection of the aisplacement A\n along the force is in 
the direction of the force, the force is said to do work. In tiiis case 
the angle is acute and W in equation (1) is positive. 

If the projection of the displacement Am along the force is op- 
posite in direction to the force, work is said to he done against the 
force. In this case the angle Q is obtuse and W in equation (1) is 
negative. 

Cor. 1. If the displacement is at right angles to the constant 
force, the work is zero. 

Cor. 2. The weight of a body is a force acting at the centre of 
mass (page 76). Hence the work done against gravity in raising a 
body of mass m through a distance « is W = — mgs^ where mg is 
the weight in poundals and s the displacement of the centre of 
mass. In gravitation units (page 6), Tv = — ms. 

Cor. 3. The work done by gravity upon a body of mass m which 
falls through a distance s is Tr = 4- wgrs, where wflr is the weight in 
poimdals and s the displacement of the centre of mass. In gravita- 
tion units, TF = + ms. 

Work Independent of the Path. — ^The definition for work given 
in the preceding Article evidently holds good no matter what the 
path, provided the force is imiform, that is, does not change in 
direction or magnitude. 
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Thus let the constaitt force F act on the particle A which u 
placed from A \a B either along the line AB, or &om 
-AioC and from C to B. 

In the first case the work ie i^ x Al. In the second 
case the work is 

Fi^ Am^- F xCn = F ^ Al. 
So in general for any broken line between A and B. 
Since a curve is the limit of n polygon, the same holds 
true for any curved path between A and B. 

Work when Force is Variable, — if the force is variable, we must 
f take the displacement indefinitely sniall, bo that the force during 
■such displacement may be considered aa uniform. In such case we 



\ 



W= J'Fda. 



m 



Unit of Work, — if [F] is the unit of force and Fthe number of 
nita of force, \L\ the unit of distance and s the number of units of 
-istaiice in the direction of the force, ( W ] the unit of work and W 
^e number of unite of work, we have 

W[W-\ = F[F\ x«[i]. 

We have then the numeric equation 



provided 



W^Fb, 

{W]=lF]x{Ll 



The unit of work, then, is the work done by one unit of force 
(when the displacement in the direction of the force is one unit of 
nifltance- 

The English absolute unit of work is then iVie fooi-poundul, or a 
Xinstant force of one poundal acting through one foot. 

The C. G. S. absolute unit of work is a constant force of one|dyne 
tctiiig through one centimeter. It is called an erg. A multiple of 
iis, equal to ICKKIOOOO ergs or 10' ergs, is used in electrical measure- 
ments and called a joule, after Dr. James Prescott Joule. 

In English gravitation units (page 6) the unit of work is the 
fdot-pouna. I'bis is the unit commonly adopted in Engineering 
oalculations. It is the work done in raising a mass of one pound 
through the vertical distance of one foot against gravity. It is 
therefore a variable amount of work, since the weight of one pound 
varies with the locality (page 0). 

Virtnal Displacement— Virtual Work.— When thepointof appli- 
«ition of a force is actually displaced, the displacement is achiai 
and the work done by or against the force is acUial also. 

If F is the force acting at any point and a is the actual displace- 
ment in thi> direction of the force of that point, then if F remains 
"iniform. that is, constant in magnitude and direction during the 

Jlscement, then the actual work is Fs. 
lut in general, when the point of application of a force is dis- 
Iplaced, the force does not remain uniform unless the displacement 
T taken indefinitely small. 

If F. then, is the force acting at any point and ds is an in- 
Hfinitely sniall displacement in the direction of the force, we have 
B eoneral the work given by Fds. 

rlow an indefinitely amaU displacement of a point which does 





Fxa;2. 
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not actually take place, but which is only imagined or supposed to 
take place, we may distinguish by calling a mriual displacement^ 
and we call the work done by or against a force by reason of the 
virtual displacement of its pomt of application the virtiial work of 
the force. 

Virtual displacement unless otherwise specified is always to be 
taken as indemiitely smidl. It is always linear displaeementy since 
a point has no size. 

Principle of Virtual Work.— Let -Pi , Ft, F%, etc., be anv num- 
ber of concurring forces, that is, forces acting upon a particle at P, 

and suppose this particle to re- 
ceive a virtual displacement PD 
in any direction. 

Since virtual displacement is 
indefinitely small, the forces re- 
main unchanged in direction and 
magnitude. 

If we lay off the line representatives in Fig. 2, the resultant is 
given in magnitude and direction by the closmg line OFt =R ot 
the force polygon. 

Draw OD parallel and equal to PD, and let ai , at , ai , etc., and 
be the angles made by Fi,Ft,Ft, etc., and jR with OD, 
Then we have by construction 

i^cos 9 = jPj cos ax + Ft cos at + Ft cos ai, etc. = i'Fcosa. 

That is, the component of the resultant R in the direction of the 
virtual displacement is equal to the algebraic sum of the compo- 
nents of the forces in that direction. 

If we multiply by the displacement PD = d, we have 

R.dcos B=Fi . d cos ai+Ft . d cos at+Ft . d cos ai, etc.^SFd cos a. 

But since d is indefinitely small, so that the forces remain un- 
changed in magnitude and direction, we have by definition R . d 
cos equal to the virtual work of the resultan^ and Fi . d cos tti , 
Ft . d cos at , etc. , equal to the virtual works of ^i , Ft, etc. 

Hence, if a particle acted upon by any system of forces receive a 
virtual displacejnent in any direction whatever, the algebraic sum 
of the virtual uxjrks of the forces is equal to the virtual work of the 
resultant. 

1 f tho forces Fi,Ft,F», etc. , acting on the particle are in equi- 
librium, their resultant R is zero, and we have 

Fi . d cos a 1 + Ft.d cos at -{- Ft,d cos at , etc. = 2Fd cos a = 0. 

This is called the *' principle of virtual work " ; a principle which 
includes all of statics and kinetics. We may state it as follows : 

If a jKirticle in equilibrium under the action of any system of 
forces receive a virtual displacement in any direction whatever, the 
algebraic sum of the virtual works of the forces is equal to zero, 

ConvoFHol^, if the algebraic sum of the virttial works of a system 
of forces acting o7i a particle is zero for every virtual displacement 
whatever, the particle is in equilibrium. 

Cor. 1. If a system of particles is in equilibrium under the action 
of external and internal forces, and any number of particles of the 
system receive anv virtual displacement whatever, then, since the 
algebraic sum of tne virtual works of the forces acting on each par- 
ticle is zero, it follows that the algebraic sum of the virtual works 
of aJl the forces, external and internal, is zero. 
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The principle of virtual work applies then to any material system 
if aU forces external and intemaCare considered. 

Cor. 2. If a system of particles in equilibrium imder the action 
of external and internal forces receive any virtual displacement 
of translation whatever which does not alter the configuration of 
the system, then no work is done by or against the internal forces, 
and the algebraic sum of the virtual works of the external forces 
alone is zero. 

The principle of virtual work applies then to the external forces 
cubing upon any rigid body in equuibriumy if the body is regarded 
CM a pafiide and the virtual di^acement is one of translation. 

Cor. 3. If a system of rigid bodies in equibrium under the action 
of external and internal forces receive any virtual displacement 
whatever which does not alter the configuration of the system, tiben 
no work is done by or against the internal forces, and the algebraic 
sum of the virtual works of the external forces alone is zero. 

Hie principle of virtual tvork applies then to the external forces 
acting upon any system of rigid bodies ivhose configuration does not 
change^ if the ngva bodies are regarded as particles and their virtual 
dispuzcements are translations. 



EXAMPLES. 



(1) A lever ACB unth fulcrum atCis acted upon by the co-planar 
forces P and Q at the enas A and B. Find the conditions for equi- 
librium, neglecting friction. (For rough lever see Ex. (17), page 
221.) 

Ans. Let B be the resultant acting at the fulcrum 0. 

Take any point D in the plane of the 
forces. Let the lever be rotated counter- 
clockwise about an axis through D at right 
angles to the plane of the forces, through 
mn indefnUdy tmaU angle of 6 radians. 
Then tne virtual displacement of A is 

AD. 6 = A$, making the angle $AP = ai 
with P. The virtual displacement of C is 

'OD. $ = 0$t making the angle »0B = a 
with the resultant B. The virtual dis- 
placement of B is BD .B = Bs, making the 
angle $B0 = at with the direction of Q. 

Then bv the principle of virtual work, having regard to the proper signs as 
given by the figure, 

+ P.A8C08ai—B. Cb COB a— Q. Bs coaat = 0, 

or 

+ P. B. AD coe ai - B, 0. CD C06 a - Q.B.BDcoa at = 0, 

or _ 

+ P.ADcoBai — B. OD cos a— Q.BD COB at = 0. 

But if we drop from D the perpendiculars Z>7ii =p on P, Dn = r on i?, and 
Dn% = 9 on Q, we have AD cos a, = p, CD cos a = r, BD cos a, = q, and 
hence 

+ i^ - i?r - Og = 0. 

Thai is, the algebraic sum of the moments of the forces about any point in their 
pUme Is'iero (page 99). 




162 



STATICS — VIBTUAL WORK. 



[chap. VII. 



Again, sappoee the lever to be translated in any direction throngh an indef- 
initely small distance, so that the virtual displacement of every point is d, and 
let the forces P, Q, B make the angles ai , a, and a with the direction cf the 
displacement. Then by the principle of virtual work we have 



or 



i\2 cos ai -|- Q<2 cos at + Bd cos a = 0, 
PcosoTi -f-Qcosas -4-i?cosa =0, 



That is, the algebraic sum of the components of the forces in any direction is 
zero (page 99), and their line representatives make a closed polygon. 

A^ain, since the algebraic sum of the moments about any point is zero, the 
three forces must intersect at a common point (page 100). 

If we suppose the fulcrum (7 to be fixed, we can have only rotation. We 
can then easily prove by the principle of virtual work that the necessary and 
sufficient condition of equilibrium for any body free to turn abont a fixed axis 
under the action of any number of forces is that the algebraic sum of the mo- 
ments of the external forces with reference to the fixed axis shall be zero. 

If we take the fulcrum C as our point of moments we easily deduce, as on 
page 71, when the forces are parallel. 



E = P+Q, ^ = 



P 

Q 



BO 
AG' 



a-cCi 




or 



We have also 



If the forces are not parallel, let the force P make the 
angle ai , the force Q the angle a% , the force B the angle a, 
with the lever, the acute values being taken. 

Then since the line representatives form a closed polygon, 
we have 

P: Q:: sin (180 - a — a,) : sin (a - a,)^ 

P __ sin a cos a^ -|- cos a sin at 
Q ~ sin a cos a^ — cos a sin ax ' 

jB sin a :i^ P sin oti + Q sin a^ ; 

B v,08 a = P cos OTi — Q cos a> ; 

P sin cTi -{- Q sin a, 

tan a = -^ '—— ; 

P cos ai — Q cos at* 

i? = P« + e' - 2Pe . cos {a, + a,). 

(2; In a wheel and axle the vaditLS of the wheel is a, and of the 
axle b. Find the conditions for equilibrium, neglecting friction 
and rigidity of the rope, when a mass P hung from the wneel just 
balances a mass Q hung from the a>xle, (For friction and rigidity 
see Ex. (18), page 222.) 

Ans. The external forces are Pg and Qg^ If we suppose P to receive a vir- 
tual displacement s downward, then Q will receive the virtual 

displacement —» upward, and by the principle of virtual 



a 



work we have 



a 



or P» = Q6, 



or the algebraic sum of the moments of the external forces 
with reference to th& fixed axis is zero. This is the sole con- 
dition for equilibrium for any body free to turn about a fixed CUp 
axis acted upon l^ any number of forces. 
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In this example we see that it is not necessary to suppose the virtual dis- 
placement indefinitelj small, since the forces do not vary with the displace- 
ment. 

(3) Four aailora, each exerting a force of 112 Ibs.^ can just raise 
an anchor by means of a capstan whose radius is 1 foot 2 in. and 
whose spokes are 8 ft, long, measured from the axis. Find the 
Moeight of the anchor, 

Ans. 8072 lbs. 

(4) If the length of each of a pair of sculls he 8 ft. 6 m., and the 
distance from the hand to the rowlock he 2 ft. 3 in., find the force on 
the boat when the rower applies a force of 25 lbs, on each scull^ as- 
suming that the blade does not move through the water, 

Ans. 68 lbs. 

(5) In the single movable pulley find the relation between the 
force P and the m^iss Qfor equilibrium, disregarding friction and 
rigidity of the rope, (For fnction and rigidity see Ex. (19), page 
224.) 

Ans. The external forces are P and the weight of the mass Q, If we sup- 
pose a virtual displacement of Q downward equal to «, the — — 
corresponding virtual displacement of P will be 2s upward. 
We have then by the principle of virtual work, in gravita- 
tion units, 

Q$ "21^ = 0, or P = ~. 

to 

Again, if T is the tension of the rope, we have, in g^yi- . . 

□<» 
In this example we see that it is not necessary to sup- 
pose the virtual displacement indefinitely small, because the forces do not 
vary with the displacement. 

_ (6) In the sys tem of pulleys shown^find the relation between the 

force P and the mass Q for equilibrium^ dis- 
regarding friction and rigidity of the ropes, 
(For friction and rigidity see Ex. (20), page 226.) 

Ans. The external forces are P and the weight of the 
mass Q. If we suppose a virtual displacement of Q down- 
ward equal to s, the displacement of the next pulley is 2s, 
of the next 4s, and so on. If there are n movable pulleys, 
then, each one of the mass m, we have by the principle of 
virtual work, in gravitation units, 

Qs + m,s + m.2s + m,4s-\' , , , m.2«-»«-P. 2»« = 0. 



totion units, T = P and 22* = Q. Hence P=p~^. 



r~\ 



T 



Q 



^T,l 






□q 



Hence 



or 



^ Q + m(l+2-f y-f 2»-f .>»2*-^) 



„ _ C + (2» - l)w 
^- 2^ • 

If we disregard the mass m ot the pulleys. 

In this example we see it is not necessary to suppose the virtual displace- 
ttent faidefinitely small, because the forces do not vary with the displacement. 
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. Tm. Ths& we have for 



ur. = r, + «; 

iT, = r, + m; 
P=Tn. 



8-i'=g + f» + an» + 2*«» + 8^ + . . .8"-"m. 

(7) /n tA« system tjfpuiUya ahoum, find the r^ation b^ween P and 
Qfor equilibnum. dtaregaraitig frictton. (For friction and rieiditr 
see Ex. (21), page 22G.) 

forcM ue P ftnd tha weight of Q. If ve Happosa » vir- 
tual diBpUcement of Q downward eqaal to f, each etrlng 
coming from the lower block will be lengthened bj *, ud 
the virtual diaplacemeDt of P apwarde irill be nt, where n 
ta the number of strings coming from the lower block. We 
have then by the principle of Tirtnal work, if m ia tli» 
mass of the lower block, 

(9+m)#-fwP = 0, 



In this example we aee that it is not necMBary to Bap. 
poee the vlrtnal displacement indefinll«lf small, bocans* 
the forces do not var? with the displacement. 

Again, the tension in each string Is the same and oqnal 
to P. Hence, if n is the number of strings cominf from 
the lower block, nP=Q + m 

(8) In the system of pulleys shown, find the rela- 
tion between P and Q for equilibrium, disregarding friction and 
rigidity of the ropes. (For friction and rigiaity see Ex. (82), pa^ 

Ans. The external forces are P and the weight of Q. If we snppoee ■ vip- 
tnal displacement o( Q downward equal to t, then the 

highest movable puller ^'" ^ raised a distance «, the 
next will be raised twice tiie height through which the 
highest is raised plus the distance through which Q de- 
scends, that is, through the distaoce 3(. 

Id the same waj any movable pullej will rise through 
the height > plus twice the distance tbroagh which the 
pulley next above rises. 

If the number of pulleys is n and the mass of each 
pulley is m, the distances through which each pulley is 
raised are respectively *, (2* - 1)», (3* - 1}< . . . (3—' - l)i. 
Also P will be moved vertically upwards a distance 
(3" — 1)». We have then by the principle of virtual work 
Id gravitation units, 

g, _ m(2 - 1)1 - mCS" - 1)» - m(2» - 1)1 . . . - Bi(a"-' - 1), - (9- - 1>A = a 
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Hence 

p _ Q-m[(2 ~ l) + (y - l)4-(y - 1) . . ■ +(2>>-^- 1)] 

2*-l 
or 

If we neglect the mass of the pulleys, 

^ 2»-r 

In this example we see that it is not necessary to suppose the virtaal dis- 
placement indefinitely small, because the forces do not vary with the dis- 
placement. 

Again, if n is the number of pulleys and 2\ , T, , T% , etc., the tensions in 
the strings, then we have for equilibrium, in gravitation units, 

r»=P;. .^ (1) 

r, = 3r,+m; (2) 

rt = 2r, + iii; (8) 

2'n = 2rn-i + f»; (n) 

Ti + ^t + y« + • . • ^n = C. (4) 

Multiplying the second equation by 2»-J, the third by 3*-*, the nth by 2, 
mod adding, we have 

22V = 2»P + 2«-»w + 2«-«w + . . . 2m. 

Adding equations (2), (8), . . . (n> and employing equation (4), we have 

C--P=2(C-r») + (n-l)w. 

Eliminating Tn , we have, as before, 

a— ip=e-(2-l)m-(2«-l)m-(2« — l)m. . . - (2«-i - l)fn. 

(9) If we have three movable pulleys arranged as in Example (6), 
their masses, beginningwith the lowest, being 9, 3 and 1 lb. respec- 
tively^ find what force jP will support a mass of 69 lbs. 

Ans. 11 lbs. 

(10) If in the system of Example (7) there are nine puUeys and 
each luM a mass of one pound, finathe force P to support a mass of 
85 lbs. 

Ans. 9 lbs. 

(11) If in the system of Example (8) the mass supported is 56 lbs., 
and each movable pulley, of which there are three, nas a mass of 1 lb,, 
find the horizontal distance of the centre of mass of Q from the centre 
of the fixed ptUley when the diameters of all the pulleys are equal. 

Ans. Nine twenty-eighths the radius of the pulley. 

(12) In the differential pulley shoum in the figure an endless chain 
passes over a fixed pulley A, then under a movable pulley to which 
the mass Q is attacned, and then over another fixed pulley B, a little 
smaller but coaocial with A. The tuH) pulleys A and B are in one 
piece and obliaed to turn together through the same angle. The two 
ends of the chain are joined so as to form a loop. The force P is 
applied to the riaht-hand portion of the loop. To prevent the chain 
from slipping^ there are cavities in the circumferences of the upper 
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pulleys into which the Uiika of the chain fit. Find the relation of P 
to ^ for equilibrium, neglecting friction. (For friction see Ex. ("*' 

Ans. Let b be tlie rodiuH of Uie palley B, and a the n 
the pnjley A. 

Let Q receive a virtual diaplacement verticaUy downin 
(hjubI to t. Tlieo, since both A and B torn throngb the ■ 
angle (), we have 

aO-W _ 2t 

2 "*■ "^ ~a-t' 

anil P has the virtual dieplai^ement verticallj' upwar 



In thia example it is not necesaatj to sappose » indefinitelj small, 1 
the forcea do not vary with the diBplacemeat. Ag^n, let T he the ten 
the cWd. Tlien if the pulley le in equilibrium, we have lu gravitAtloD u 



Taking moments about the axis of 0, 

Ta-Tb~P<i = 



Bj taking a and b nearl; equal v 



Q have P SB amall ai 



J 



B plMaO: 



(13) In the differential wheel and axle shown in the figure, we 
have two axles B and A of different radii, rigidly conrteeted aitd 
turning about their atmnutn axis DE. The force P ia applied nt 
right angles to the axi« at the extremity of the arm CD. The mats 
Q ia attached to a pulley supported by a rope which is ujrapped 
one way round B and the other icay round C. Find the relation 
of P to Qfor equilibrium, neglecting friction. 

Ans. Let e be the arm CD, and i and a be the radii of B and A. Then, m 
Id the preceding example, 

p _ ^a - b) 
2e ■ 
B7 taking b and a nearlj equal we can 
have P as Hmall as we please. In the simple 
wheel and aile the same result can only be 
obtained by making c ioconvenlentSy large or 
a inconvenient!^ small. 

(14) Th9 requieitea of a good balance are as follotps: latM 
should be " true," that is, when loailetl with equal masses the b 
should be horizontal. 2d. It should be " eensitice,^' that is, 1/ ' 

masses differ by a small <{uantity the direction of the beam J 

horizontal should be easily perctmtihlc. 3d, /( should be " stal 
that is, tohen moved from tts position of equilStrium it should n ' 
to it quickly. Show how to secure these requirements. 
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F 

^^H Ans, Let the insseeB of the loads he P nuil Q, uid of tLe ecale-pans S 
^^R. Let G be thtt centre of mass »C the bi,]- 
^^nce. not mcluding the scale-|>ans, W it? 
II maas. Let C be the point of sappurt, and let 

CG bo perpendicular to tLe beaan AB at D. 

Let be on; angle of the beam willi tlie 

borlxontal. and denote CD by A, CG bf k, 

and let AD = a, and BJ5 = b. 

Siip|iitse the balance rotated thruugli an 

indetinitelr soiftll angle d6 about I). Tlien 

the virtoal displacement of Aia Ai = adfi: at 
= bdb; of U, 01 = (A - k)dn. 




We have then, by the principle of virtual work, 

iP + S,)adQ ooa 8 - (§+ **,)Me cob 6 + W{h - k)d6 sin 
It we take moments about D, we have for equilibrium also, 
(P+ 5.)a 008 - (V + S,)fi COB 6 + tt-iA - *) sin S = 



= 0. 






_ (,Q+S,»^(P + S,)a 



(1) 



fl eqaal. P -. 
balance may be " true," that is, D ; 

e a = b. The amis must therefore be equal. We have then fiDr a 
BlMiance, when the masees of the Bcale-pana are equal, 

'-"%^ 

Wo can easily t«et the truth of a balance by interchanging the loads which 
hold the beam horizontal. If the beam settles again into a horizontal position, 
since the loadH are equal the bnlance is true. 

It is ahnoHl impoeaible to make a balance perfectly true. When, therefore, 
gteat accuracy is retjuired, the method of double teeigkiiig is adopted. TUs 
enaUes ns to determine the eiact mass, however untrue the hftlance. It con- 
fietB In flrat making the beam horizontal with the body whose mass is required 
in one scale and sand or shot in the other. Then the body is replaced by 
known masses sufficient to keep the beam horizontal. 

Sd. Prom equation (!) we see that if a, true balance 
tbat is. it 6 is to be lai^ when Q - P ia small, we mu 
iritti reference to a. That is. the distance QD of the ct 
the beam must be small compared to the length of an 
tbeo obtained by making a large and bringing the centre oi mass near tue 

3d. But we see from the figure that when k Is large the moment Wi of W 
about the point of support C ia large and the balance will return more readily 
then when k la I 'm"!! . The condition of " uiability " then requires that the 



i — k suiall 
requisite is 



u shall tw large. The c 



tquired, the third req- 
ia required. For ordinary 
ime. the reverse is the case. 



distance OD of the centre ui mass G from the 1 
ditions of stability and sensitiveness ate then a 

la scientific meosiirementB, where great a/ 

oisite is sacrificed to obtain the eecond, and li 

—Commercial pnrposes, where it is desirable to sb 

(16) Show how to ffraduate the common steelyard. * 
Ans. Let Pbe the movable weight. W the weight oC Uwm and scale-pan 
I acting at the centre of mass G, Q ibc weight to be 

determined at A, all in gravitation units. Let be 
the point of suspension. Let n he the number of the 
graduation at B. so that Q = nP. We have then 
for equIUbriom 

nT X AC'- WxCa-PxCB = 0. 



T 
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If we put n = in this equation, we obtain the position of the zero of 
the scale, 

00=- ^OG, 

TF— — 
or is on the other side of (7 to TT at a distance -^ OG from it. Hence 

nPxAO= PxOB, or OB = nJO 

T he graduations are obtained, then, hy marking off distances from equal to 

AO, 2A0, 9 AC, etc. Intermediate graduations correspond to fractional values 
of n. 

(16) Show how to graduuite the Danish steelyard, 

Ans. This steelyard consists of a beam AB terminating in a heaTrball B. 

From the end A han^s the Male-pan. The ful- 

>^ crum G is moved until the weight of the mass in 

^^ the scale-pan is balanced by that of the steelyard. 

Let be the mass at At W the mass of steel- 

^ yard and scale-pan acting at the centre of mass G, 

^ Evidently the zero of graduation is at G, since 

the beam balances when the fulcrum is there, when there is no mass Q. 

We have Q = nW, and for equilibrium 

nWxAG=WxCG=: W[AG - AC) 
Hence 

AG AG AG 
The graduations then are at distances from A equal to -jr-, —5-, — r— , etc. 

<e o 4 

(17) If the arms of a false balance are horizontal when there are 
no weights in the scale- j>aiis and one arm is one ninth part longer 
than tlie other, and if in using it the substance to be weighed is put 
as often into one scale as into the other, show that the seller loses five 
ninths per cent on his transactions. 

(18) If a common steelyard is 18 inches long, weighs 3 lbs. and is 
suspended at a point 3 inches from one extremity, what is the 
greatest mass which ca7i be measured by a movable tveight of 2 lbs. f 

Ans. 16 lbs. 

(19) If one arm of a common balance be longer than the other, 
show tliat the real weight of the body is the geometrical mean be- 
tween its apparent weights as tveiglied first in one scale and then in 
the otlier. 

« 

(20) The arms of a false balance are unequal and one of the scales 
is loaded. A body whose true mass is P lbs. appears to weigh Q lbs. 
when placed in one scale and Q' lbs. when placed in the other. 
Find the ratio of the arms and the weight with which tlie scale is 
loaded. 

Q'-P QQ-P" 



Ans. 



P-Q' P-Q 
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CONSTRAINED EQUILIBRIUM— SMOOTH CURVE 
OR ^SURFACE. 



I BEACnO!9 OF A CURVE OR BHItrACE. REACTION OJ" A SHOOTB CDHTE OR I 
SURFACE. EqUll.IBRIDM OF A liODY OH A aUO»TH OCTRVK OB SURFAGB. 
EqUIUBH^TU OP A BODY AT ANT POIMT OF A SMOOTH CUKVB OH I 

eCRFACE. OBREBAI. ElJUATlONa. 

Beaction of a Curve or Surface. — When a particle is in contact 
with ft rigid material curve or surface, the force or pressure which 
the curve or surface exerts upon the particle is called the reaction 
I of the curve or surface. 

If then we introduce this reaction as an additional force in com- 
bination with all the other forces lU'ting upon the particle, we can 
remove the curve or surface aud couaider the particle by itself as 
acted upon by this reaction and all tlie other forces. 

Eqaliibriam of a Body on Any Carve or Surface. — Let a 
J rigid feody AZ'Srest in equilibrium upon a rigid material curve of 
I surface J>E, smooth or rough, and touch it at 
1 many points P, , Pt, Pi . etc. 
I Let the reactions at these points be JR^ , Rt , Rt , 
Ifito., and let the resultant reaction be R acting at 

■ the point P of the curve or surface. If all the 
I reaotionB are oreimure/i exerted by the curve or 
I surface upon the body, this point P must evidently 
■vifu-V(j/« tic within ilie line or surface of contact DE. 
I Since all reactions are internal to the system composed of the 
Ibody and curve or surface, they are internal forces or stresses (page 
■7} and the resultant reaction R is the Tesultanl strem- AH other 
I fonieB acting upon the body are external to the system, and wo oall 
■tliem, therefore, ertemal forces. 

w Now if the body is in equilibrium on the curve or surface, the 
iTMtiltant /f* of all the external forces must be equal and opposite 
I to the resultant reaction R and lie in the same straight line. Its 

■ lino of direction must therefore pass through P. 

I Thi» point P. if the euros or surface resists by pressure only, 
I mtait always lie within the litte or surface of contact DE. 
1 If the base DE is n point, or the body touches the curve or sur- 
I face at a single point only, the body is in equilibrium at this point, 
[ the line of direction of R must pass thrfiugn this point and R' must 
I bo eoual and ojiposito to ii at this point. 

If the line of direction of R' falls outside the base DE the body 
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will rotate. If it intersects the curve or surface in the perimeter o£ 
the base, as at E, the body is said to be in limiting stability. 

If we consider all stresses but one as external forces, &e body 
may be treated as a particle at the point of application of this one. 

Whenever^ then, toe speak of a body as ''in equilibrium at any 
point of a curve or surface,'*'* me point referred to may he any one of 
the points of contact with the curve or surface. The body may be 
treated as a particle of equal mass placed at this point 

Eeaction of a Smooth Curve or Surface. — ^When a particle is in 
equilibrium upon any curve or surface, the reaction must be equal 
and opposite to the resultant of all the external forces. 

If the curve or surface is perfectly smooth, it can offer no resist- 
ance to a tangential force acting upon the particle. 

The reaction and the resiiltant of all the external forces must 
then, for equilibrium, not only be equal and opposite, but must also 
be normal to the curve or surface. For if the resultant of all the 
external forces is not normal, it can be resolved into a normal and 
a tangential component. But the smooth curve or surface can 
offer no resistance to the tangential component. Hence for equi- 
librium the resultant of all the external forces must be normal and 
the equal and opposite reaction must also be normal. 

A smooth cui*t)e or surface, then, is one whose reaction is normal. 
It is incapable of offering resistance to motion in any other than a 
normal direction. 

Equilibrium of a Body on a Smooth Curve or SurfiMe.— As we 
have just seen, whether the curve or surface be smooth or rough, 
we can treat the body as a particle of equal mass placed at any one 
of the points of contact with the curve or surface. 

If the curve or surface is smooth, then, as we have just seen, the 
reactions Ri, R%, R», etc., at each and every point of contact must 
each be normal at its own point of application, the resultant reac- 
tion R must be normal at P, and the resultant i^ of all the external 
forces must be normal and its line of direction must pass through P. 

If the curve or surface resists by pressure only, this point P 
must lie within the line or surface of contact. 

Thus, for example, let a body ADE rest in equilibrium on a 
smooth plane surface DE. 

Then the reactions Ri, Rt, R», etc., at every point of contact 

Pi , P« , Pi, etc., are normal to 





^K"^^ ^ the plane. The resultant re- 
\w^^/^ action R is normal to the 
plane also and acts at some 
point P of the base DE. If 
the surface resists by pressure 
only, this point P must lie within the base DE. 

Let W be the weight of the body acting vertically at the centre 
of mass C, and let jToo the resultcmt of all the other external forces. 
The resultant Not TTand F is then the resultant of all the external 
forces. It must pass through the intersection AoiW and F, and 
if there is equilibrium must be equal and opposite to the resultant 
reaction R and lie in the same straight line. It must therefore 
also be normal to the plane, and its line of direction must intersect 
the plane at the same point P of the base DE. If iV falls outside of 
the base DE, there is no equilibriimi if the plane resists by pressure 
only. If iV passes through E, the body is m limiting stability. 

We can consider the body as a particle placed at any one of the 
points of contact 



CHAP. Vm.] BODY OK A SMOOTH CUBVB OB 8UBFACB. 171 

[Equilibrium of a Body at Any Point of a Smooth Curve or Sur- 
fitce.]--If a body acted upon by any number of forces Fi ^ Ft, etc., applied 
at different points, is at rest at any point of a smooth curve or surface, we 
may then treat it as a particle placed at that point. The normal reaction 
iVat the point must be equal and opposite to the resultant of all the other 
forces acting upon the body. The curve or surface can then be replaced 
by its normsd reaction iVat the point. 

The normal to a surface at any point has a definite direction. The 
normid to a curve at any point may have any direction in a plane through 
that point perpendicular to the tangent at that point. 

Let all the forces acting upon the body, not including the normal reac- 
tion Nat the point P, be -Pi , ^j , etc., making with the co-ordinate axis the 
angles (ori , /^i , xO* (^« > /^a » X«)» ^^c. Then the components parallel to 
the axes are 

-Px = ^1 cos ai + -P« cos aa + . . . = ^i^cos a; 
2?^ = Fi cos /S^i + -Pi cos y^i + . . . = 21^ cos fi'y 
Ft = Fx QO& yi ■{• Ft QO^ yt -k- , . . = :SF cos y. 

1. Eqailibrinm of a Body at Any Point of a Smooth Cnrve. — Let 
(25 be an element of the curve. Then the direction-cosines of the tangent 

to the curve at any point P given by the co-ordinates (aj, y, z) are ;r— , 

dy dz 

-Tpi ^. The normal reaction iV at the point P has no component tangent 

to the curve at this point. If all the other forces are resolved along the 
tangent to the curve at this point, the sum of their tangential components 
. — dx —, dy „ dz 
^ ^*^ + ^^ "^ * dg' ^^ there is equilibrium, this sum must be zero. 

We have then for the condition of equilibrium 

^'W^^^t^^'% = ' (^> 

If we multiply by ds^ we obtain 

Fxdx + Fydy + F^z = 0, 

which is the principle cf virtual work (page 159). 

2. Equilibrium of a Body at Any Point of a Sniooth Surface.— 
I^t the normal reaction N&t the point P make with the oo-ordinate axes 
the angles Oj., Gy, Bg. Then we have for equilibrium 



Fx^ NcobBx 
F 



, Fy = NCOS By J Ft = N COB Bz;) 

V'^Fy'+Fz' = N\ \' ' ' ^^^ 



I^t the equation of the surface be u = 0, where u is a function of x, y^ 
z. 

For convenience of notation let 

S=^' ^=^' £=^' -<» ip^y^^w^^if. 
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Then the direction-cofiines of the normal to the surface at the point 
(a;, y^ z) are 

du 

cofl0x = ^ = 



m^wm 



008 Gy = TT- = 



du 
dy 



Jiduy . (duy fduV' 



008©, = ^.^ 



But for equilibrium 



du 
dz 



/iHIFW 



(3) 



— _£V_ _ 



cos Bx cos By cos Bg ' 
We have then by inserting the values for Bx^Oy^Bg. 

J^x Fy Fg 



?du\ (dti\ fduV 
\dx) \dy I [dij 



(8) 



If we substitute the values of cos 0x, cos By, cos Bg in equations (a), 
and multiply the first equatiou by dx, the second by cfy, the third by dz^ 
then add the results and reduce by the equation 



l(iu\ 
[dx) 



•^ * 'ij)'" * (MY"'- 



which is the total differential of the equation of the surface w = 0, we 
obtain 

Fxdx + Fydy + Fzdz = 0, (4) 

which is iha principle of virtual work (page 159). 

Equations (3) give two independent simultaneous equations which com- 
bined with the equation of the surface will determine the point of equilib- 
rium, if there be one. Equation (4) is the condition of equilibrium. * 

If all the forces «ire in one plane, lot this be the plane of XY. Thea 
from equations (3) and (4), since Fz = ^ and dz = 0, 

^' - ^y (5) 



fdu\ /du \ ' 
\dx) \rly I 

Fxdx + Fydy = 0. 



(6) 



EXAMPLES. 



(1) A body of weight W is placed upon a smooth inclined plane 
AB which maiees an angle a with the horizontal and is acted upon 
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21^ a force P which makes the angle ft with the plane. Find the can- 
ttions of equilibrium. (For rough plane see Ex. 7, page 215.) 

Ans. Consider the body as a particle placed at any point on the plane 
(page 160). We have acting npon the 
particle the weight IF, the force P and 
the normal reaction if of the plane, and 
these three forces most constitute a sys- 
tem of concorring forces in eqailibriam. 
Let the angle BOP z=z ft he positive 
when above Uie plane and negative 
when below the plane, as shown in the 
figure. 

Itt Solution : By Boioliition of Forooo.— If we lay the line representatives 

of the forces off in order the same way round, 
° they form a triangle (page 62). 
We have then dircKstly 

N: IF: : sin [90 - (a + /5)] : sin (90 + /^. 





or 



or 



P = 



P: W: 

TTsin a 
cos ft 



"" COB ft 

: sin a : sin (90 -f yS), 



(1) 



(2) 



We see at once from the figure that when ft == + (90^ — a), P and W are 
equal in magnitude and act opposite in direction and If is zero. For any 
greater value of positive ft, Jf is negative and there is no equilibrium possible. 

For negative ft, we must evidenUv h&ve ft less than 90**. 

JBqtuUionB (1) and (2) hold good, then, for all values of ft between + (90"* — a) 
and — 90**. Outside of these limits there is no equilibrium. 

The minimum value of P is for ft — and equal to P = TTsin or. 

Again, we can put the algebraic sum of the components along the plane and 
perpendicular to the plane equal to zero (page 61). We have then 

N+ Psin ft - Tf cos a = 0; 

Pcoaft - Tf sino: = 0. 

From these two equations we obtain the same equations (1) and (2) for JV 
and P. 

Again, we can put the algebraic sum of the horizontal and vertical compo- 
nents equal to zero. 

Hence 

Psin(a + /S) + JVco8a- Tr=0; 

Pcos (a + /?) - JVsin a = 0. 

From these two equations we obtain the same equations (1) and (2) for N 
and P. 

2d Solntion : By Virtual Work. — In order to find P, suppose a virtual dis- 
placement d alono the plane from towards B, This displacement is at right 
angles to iV and hence the virtual work of iV is zero. 

For equilibrium the algebraic sum of the virtual works of P, N and W is 
equal to zero. 

The component of P in the direction of the displacement is P cos ft. The 
virtual work of P is then -{-Pdoos ft. The component of W on the line of the 
displacement is TTsin a opposite in direction to the displacement. The virtual 
work of IT is then — Wd sin a. The virtual work of Jv is zero. Hence 



P[fcofl/5- TTdslna = 0, or P = 



TTsin or 
cos/^ 
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In order to find Nt we might suppose a virtual displacement at right angles 
to P, thus making the virtual work of P zero. Since, however, P is now 
known, let us suppose a horizontal virtual displacement d away from O. Then 
the virtual work of H is zero, and we have 



Hence 



pa cos (a + /?) - ifd sin a = 0. 

Pcofl(a+/g) _ TTcos (a -|- fi) 

cosp 



sma 



In this example we see it is not necessary to suppose the virtual displace 
ments indefinitely small, because the forces do not vary with the displacement. 

(2) A body of weight W is placed in contact with the under aide 
of a smooth inclined plane which makes an angle a with the horizon- 
tal, and is acted upon by a force P which makes an angle fi tvith the 
plane. Find the conditions of equilibrium. (For rough pkme see 
Ex. (8), page 217.) 

Ans. i^= -22ii4±^)Tr, p= J^, where fi> + (90 - a) and 

cosp cos/I^ ^ '' 

< + 90. 

(3) Find the force P necessary to just move a cylinder of radius r 
and weight W up a plane inclined at an angle a, by a crowbar of 

length I inclined at an angle fi, neglecting 
friction, (For friction see Ex. (9), page 218.) 
Ans. The weight W acting at the centre can 
be resolved into components i^i , Nt perpendicular 
to the bar and plane. If P acts at right angles to 
the bar, we have by virtual work, for a small dis- 
placement due to turning the bar about A through 
an indefinitely small angle 0, 




PW^Ni,ANxB=:0, or P = 



But 



Nx . AN, 
I 



ANi =rtAn--[a + fi] = -^ — . , \ '/ '-* , and Ni = 
2\ ' ' / sin{a-\-fi) 



Hence 



T Tsintt 
siu(a+/S)' 



p __ Wr sin a[l — cos ( a + /?)] _ Wr sin a 

■" Isin^Ja + fJ) "■ /[l + co6(a + /^)]- 



(4) A particle of mass m rests on a smooth cylinder and is kept in 
equilibrium by a string fastened to another par' jle of mass M^ which 
passes over the cylinder and hangs freely. Determine the position 
of equilibrium, (For rough cylinder see Ex. (10), page 218.) 

Let the position of equilibrium be at D and suppose a virtual displacement 
Diy along the chord at D, Then M moves throufi^h 
a distance equal to the chord DD' and we have the 
algebraic sum of the virtual works zero, or, since the 
virtual work of N is zero, 

Mg X chord DD' —mgX nD' = 0, 
M nDf 



or — = 

7/i 



chord DD' ' 



If DD' is indefinitely small, it is tangent at 2>. 
Hence if the tangent at 2) makes an angle with the 
vertical, we have for the condition of equilibrium 

— = cos 0. 
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In this example we see that the condition of an indefinitely small virtual 
4iBplaoBment is necessary, becaose the forces vary with the displacement. 

(5) Find the conditions for equilibrium for a screWy neglecting 
friction. (For friction see Ex. (H), page 219.) 

Ans. Let P be the force applied at the end of the arm a, and let the pitch 
of tiie screw or distance between the threads be p. Let if be 
the mass snpported by P, 

Ist. By Virtual Work. — If the arm a moves thron^h 2;r 
radians, M\a raised the distance p. If it moves through one 

radian, if is raised ^. 

If P, then, has a virtual displacement of radians, it 

moves through the distance oO and M is raised a distance 

p6 

—-, and we have by the principle of virtual work, in gravi- 

tation units, 

P«e-:^ = o. or p = Bl. 

Hence 

M __ 2na _ circumference of circle in which P moves 
P ~ p ~~ distance between threads 

2d. By BesoltUion of Forces. — Let Nhe the normal pressure on each thread, 
and a the inclination of the thread to the horizontiil. Then, in gravitation 
units, we have for equilibrium 

SNcoaa - if =0. 

If r is the radius of the screw, we have, taking moments about the axis, for 
equilibrium 

- Pa-}- ^iVsin a X r = 0. 

But if the screw \^ developed, we have an inclined plane whose base is 

27er and height p and angle of inclination a. 
Therefore 



« jrr 2?rr tan a =z p, or 2^r sin a = jp cos a. 

Inserting this value of r sin a, we have, as before, 

-i=b + |^ = 0. or p^^^-»frtan« 
' 2re 27ca a 

(6) Ilie differential screw consists of a screw AD which works in 
a fixed nut CC. AT is hollow and hxis a thread cut inside^ in which 
a solid screw DE works. DE is prevented from turning by some 
means J for instance by a rod FEF' rigidly connected with it, whose 
ends work in grooves, so that DE can only move in a direction par- 



allel to its axis. The mass M is raised by the force P^pplied at the 
end of the arm AB = a. Find the condition of equilibrtum^ neglect- 
ing friction. (For friction, see Ex. (13), page 22S).) 

Ans. Let a be the len^h of arm AB, P the force* applied, p and |/ the 
pitch of screws AD and DjS. 

When AB turns through 2ie radians, AD rises a 
distance p. DE cannot turn and therefore moves down- 
wards a distance p^ relatively to AD. The mass M is 
nused, then, a distance p —j/. When AB turns through 

one radian, if is raised ^ . If P then has a virtual 

27C 

displacement of radians, it moves through the distance 

^ and if is raised ^"T^^ - 

2it 
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Hence by the principle of virtual work, in gravitation units, 

iW-if<-^^=0. or P=M^^. 
2x 2na 

Evidently, by making p aaidp' nearly equal, we can make P as small as we 
please. In the simple screw tne same result is attained only by making the 
lever-arm a inconveniently large, or by making the pitch so nnall that the 
thread is too weak to support the pressure on it. 

(7) Let the force acting normally upon the middle of the back of 
an isosceles wedge be P. Find the conditions for equt- 
librium, neglecting friction. (For friction see Ex. (13), 
page 220.) 

Ans. The pressure on each side must be normal. Let a be 
the angle of the wedge. Then for a virtual displacement of r 
we have by the principle of virtual work 

A~2iV«sin^ =0, or P=2iirsm^. 
2 2 

(8) Let an isosceles wedge rest with its surface BC upon a hori- 
zontal plane. Let a force P be applied normaily at the middle point 
of the back. Let the body, whose weight is W, acting at the centre of 
mass Oy rest upon the wedge, and be constrained by guides DE^ 
L^E to move in a direction normal to AC. Find the condition for 
equilibrium, neglecting friction. 

Ans. Let a be the angle of the wedge. Then 
Ifzz Wcosa. 

P= 2Wco8aBiji . 

2 

(9) A body weighing 10 lbs. rests on a 
smx)oth plane rising 2 feet vertically for every . 
6 ft, along the plane. It is kept from sliding by a force in the direc- 
tion of the plane. Find the force and the pressure on the plane. 

Ana. P=41bs.; iV= 9.16 lbs. 

(10) A body is kept at rest on a smooth inclined plane by a force 
acting up theplatie eqxuil to half the weight of the oody. Find the 
inclination of the plane. 

Ans. 30^ 

(11) A body is at rest on a smooth inclined plane, and the applied 
force and pressure on the plane are each equal to the weight of the 
body. Find the inclhiation of the plane and the direction of tlie 
applied force. 

Ans. 60^; 30" to inclined plane and horizontal plane. 

(12) A body is supported on a smooth inclined plane by a force 

Xil to its tveiqht. Shoiv tliat the reaction of the plane is aouhle 
t it ivould oe if tlie body were supported by the least possible 
force. 

(13) Let P be the force which, acting up a smooth inclined plane, 
keeps a body in equilibrium. Let Q be the force which supports the 
body when its direction is such thai it is equal to the reaction of the 
plane. Show that P acting up the plane could just support a bodjf 
of weight Q on a plane of twice the inclination. 
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(14) Two particles of equal mass, each attracting unth a force 
varying directly as the diatance, are situated at the opposite ea^rem- 
Uies of a diameter of a horizontal circular ivire on which a small 
smooth ring is capable of sliding. Show that the ring will he kept 
at rest in any position under the attraction of the particles, 

(15) A body whose weight is W is sustained on a smooth inclined 

W 
plane by three forces applied to it, ea^ih equal to -— -. One acts ver- 

tically, another horizontally^ and the third along the plane. Find 
the inclination of the plane. 

Ans. Let a be the inclination of the plane. We have, placing the algebraic 
sum of the components along the plane equal to zero, the ^^ 

condition of eqailibriam ^%^ 

-y + "S" c<>8 ^+ o" sin a — TFsin a = 0. 



Hence, 



2sina= l-j-cosa. 




cc a 1 

Or, dncesina=28in^ cos-^ and l+cosa = 2cos*-gar, 

- , a a .a 

2 sin 'Tz cos — =: cos' — . 
2 2 2 

Solving this equation, we have 

a .at , a 
cos- =8m^ ± sin-, 



or 



a cc 

cos — = 2 sin — or 0. 

We have then two values for or, given by tan -- = — , or a = 68* T 48".4 

«nd a = 180*. 

Placing the algebraic sum of the components perpendicular to the plane 
equal to zero, we bjive 

W W 

N+ — cosa— -—sina— WcoBa=0. 

o o 



Hence 



if = -jT-fsin a+ 2 cos a J. 



2 

The first value of a = 58* T 48".4 gives JV = -f s" "^- The second value of 

o 




N 



If 



1 



MO** 



a= ISO* gives 2fz= - g F. The first value 

gives a rational solution. The second value 

corresponds to the case of the particle placed 
underneath the plane, the normal reaction of the 
plane being directed towards the plane. If the 
normal reaction could consist of a ptUl, this po- 
sition would be possible. 

(16) A rod AB rests on txoo smooth planes AC and BC which 
make t?^ angles or, and a, unth the horizontal. A load of P lbs. is 
applied cU a point D of the rod at a distance AD = a and BD s h 



w 
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fr<ym, the ends. Find the inclination of the rod to the horizontal 

when equilibrium exists, and the pressures 
Ni ana Nt on the planes. Weight of the 
rod neglected. (For motion see Ex. (15), page 
221.) 

Ans. The forces acting upon the rod are the ver- 
tical weight PbXD and tne normal pressurea JVi and 
Nt at A and B, These pressures make the same 
angles with the Tertical that the planes AC and BC 
make with the horizontal. 

We have then for equilibrium the algebraic sum of the vertical components 
equal to zero, or 

JVi cos ai + i^a cos aa — P = 0; (1) 

the algebraic sum of the horizontal components equal to zero, or 

i^i sin ai — i^Tt sin a, = 0; (3) 

the algebraic sum of the moments about any point in the plane equal to zero. 
Take the point I) and let the lever-arms be Ui and n^. Then 

N^n^ - N,nx = (3) 

We have from the figure, since Wa and rii are parallel to BC and AG, if 6 is 
the angle of the rod with the horizontal, 

Tia = h cos (as — 0), ni = a cos (ax + S), 

and from (2) we have JVi = ^^ ^' JV,. Substituting in (8), we have 

sin ai 

t t «« Bin cc^ , , ^^ 

COS (a, — 0) = a- cos iai + G); 

sm ai 

expanding and reducing, we obtain 

tanfl= " cotg ^. - ft cotg. «. .^. 

a + 6 ' 

Also from (1) we obtain 

^- Psincr, Psinai ,^ 

iVi = -; — 7 ; :, N% = -; — 7 ; r (5) 

sm (ax + era)' sm (ax 4- a,) ^ ' 

If a= 90° and ai = 0, or the plane BG is vertical and AG horizontal, we 
have from (4), = 90% and from (5), Nx = Pand iVa = 0. That is, the posi- 
tion of equilibrium is when the rod is vertical and the end A is at (7. If it has 
any other position, there is no equilibrium unless another force is introduced. 

(17) A rod AB of length I rests upon two smooth planes, one AC 
horizontal and the other BC vertical, and its inclination with the 
horizontal is S. A load of P lbs. is applied at a distance AD = a 
from tlie end A. The rod is prevented from sliding by a string at- 
tached to C and tJie rod. If tJie inclination of this string with the 
horizontal is «, find the stress in it for equilibrium. Weight of the 
rod neglected. 

Ans. The forces acting upon the rod are the vertical weight P acting at D, 
the stress S in the string, and the normal pressures Ifx and 
iTa at A and B. ...^.^ 

We have then for equilibrium the algebraic sum of the ^f 7 

vertical components equal to zero, or i/ 

]^x- P- S8ma = 0; (1) ^' ^ 

the algebraic sum of the horizontal forces equal to zero, or 

/Scos0- if. = 0; . . » . . . (2) ' *P 

the algebraic sum of the moments about any point in the plane equal to sero. 



ILJ 



B 
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Take the point as the centre of moments. Then the lever-arm for Ni is 
i 006 0, for JVs it is 2 sin 6, and for P, (2 — a) cos 6. Hence 

i\r,i sin + i^^ — a) cos - -^1^ cos = (8) 

From these three equations we obtain 



I cos a(tan 6 — tan a) * ^ ^tan 6 — tan a)' 

Pa 



JVa = 



^tan 6 — tan a)' 



(18) A body is avstained on a smooth inclined plane of inclina- 

turn a with the horizon by a force P acting along the plane and a 

horizontal force H. When the inclination is half or, the forces are 

P H 

-^ and -^-, and the body is still at rest. Find the ratio of P to H, 

P a 

Ans. r=. =z2 cos'i-. 
H 4 

(19) A weight of 10 kilograras is siistained on a smooth inclined 
plane of 25® inclination vnih the horizon^ by a horizontal force of 5 
Kilograms and a force unknown in magnitude and direction. Find 
this force when the normal pressure on the plane is 2 kilograms. 

Ans. 9.07 kilograms making an angle fi below the plane of about 88*" 6'. 

(20) Find the inclination of a smooth inclined plane if a weight 
of ii kilograms resting upon it is sustained by a horizontal force 
of 7 kilograms and a force of 16 kilograms of unknoion direction^ 
while the normal pressure is a force of 15 kilograms. Find also the 
unknoum direction. 

Ans. a = 53'* 63'; /J = 17" 28'. 

(21) Find the inclination of a smooth inclined plane if a weight 
of 20 kilograms resting on it is sustained by force up the j)lane of 5 
kilograms and a force of 15 kilograms of unknown direction y while 
the normal pressure is 2 kilograms. Find also the unknoum direc- 
tion. 

Ans. a = 49" 28'; ft = 47" 9'. 

(22) Find the inclination a of a smooth inclined plane if a given 
voeight W resting on it is sustained by a horizontal force H and a 
force P of unknown direction^ while the nomud pressure is N, Find 
also the unknown direction, 

TT* -j- ^* -j- JV« — P* ♦ 

Ans. For convenience of notation let A = s-4t . Then 

(23) A rigid body rests at the point A upon a smooth inclined 
plane ACD which makes an angle a. with the 
horizontal. The axis AB of the body makes 
an angle fi with the horizontal. At the point B 
a force P is applied which makes an angle y 
with the axis AB. At the point s of the body a 
verticcU force Wis applied. All the forces act 
in the plane of AB and AC. Find the condi- 
tions of equilibrium. 

Abb. Let AB = a, A8 = b, and the normal pressure at ^4 be ilT. 
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The forces acting upon the bodj toe P, W and the normal preBsnie at A. 
If these forces are in equilibriom, we have for the algebraic snm of the mo- 
ments about A 

TFJcoB/y-Pasin^ =0, or p^ ^J^fi ^ . . . (1> 
Placing the algebraic sum of the horizontal components zero, we have 

Pcos(y— /5)— 2irsma=0, or Jf= 7-^ — ^ = . ^ .^ — ^. (2) 

^ f"' alna asm^sina ^ ' 

If we take moments about B^ we have 
ifa sin (90-a-/8)-W:a-6) 008 /? = 0, or cos (a+/8)= ^\^l^J^^ ' («> 

We thus determine P, N and the direction of the axis AB, 
We also have the algebraic som of the components along the plane equal 
to zero, or 

Pcos(a+/5-r)- Trsina=0. 

Reducing and inserting the values of P and ooe (a4- A ^''oo^ (^) ^^ (^ ^^ 
have 

^ , , -^ asinvsin/^ + ^cosxcos/^ 

tan (a+ /5) = -^ rf— ^3 si.. 

^ ' '^' (a — 6) sin ^ cos p 

Also, since P, ilT and Tf must make a closed triangle, 

iir= — ^— 4^(6 cos /5)* + (a sin ^)* - 2adcos/»sin x sin(y - tf). 
If P is horizontal, we have y = fi, and 

P = — cot ^; 

F& cot^ or JV=—?^ 4/(6 cos /y)» + (asin/5)«; 
a sm a a sin a ' ^ #-/ 1 * 1-/ » 

/ . ^x (a — 6) . >, . . / I i». asin»/5 + 6cos«/5 

cos(a + /3)==-^sin/3 8ma,tan(a+A) = ^^-^g^^. 

The student should solve by the principle of virtual work. 

(24) The upper end of a rod rests against a smooth vertical plane^ 
ana the lower end in a smooth spherical bowl, A we^M W acts at 
any point M of the rod. Find the position of equilibrium. (For 
rougn surfaces see Ex. (24), page 227.) 

Ans. Let AB be the rod, DB the vertical plane and FAE the spherical 

surface. The forces acting upon the rod are the 
weight W acting at the pomt Jh of the rod, the nor- 
mal pressure N on the spherical surface which passes 
through the centre C of the sphere, and the normal 
pressure R on the vertical plane. 

Let a be the angle of the rod with the horizontal 
< r^ and the angle of the radius AO — r with the hori 

zontal. 

Then we have for equilibrium 




iVcO8e-jB = 0, ) „ F r, TO- .« 

'J. or Ntz-:— ^= TTcotO. . . . 
iV8in0-F=O, ) smO 



(1) 



Take moments about M, Let the distance AM = a and MB = h. Then 
the lever-arm of i? is & sin a, and the lever-arm of iV is a sin (6 — a), and we 

have 

^sina— JfasinCO — a) = 0, 
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or, Bubstitating the values from (1), 

a sin (9 — a) = 6 cos 9 sin a. 
Developing and reducing, this becomes 

(a -|- 6) tan a = a tan 9, . . 



(2) 



Let the length of the rod be I, Then the distance CD = d of the centre of 
the spherical surface from D is 

d = 1 cos a^r cos B (3) 

From (2) and (8) we can determine a and 0. The position of equilibrium is 
independent of Jv, but depends upon the position of >Fand 0, 

(25) A body whose weigkt is W is at rest upon a smooth parabolic 
curve whose axis is vertical, and is acted upon at any point Pby a 
horizontalforce H whose magnitude is always proportional to the 
distance PM from the axis. Find the position for equilibrium. 
(For rough surface see Ex. (25), page 227.) 

Ans. The equation of the parabola, taking the origin at the vertex O, is 

y» = 2pic, 

where the axis of Xis vertical and the axis of F horizontal and p is the ordi- 
nate to the curve through the focus. 





We consider the body, whatever its size as a particle, acted upon by con- 
curring forces (page 169). The applied forces are W, H and the normal re- 
action of the curve. These make a system of concurrine forces in equilibrium. 

Let the horizontal force which acts upon the particle when it is at the dis- 
tance p from the axis be Hi, Then the force H when it is at any other dis- 
tance i^M =. y from the axis is 

H^y-Hi, 

p 

Let 9 = angle between the tangent at Pand the vertical. 
Then, taking the algebraic sum of all the components along the tangent, 
we have for eqimibrium the condition 

Trco80-^sin6 = O. 

This condition holds whether the particle rests within the curve or upon it. 
Substitute the value of H, and we have for the condition of equilibrium 

Trcose = -iriSinO. 
P 

This condition is evidently satisfied when 6 = 90*" and y = 0, that is, when 
the particle is at the vertex. 

If Uie particle is not at the vertex, we have 

Hiy 
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Bat if the curve is a parabola, we have for any point tan = - . Hence the 

condition for equilibrium for anj point is ITi = TT. 

If then the magnitude of the horizontal force when the particle is at the 
distance p from the axis is W, the particle will be at rest at any point of the 
curve. If it is not, the vertex is the only position. 

(26) A body of weight W, resting on a smooth inclined plane^ is 
attached to a string tvhichj passing over a smooth jndley, sustains a 
body of weight P. If p is the inclination of the string to the inclined 
plane and oc the inclination of the plane to the horizon^ find the con- 
ditions and position of equUwrium, 

Ans. ^xample (1).) The condition of equilibrium is Pcos fi = FTsin a, or 
cos/J= — J — . 

Since fi must be less than 90", cos fi must be less than uni^. Hence TTsin a 
must be less than P. If the condition of equilibrium is satisfied for one point 
of the plane, it will be satisfied for all others. 

(27) A body whose weight is 10 kiloqrams is supported on a 
smooth inclined plane by a force of 2 kilograms acting along the 
plane and a horizontal force of 5 kilograms. Find the inclination 
of the plane and the normal reaction, 

Ans. a = 86" 52' 11", sina = -=^, cos a = — ; if = 11 kilograms. 

5 5 

(28) Two weights P and W are fastened to the ends of a cord 
which passes over a smooth pulley O. The weight W rests upon a 
smooth vertical plane curve and P hangs freely. Find the position 
of equilibrium (a) when the curve is a parabola and O is at the 
focus ; (6) when the curve is a circle and O is at a distance a above 
the centre ; (c) when the curve is an hyperbola and Oisat the centre^ 
the axiscf the curve being vertical ; (a) find the curve such that the 
weight Wmay be in equilibrium unth P at all points of the curve. 

Ans. The applied forces are the weight W acting vertically, the tension P 

of the string and the normal reaction N of the curve. 

Take the origin at and let OIF make the angle a with 
the horizontal. Then, since AW = x^ OA = y, if we de- 
note TF by r, we have 

sina=— , cosa = -, r' = aj' + y'. 
r r 

Let iVmake the angle G with the vertical, then the tan- 
gent at W makes the same angle with the horizontal. 

We have then for the algebraic sum of the vertical com- 
ponents 

iVcos 6 - TF - Psin a = 0, (1) 

and for the algebraic sum of the horizontal components 

if sin - Pcos or = (2) 

From (1) and (2) we obtain 

. - P cos a 

tanO = -==-^ — =— : . 

Tr + Psma 

The tangent of the angle which the tangent to the curve at IT makes with 
the horizontal is then for equilibrium 

^ f^^fl- PcoBg _ Pp 
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Equation (8) is general whatever the carve. We may obtain it directly 
from eqoation (6), page 172. Thus Fx = — Pcos a= , Fy = — TT— 

T 

Psin a = — Tf — — . Hence, since Fxdx + Fydy = 0, we* have at once 

T 

equation (8). 

(a) If the curve is a parabola with origin at the focus and axis vertical, 
the equation of the curve, since y is negative downwards, is 

aj> = — 2py + 1^. o' t* = aj* + 2py — i^ = 0, 

where p is twice the distance from the focus to the vertex. 
DLSerentiating, we have 

^9 Aft ^ 
^ = — tan9 = . 

dx p 

Substituting in (3), we obtain for equilibrium 

r ± yx^ +y" 




= P- 



p-y 



= ±P. 



Hence equilibrium obtains when TTand P are equal and holds good for any 
point on the curve. We may obtain the same result directly from equation (5), 
page 172. Thus 

r 



du ^ du ^ ^ 
55 = ^' 5p = 2p. F.=: 



Fyz=-.W-- 



Py 



Substituting in ^^ = j^y we obtain at once W = P- — - = ± P. 

(h) If the curve is a circle with the origin and pulley at a distance a above 
the centre of the circle, the equation of the circle, since y is negative down- 
wards, is 

(a + y)' + *' = -R*. or tt = jR»-««-(a+y)» = 0, 

where R is the radius. 
Differentiating, we have 

?y = -tane = -^— 

dx <*+y 

Substituting in (8), we obtain for equilibrium 

P 

We may obtain the same result directly from equation (5), page 172, by 
inserting the values 




du ^ du g. f. „ Px 

— = — 2«, — = — 2a — 2y, Pa: = 

dx dy T 



Fy^^W^?^. 



(c) If the curve is an hyperbola with the ori^ and pulley at the centre of 
the hyperbola, the axis of tne curve being vertical, the equation of the curve 
is 

yy« - a»*» = a'ft«, or * = ft*y* - aV - a»y = 0. 



I>iflerentiating, we have 



a^x 



«to Vy 
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Substitatiiig in (8), we obtain for eqnilibriam 

bW 



y = 



«4/lF«-^/» 



where e is the eccentricity or 6 = 1/ — -f — . 

We may obtain the same result from equation (5), page 172, by snbstitatlng 
g=-2a... g = 26.y. F.= -^. F,= -W-^. r. = ^ + ^. 

(d) Required the curve such that the weight IT may be in eqoilibriom with 
the weight P for all points of the curve. 
We have from (8) 

^ = - -fig Pg 

or 

Vx' + y\ 
Integrating, we have 

- Wy+C = PV^ + y\ 

Squaring, 

TPy« - 2C7TFy + C« = P^x'^ + F^^. 

Hence 

P»a;» + (P»- IF V + 2C7Try - C« = 0. 

This is an equation of the second degree and is therefore a conic section. 

If P = W, it is a parabola ; 
P > TT, it is an ellipse; 
P < TT, it is an hyperbola; 
the origin and pulley being at the focus. 

(29) A particle whose weight is W is placed on the concave sur- 
face of a smooth sphere and is acted upon by gravity and also by a 
repxilsive force varying inversely as the square of the distance from 
the lowest point of the sphere. Find the position of equilibrium, * 

Ans. Take the lowest point of the sphere as the origin, and let the axis of 
T be vertical. 

The equation of the surface is, if i? is the radius. 

Let r be the distance of the particle from the lowest point of the sphere. 
Then 

r« = a!2 + y« + 2« = 2iJy (a) 

Let the repulsive force at a known distance a from the lowest point be Fi, 



Then the repulsive force at any distance r will be Pi — = P, . 

Let the repulsive force make the angles a, ^, y with the co-ordinate axes. 

2 1/2 

Then cos or = - , cos p = --, cos v = - , and the component forces parallel 
r r r 

to the co-ordinate axes are 

7?»_r»«'« v ^v ^^ y w W -^ JF ^* ^ 
2Ity T ' 2Ry r 2Ey r 

* This is the problem of the electroscope. 
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Hence from eqokUoii (8), paga 172, wo lutTe after redaction 



Inserting this in (a), wo obtain 



If another force of the eame kind makes the particle rest at a distance r' 
from the loweet point, and if ^i' is the force at a distance a', then 



tliat is, the valnee of the repakive foTcea at distance nnitj Tarj as the cubes 
of the distance from the loweet point. 

Snbetituting the valnes of Px, F«, Ft In equation (4), page ITS, and the 
Talnee of y and r already found, we obt^n 

tdx-'f ydy-^t(U — Rdy = fi, 

which is the difierential equation of equation (n). - 




CHAPTER IX. 



CONSTRAINED EQUILIBRIUM— ROUGH CURVE OR 

SURFACE. 



FBICTION. ADHESION. KINDS OF FRICTION. REACTION OF A ROUGH CURVE 
OR SURFACE. EQUILIBRIUM OF A BODY ON A ROUGH CURTB OR SUR- 
FACE. ANGLE OF FRICTION OR REPOSE. OONE OF FRICTION. CO- 
EFFICIENT OF FRICTION. LIMITING EQUILIBRIUM. COEFFICIENT OF 
STATIC SLIDING FRICTION. LAWS OF STATIC SLIDING FRICTION. TALUKS 
OF COEFFICIENT OF STATIC SLIDING FRICTION. STATIC FRICTION OF 
PIVOTS. STATIC FRICTION OF AXLES. STATIC FRICTION OF CORDS AND 
CHAINS. RIGIDITY OF ROPES. STATIC ROLLING FRICTION. EQUILIB- 
RIUM OF A BODY AT ANY POINT OF A ROUGH CURVE OR SURFACE. 
GENERAL EQUATIONS. STABLE, UNSTABLE, INDIFFERENT AND NEUTRAL 
EQUILIBRIUM. CRITERION FOR STABLE, UNSTABLE, INDIFFERENT AND 
NEUTRAL EQUILIBRIUM. STABILITY IN ROLLING CONTACT. 

Friotion. — In the preceding Chapter we have considered the 
equilibrium of a body on a smooth curve or surface, that is, a curve 
or surface incapable of offering resistance to motion in any other 
than a normal airection. 

But every natural surface offers a resistance to the motion of 
a body upon it. Part of this resistance is due to adhesion between 
the bod^ and surface and part is due to friction. 

Friction then is always a retarding force or resistance, and acts 
always in a direction opposite to that in which the body moves or 
would move if there were no resistance. 

When one surface moves upon another, the surfaces in contact 
are compressed and projecting points and irregularities are bent 
over, broken off, rubbed down, etc. 

The resistance due to friction, therefore, evidently depends upon 
the materials of which the surfaces are composed, ana also upon 
the roughness or smoothness of the siu*f aces in contact. 

It may also evidently vary for the same surfaces, according to 
their condition or state or material constitution. 

Thus it may not be the same for surfaces of dry wood or iron aa 
for the same surfaces under the same conditions when wet. It 
may not be the same for two surfaces of wood with their fibres 
p£u*allel as for the same surfaces under the same conditions when 
their fibres s^re not parcdlel. 

Unguents also have a great influence. Such fluid or semi-fluid 
unguents as oil, tallow, etc., fill up interstices and diminish the 
effect of irregularities of surfaces ; or a film of unguent may be 
interposed between the surfaces and thus the resistance of friction 
greatly diminished. 
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Adhesion. — We must not confound the reaistance due to friction 
with that due to adhesion. Adhesion is that reeistance to motion 
which takes place when two different surfaces come in contact at 
many points without pressure. Adhesion increases with the area of 
surface of contact and is independent of the pressure, while, as we 
shall see (page 191), friction increases with tho pressure and is in 
^neral independent of the area of surface of contact. When tho 
pressure then is very small, adhesion may be great compared with 
friction. 

If, however, the pressure is great, adhesion may be neglected 
compared to the friction, and the resistance to motion is practically 
that due to the friction only. 

When the surfaces in contact are of the same kind, we call the 
r^sistajice to motion cohesion; when of dttTerent kinds, adbesion. 

Kinds of Friction. — Surfaces may slide or roll on one another. 
We distinguish accordingly sliding friction and rolling friction. 

It is abo found by experiment that the friction which just pre- 
vents motion is greater than that which exists after actual motion 
takee place. The friction which just prevents motion is called 
friction of repose or quiescence, or static friction. The friction 
which esiste after actual motion takes places is called friction of 
motion, or kinetic friction. 

We have then two kinds of static friction, viz-, static sliding 
friction and static rolling friction. 

We have al8t> two kinds of kinetic friction, viz., kinetic sliding 
friction and kinetic rolling friction. 

In any case, whether of sliding or rolling, the kinetic friction is 
alwavs k'88 than the Htatie friction. 

W e have to do in this portion c 
only. 

H«aotion of a Rough Curre or Surface.— We have already defined 
fpage 1611) the reaction of a curve or surface as the pressure which 
ViB curve or surface exerts upon a particle in con- 
tact with it. 

Suppose then a. particle in equilibrium a . 

point P of a rough curve or surface. Let R be 

the reaction of the curve or surface, and R' tho 

resultant of all other forces acting upon the par- 

I tide. 

Then for equilibrium R and R must be e<]unl 
I and opposite and make the same angle " with the normal to the 

curve or surface at the point P. 
I Now R' can be resolved into a normal comiKinent which must be 
I resisted by the normal pressure JV of the curve or surface at the 
A,poiDt P, and into a tangential component T which tends to cause 
V^tdin|7 and must be resisted by the friction F. The components of 
■^e reaction ii are then i^and F, and we have for equilibrium 

j;coan=.N; flsin« = F, 

■P I 

Hence, when a particle is in emiilibrtum at any point of a rouph 

curve or surface, the reaction makes tmth the normal at this potnt 

an angle ichoae tangent is give7t by the ratio of the friction to the 

normal preaaure at the point. If the reaction ia normol, there is no 

t friction. 
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Eqailibrinm of a Body on a Sough Curve or Surfiftoe. — We 
have seen, page 169, that a body in equilibrium upon any surface, 

rough or smooth, may be treated as a i)afticle 
pla^d at any one of the points of contact with the 
curve or surface. Also, if the curve or surface 
;ita exerts pressure only, the resultant IS' of all the ex- 

ternal forces must intersect the curve or surface at 
some point P within the line or surface of contact. 
We have also just proved that when a particle 
is in equilibrium at any point of a rough curve or surface, tne reac- 
tion R makes with the normal at this point an angle a whose tan- 
gent is given by the ratio of the friction to the noimal pressure. 

If then the Dody ADE rests in equilibrium upon a rough curve 
or surface and touches it at many points Pi , A , Pa , etp., each of 
the reactions i2i , i^ , i^s , etc., at each of these points makes with 
the normal at its point an angle ^i , art , a. , etc., whose tangent is 

Tft Jp Jp 

given by the ratio -^r^, -^^ ^, etc., of the friction to the normal 

iVx xV» xV« 

pressure at each point. 

The entire body can then be treated as a particle at any one of 
the points of contact. The point P where the line of direction of 
the resultant i^ of cdl the external forces intersects the curve or 
surface, if the curve or surface exerts pressure only, must lie in- 
side the line or surface of contact DE, 

The resultant reaction R at any point of contact of all the forces 
acting upon the body except the reaction at this point, must make 
with the normal at this point an angle a whose tangent is given by 
the ratio of the total friction to the resultant normal pressure. 

Angle of Friction or Eepose. —Let a body be in equilibrium at 
any point P of a rough curve or surface. 

Let R be the reaction of the curve or surface at the point P, and 
let R' be the resultant of all the external forces acting upon the 
body. 

Then for eauilibrium, R is equal and opposite to 
R' and makes tne same angle a* with the normal at P 
given by **^r^9^^r~^R' 

tan (X = -Y 

N 

where F is the friction at the point P, and ^is the normal pressure 
at this point. 

Now the force which tends to cause sliding is the tangential 
component of R or T = R' sin oc. The friction P at P acts opposite 
to Ty and so long as there is eouilibrium is equal to it. 

As the angle <r increases, the normal pressure N= R cos <t de- 
creases and the tangential force T= R sin « increases. There is 
evidently a certain value for a for which, R' remaining unchanged 
in magnitude, sliding is just about to begin. For any value of a less 
than this, sliding cannot begin no matter what the mamitude of 
R\ For any value of cc greater than this, sliding takes place. 

We denote this value oto^hy<P and call it the angle of friction 
or repose. 

We have then 

max. F 
tan <p = — -, — zr=. 
mm. N 
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That is, the angle of friction or repoee is the greatest angle 
which the reaction R at any point of contact can make with the 
normal at that point without sliding taking place. Since static 
friction iB always greater than kinetic, it is also the greateet on^le 
which the reaction It at any point of contact can ever make with 
the normal at that point. It is also the greatest angle which the 
resultant R' of all the external forces acting upon the body can 
make with the normal at the point without sUdin^ taking place. 
No resultant force R. however great, can cause sliding to begin, so 
long as its angle a with the normal is less ttian the angle of &-iction 
or repose. 

Cone of rriotion,— If then the reaction R at any point of contact 
P makes the angle of friction or repose ip with the normal at that 
point, eliding is abottt to begin. 

If we revolve the line representative of R about the normal at P, 
it describes the surface of a cone every element of 
which makes the angle of repose ip with the nor- 
mal. This cone is called the cone of firicUou. 

No force acting at the point P, however great 
in magnitude, can cause sliding to be^n at that 
point if its line representative lies within the cone. 
The cone of friction encloses the direction of all 
forces which are completely counteracted by the surface at any 
point. 

CofifBcient of Priotion.— When two surfaces are in contact and 
there is friction and normal pressure at every point of contact, the 
Hum of the frictions at every point of contact is the total friction, 
ftnd the sum of the normal pressures at every point of contact is 
the total normal pressure. 

The ratio of the total friction to the total normal pressure when 
motion, either sliding or rolling, is jus* about to begin, is called the 
coefilcient of static friction, either of sliding or rolling. 

The same ratio a/tcT motion has taken place is called the coeffi- 
cient of kinetic friction, either of sliding or rolling. 

We denote the coefficient of friction in general by f. We have 
then, in general, for all cases 



u = ^- or J^ = />N, 



where F is the total friction and Nthe total normal pressure, when 
motion eithar sliding or rolling is jnst about to begin, or else when 
motion either sliding or rolling has taken place. In the first case ii 
IB the ooefBcient or static friction of sliding or rolling. In the 
i-eecond case // is the coefficient of kinetic friction of sliding or roll- 
We have to do in this portion of the work with static friction 






iting Equilibriom — The student should carefully note that 

F = iiN 

s not give the actual resistance of friction in all cases of equilib- 

uium, but only the resistance which exists when the surfaces are 
n th« point of motion. 

FYiction acts always in a direction opposite to the force which 

.jnds to cause motion, and so long as there is equilibrium it ia 

^wayft equal in magnitude to this force. But when this force hna 

vtlie magnitude »N motion is juat about to begin, and the body is 
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said to be in limiting eqnilibriiiziL If this force is less than fiN^ 
there will still be equilibrium, whatever its magnitude, and the 
body is in non-limiting equilibrium. 

GoefBlcient of Static Sliding Friction — ^Experimental Determina- 
tion. — Let a body of weight W, acting at the centre of mass C, rest 

in equilibrium upon a rough plane AB, the 
surfaces of contact being plane. 

Then for equilibrium the line of direction 
of W must intersect the plane inside the base 
or surface of contact UE^ and we can con- 
sider the bodv as a particle placed at the 
point where w intersects the base, and in 
equilibrium under the action of the reaction 
ai that point and the weight W. 

Then the sum iV of all the normal press- 
ures acting at every point of contact must 
be equal and opposite to the normal compon- 
ent of W, and the sum F of all the frictions 
at every point of contact must be equal and opposite to the com- 
ponent T of W parallel to the plane. 

We have then when sliding is about to begin, for the coefficient 
of sliding friction, 

F 

F 
and we see from the figure that — is the tangent of the angle which 

the total reaction R makes with the normal when sliding is about 
to begin. Now the reaction at every point of contact is parallel to 
R or W" and sliding begins at all pomts of contact simultaneousl;^. 
Hence the angle which R makes with the normal when sliding is 
about to begin is the angle of repose 0, and it is evidently the same 
as the angle which the plane makes with the horizontal. There- 
fore 

F 

>u = -^ = tan 0. 

That is, the coefficient of static sliding friction is equal to the 
tangent of the angle of repose. 

if, then, we place a body upon a rough plane and then gradually 
incline the plane until sliding just begins, the inclination of the 
plane at this instant ^ves the angle or friction or repose 0. The 
tangent of this angle gives the coefficient m of static sliding friction 
for plane surfaces. 

We obtain the same result by resolution of forces. Thus let <f> 
be the inclination of the plane wnen sliding begins. 

Then for equilibrium PFcos (p = N, and TTsm = 2^. Hence 

F 

ii = - - = tan 0. 

N 

We can thus make use of the inclined plane as an apparatus for 
determining ^ by experiment. 

A^aln, if we place a body of weight Won 
a horizontal plane and measure the horizon- 
tal force F just necessary to cause it to be- 
gin to slide, we have 

F 

// = ---= tan 0, 




^Hwfaere is the angle of the ruactioa R with the normal when slid- 

^p-iog begine, or the angle of repose. 

^* Such an apparatus should be bo constructed that the friction of 

I the pulley and other resistances due to Uie string, etc., can be dis- 
rcgw^ed or else allowed for. 

Lrwb of Static Sliding Friction.— The following laws of static 
sUding friction have been established by experiment be holding 
true within the limits indicated : 

I. Oth£r things being (A# same, within certain limits of the nor- 
mal pressure, static sliding friction is proportional to the total 
^^nvrmal pressure and ijidependent of the area of the surfaces in 

^^B In other words, within the limits of normal pressure referred to, 
^^Hlhe coefflcteot of static sliding friction u is constant for the same 
f^fiwo surfaces in tite same condition, whatever the area of the sur- 

II faces of contact and whatever the total normal pressure. 

Thus, if the normal pressure Wover a given area is increased or 
decreased, the friction F increases or decreases in the same propor- 
tion and w = -T. is unchanged. 

It follows directly that if the area increases or decreases, N re- 
maining the same, the number of points of conbict is con-eepond- 
in^ly increased or decreased, but the normal pressure at each 
point, and therefore the friction at each point, is correspondingly 
atjcreasod or increased. The sum of all the frictions Kremainsthen 
the same and ji = ~ is unchanged. 

Limitations of the Law.^The limitations of normal pressure re- 
ferred to are as follows: 

If the uormal pressure per unit of area approaches the crushing 
strength or becomes so great as to break up tne film of interposing 
m unguent, the friction F increases more rapidly than the normal 
Lpressure and the law fails. 

■ T- "•^perlv designed structures the normal pressiu-e per unit of 
auch less than this limit and the law applies. 
I Again, if the normal pressure per unit of area is very small, ad- 
jbesion may constitute the larger portion of the resistance. This 
dfaeaion increases with the area of contact (page 1S7). 

In all practical cases, however, the influence of adhesion may be 
ledUMJtca. 

Hence in practical applications the friction is the only resistance 
irhicb is considered, and it is assumed that 

F = mN 

E'veB the resistance, where ti is in practice a constant for the same 
TO surfaces in the same condition, whatever the area of the sur- 
Pfacee In contact and whatever the total normal pressure N. 
I S. Other things being the same, toilhin certain limits of the tkm*- 
mal pressure, the. stating sliding friction of greased surfaces is less 
than that of ungreased and depends less upon the surfaces than 
upon the unquent. 

Here ogam, if the normal pressure per unit of area becomes so 

■ great as to break up the film of interposing ur^uent, surface conxea 
wm contact with surface and the friction may depend more on the 
BBnrfaces than upon the unguent. 

■ In properly designoil structures the normal pressure per unit of 
W area ia much leas than this, and the law applies. 
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Again, if the normal pressure per unit of area is very small, ad- 
hesion may constitute the larger portion of the resistance and thia 
adhesion is increased by the unguent. 

In all practical cases, however, the influence of adhesion may be 
ne^^lected. 

Hence in practical applications the friction is the only resistance 
which is considered ana it is assumed that 

gives the resistance, where /< is in practice a constant for the same 
two surfaces in the same condition, whatever the area of the sur- 
faces in contact and whatever the total normal pressure N. 

Upon these two laws depend the value and use of the values for 
the coefficient of static slidmg friction given in the next Article. 

Values of CoeiBoient of ^tio Sliding Friction.— The following 
table gives a few values of the value of /< as determined by experi- 
ment lor static sliding friction. 

OOEFFIOIENTS OF STATIC SUDINQ FRICTION /< = TAN 0. 





Condition of SarfaoM and Kind of Unguent. 


Substanoes in Contact. 


Dry. 


Wet 


Olire 
OIL 


Lard. 


lUlow. 


Soap. 


Poliahfxl 
and 


wood \ ™®*^ 

r maximum .... 

Metal on] ^1.1°'""' 

■ 1 ■< mean 


0.30 
0.50 
0.70 
0.15 
0.18 
0.24 
0.00 
0.50 
0.63 
0.80 

0.47 
0.54 

0.67 
0.75 

0.65 

0.74 

0.40 
0.7to0.8 

0.51 

0.38 
0.25 to 1 

1.0 


0.65 
0.68 
0.71 

.... 

• • • 

• a . a 

0.65 

.... 
0.87 

. • • a 


• • • • 

a • . • 

.... 

0.11 
0.12 
0.16 
0.10 

a • • • 


m » » m 

0.21 

• • • • 

• ■ • • 

0.10 

.... 

0.12 
• • • • 


0.14 
0.19 
0.25 

. . * • 
0.11 

• • • • 

0.12 

... a 


0.22 
0.86 
0.44 

» • • m 
.... 
• • • • 
» • • • 

. a a a 


0.80 
0.85 
0.40 

.... 
0.15 


metal i *"''«^ 

( maximum .... 

Wood on metal 


• • • • 

010 


Hemp ropes ( minimum... 

or plaits •< mean 

on wood ( maximum . 

Leather belts j ^ 

over drums ■( ^^♦.i 
made of (D^etaK... 

Stone or brick ( 
on stone or minimum 
brick, pol-' maximum 
ished. [ 

Dry masonry and brick- 
work 


0.2S 


Masonry and brickwork, 
damn mortar 




Timber on stone 

Iron on stone , . . . . 




Masonry on dry clay 

** ** moist clay... 
Earth on earth 




Damp clay on damp clay . 





More extensive tables will be found in treatises on Engmeer- 
ing. It will be noted that the coefficient of static sliding friction is 
practically always less than unity. In only one case given in the 
table, viz., for damp clay on damp clay, is >u = 1, corresponding to 



H^aci?!:^ OB ensFAOB. 



f^i^ravel 



fie of repose of = 46°. Rankine gives for "shingle on 
" B maximum /i = l.ll, correspoadlDg to ao angle of repose 



sarfa 

], «u ni t 

^^»rher 
' and 1. 



IK 

n mo 
" of* 

tad 

H then 






= 48'. 

Static Friction for Pivots.— In all cases of the sliding of two 

sarfaces, we denote the coefficient of static sliding friction by ft 

and take the value of /' as given by the Table page 192. We have 

of sliding Mctioa, for the friction when sliding is 

;( to be0n, 

~ ~~ N tan 0, 

'here ^is the total normal pressure and 4' is the angle of repose. 
and u is given by the Table page 192. The direction of the friction 
is always opposite to the direction of motion if motion were to take 
place. 

The application to pivots is then simple. 

1. Solid Plat Pivot,— Let ACB be the base of a solid Bat pivot 
and N the totiU normal pressure upon the base. 

We have then for the static friction 



F=uN, 



(1) 



lere « is given by the Table page 192. ' 

If we divide the base into a very large number 

very small equal triangles such as ACD, the 
_ iction on each can be considered as the resultant 
of equal parallel forces distributed over the sur- 
face. The point of application for each trian^lt' is °^ — 

then at the centre of mass for that triangle. IlieiMint of application 

the entire friction is then at a distance Cs = ~r from the centre. 
moment of the entire friction with reference to the axis is then 



(f=^u:Vr. 



(8) 

Since for any point s of the base there is a corresponding point 
*" for which the friction is equal and opposite, the moment oi the 
■^ iction is the moment of a ccmple, ana is therefore the same for 
ery point in the plane of the base (pa^e 72). 

" Hollow Flat Pivot. — If the nibbing surface is a flat ring 
ADEB, we have as before 




= ul^. 



... a) 

where N is the total normal pressure on the base 
and M is the coefficient of static sliding friction as 
given bv the Table page 193, 

Let the outer radius be r, and the inner radius 
r». Then any small portion of the base is a circular 
ring for which the length of chord and arc Ai>may 
be taken equal. The centre of mass ipage 85) for each small por- 
"' a is then at a distance Cs from the axis given by 



Hence the moment of the friction with reference to the axis is 
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Since for any point 8 there is a corresponding point 8' for which 
the friction is equal and opposite, the moment of the friction is the 
moment of a couple and is therefore the same for any point in the 
plane of the base (page 72). 

3. Conical PiTot.--In the case of a conical pivot let R be the 

pressure along the axis and let the hidf angle of 
convergence ADC be a. 

If we divide the conical surface into a large 
number n of very small triangles with their ver- 
tices at the point D, each will sustain the vertical 

72 
load — , and the normal pressure on each will be 

R 
— ; — . If we denote the radius CiAi = CiBt of 

n sm o: 

the pivot at the point of entrance by ri , the resultant normal press- 
lU'e upon each small elementary triangle acts at a distance 

from the axis. 

We have then for the total friction 




F = fi 



R 



sin «* 



(1) 



where m is the coefficient of static sliding friction as given by the 
Table page 192, and the moment of the friction with reference to 
the axis is 

iLT 2 Rri 
3 sm a* 



or, since 



Vi 



sm oc 



= the side DAi of the cone of contact = a, we have 



M = -MRa. 



(2) 



This is also the moment of a couple and hence the same for any 
point in the plane perpendicular to the axis at a distance above the 
point D equal to two thirds the height of the cone of contact. 

4. Pivot a Truncated Cone. — Let K be the pressure along the axis 
and let the half angle of convergence ADC be oc. 

Let Ri be the pressure sustained by the flat 
base and Ri the pressure sustained by the conical 
surf, ace. 

Then 

Ri + -Ka = R. 

Also, if ri is the radius CiAi at the point of 
entrance and n the radius of the base. 




Ri : R :: nr^ \ jrri', 

and hence 

R\ = x2 — R\ = 



or A = ^12, 

Vi 



r,» 



R, 



We have then as in Case 1, page 193, for the flat pivot, the fric- 
tion F% on the base 

Tx 
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and its moment about the axis 






y 



For the friction on the conical surface we have, as in Case 3, 
page 194, for the conical pivot 



F.=/.-^=/..r— -'^ 



R 



sm OL ri* ' sin a' 

and for its lever-arm, as in Case 2, page 193, for hollow pivot, 

2 r»' - r,' 

3 • r,» - r,»* 

Its moment then about the axis is 



„ 2 T.^-T'i^ 

Mi = -n , = — 



R 



3 n' sm a 

The total friction for the tnmcated pivot is then 



sin 



JZlL\ 
sin a /• 



(1) 



and its total moment about the axis is 

M=^M^•¥M, = l^?^Sr^^-''-^^^^, .... (2) 

3 n'V sm a / ^ '^ 

where n is the coefficient static sliding friction as given by the 
Table page 192. 

[Pivot with Spherical End.] — Let R be the pressure along the axis, 
denote the radius AOot the spherical surface by r, and \^ 

the radius ^C by ri , and let the angle AOC\}q a. 

Then the load per unit of area of horizontal projec- 

R A 

tion is — ,. Take any element of the surface at a, dis- 

tant ab = x from the axis, and let Ob = y. The hori- 
zontal projection of this element is 2itaxlx and the load sustained by it is 

then 2^xdx x — -. = = — . 

1/ hi 1^ — CI? 

The cosine of the angle aOb is cos aOb = sL = JL 

mal pressure on the element at a is then 

2Rxdx r 




. The nor- 



and the static friction is 



2 m Rr 



xdx 



r.* ■ 4/,.* ~ a? * 



Integprating between the limits of a; == and a; = ri , we have for the 
total friction 



^=2^(r-VF:r7r.), 



196 8TATIGB— COHSTRAIKBD BQUnJBBIUlC. [CHAP. UL 

or, since f^r* — ri*=roosa andn =rBin£r> 

2mE 



sin* a \ / 1 + 



COB a:' 



where /< is the coefficient of static sliding friction as given by the Table 
page 192. 

Foi hemispherical end a= 90* and F=i 2/<i2. For flat end a = 
and F = fiR. 

The moment abont the axis of the friction on an element is 

2MRr oNLx 



Integrating between the limits a? = and » = ri , we have for tho 
total moment of the friction about the axis 

n* L2 r 2 J 

or, inserting the values of Vr' — ri*= r cos a and n = r sin a: and reduc- 
ing, ^ 

(2) 



Jf=//22r(-r^ cotaV 

V sin* a f 



11 
For hemispherical end a = -, sin a = 1, cot a = 0, and this becomes 

2 
Jf=__. 

Static Friction of Axles.— In all cases of the sliding of two sur- 
faces, we denote the coefficient of static sliding friction by n and 
take the value of // as ^ven bv the Table page 192. We have then 
in all cases of sliding fnction for the friction, when sliding is about 
to begin^ 

where N is the total normal pressure and <p is the angle of repose, 
and ^ is given by the Table page 192. 

The direction of the friction is always opposite to the direction 
of motion if motion were about to take place. 
The application to axles is then simple. 

1, Axle in Partially Worn Bearing.— Let the bearing be partially 
worn, then the axle at the moment when sliding begins 
touches the bearing at a point A, and the resultant 
pressure R at this point makes the angle of repose 
with the normal. We have then for the normal 
pressure N= R cos 0, and for the friction 

F = Ntaji4> = R8m<f>, (1) 

where <p is the angle of repose as given by the Table 
page 192. 

Let r be the radius AC of the axle. Then the moment of the 
friction with reference to the axis is 

iJf=i2r sin (2) 
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If the axle is well grectsed, the angle of repose is verv small 
and we mav take n = tan = sin 0. In the practical case of a well- 
greased axle, then, we have 

F = mR, M = fiRr, 

where ^i is given by the Table page 192. 

If the wneel A6 revolves, as shown, about a fixed axle AC, the 

friction is the same as before, but the lever-arm of 

the friction is not the radius of the axle, but the inner 

radius of the wheel. 

2. Axle— Triangnlar Bearing. — If the bearing is 

triangular, the axle is supported at two points A and 

B. The resultant pressure R 
can be resolved into two compo- 
nents Ri and R^ , and when sud- 
ing begins, each of these makes 
the angle of repose with the normals at A 
and B, The normal pressure at A is then 
Ni = R\ cos 0, and the friction at A is 

Fi = Ni tan = i^i sin 0. 

The friction at B is in like nuuiner Ft = R3 sin 0. The total friction 

is then 

F=(Ri+ Ri) sin 0. 

Let the angle ACB = 2a. Then the angle AOR = a — 0, and 
the angle BOR = a + 0. 
We nave then 

Rt:R::Bm(a+<p):8m2a, or R^ = :?^±^B, 

sm 2« 

and 

i^, :l^::sin(a-0):sin2a, or 1^, = .^B-^-^J^iJ. 

sm 2a: 



Hence the total friction is 



1?'= fsinCa-f 0) +sin(a-0)"1^ 



■ Rsin 
sin 2a 



But sin (a + 0)+sin (a— 0) = 2 sin a cos 0, and sin 2a= 2 sin cos a 
Hence we have 

1^ sin cos -B sin 20 



F = 



cos oc 



2 cos a ' 



where is the angle of repose as given by the Table page 192. 

The moment of friction with reference to the axis, if r is the 
radius of the axle, is 

«*• n^ Rr sin 20 

2 cos a 

If the axle is well greased, the angle of repose is very small 
and we may take sin 2<P = 2 sin 0, also // = tan = sin 0. In the 
practical case of a well-greased axle, then, we have 



F = // 



R 



M = jii- 



Rr 



cos a cos a 

where m is given by the Table page 192. If the angle a is small, 
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COS ct may be taken as unity, and F and Jlf are then the same as in 
the preceding case, 

[3. Azle — New Bearing.] — When the bearing is new and unworn, the 

axle touches it at all points. 

Let R be the resultant vertical pressure acting at the 

centre of the axle. Denote the radius AO ot the axle 

by r, the distance ^C by ri , and let the angle AOC be a. 

Then the load per unit of horizontal projection is 

R 

- — . Take any element of the surface of the axle at a, 
2ri "^ 

distant ab = x from R, and let Ob = y. The horizontal 

projection of this element is dx. and the load sustained by it is . At 

a' we have a similar element. 

The friction on these two elements is, from the preceding Article, 

sin 20 . Rdx 
2r I cos aOb * 




But cosa06 = - = -^ , hence the friction for the two elements is 



r r 

Rr sin 20 dx 



2r, j^r^^ a? 

Integrating between the limits a; = ri and a; = 0, we have for the 
entire friction 

^ ^iir sin 20 ^.^-.r^^ 
2ri r 



Inserting the value of ri = r sin a, 



jg, __ jg sin 20 a 
"~ 2 * sin a * 



(1) 



where is the angle of repose as given by the Table page 192. 
The moment of the friction with reference to the axis is then 



■^_^Rr sin 20 a 

"" 2 'ii^ (^) 

If the axle is well greased, the angle of repose is very small, and we 
may take sin 20 = 2 sin 0, also // = tan = sin 0. 

In the practical case of a well-greased axle, then, we have 

F^^R,-A-, M^fiRr^^ 



sin a sin a' 

where fi is given by the Table page 192. 

If the angle a is small, we may take a = sin a, and then F and M are 
the same as m the two preceding cases, 

F—fiR^ M^/jiRr. 
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A. Rrictioa Wheels.— By the use of friction wheels instead of 
bearing blocks, the friction of an axle can be greatly 
dindnished. 

Thus let the axle AC rest upon the circumfer- 
ences of the friction wheels ACi and BCx , touching 
them at the points A and B. The vertical pressure 
R on the axle C causes the pressures Ni ,Nta.\. A 
anAB. 

Let the angle ACB = a. Then 



N, =lJV, = 



Scosa 




If the axles of the friction wheels are well greased, then, 
Iiave seen, the least friction may be written 



of the friction if 



Fr = 



mRt 



The moment of the friction at the points A and B must be the 
same. If we call this Ft , we have, if the radius of the friction 
wheels is a, 

= Fr, or F, = -F=-.-^^. 



F,a = 



By mftlring a small, we can take cos a = 1, and have 
F, = -.mB- 

By takii^ a large with respect to r, we may thus 
make the friction F, very small. If the axle C rests on 
bearings, its least friction is uR, as we have seen. 

If we have a single friction wheel CiA, then a=0 
and we have accurately 

F,=-uR. 
a 

Static Frictltm of Cords and Cludiu.— Let a perfectly 
flexible cord stretched by a weight Q be laid over the 
edge C of a rigid body ABO, Fig. 1. 

Let the force at the other 
end of the cord be P, and the 
angle of deviation DCP = 
AOB = a. 

Draw CT making the angle 
TCP = ~, and CN perpendicu- 
lar to CT. Then when motion 
is about to begin, the resultant 
if of P and Q makes the angle 
of repose with ON. 

If the weight Q is about to 
sink, the friction F acts op- 
posed to the motion, and we 
nave 

P+F=g. 
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We have then, from Fig. 2, 

-P : 2© 8in I : : sin : 8inr90 - (^ - ^1, 



or 



F = 



2Q Bin o sin 



20 sin o sin 



cos 



(.-I) 



COS 0COSH- +8m0Bm5- 



Dividing numerator and denominator by cos 0, we have, since 
tan 0=1/= coefficient of static sliding friction, for the friction Fi 
when the weight Q is about to sinJc^ 



Fi = 



2ii© sin ^ 



2mQ tan |- 



COS 2 + tt sm 2 1 + ;i tan ^ 

When the weight Q is just about to rise^ we have 

P=Q + F, or Q:=P'-F, 
and hence 



(1) 



2^ = 



2/i© tan I 



a 



(2) 



1 — ^ tans 



In the first case, then, when the weight Q is about to sink, 

q(i -MtSLUpi 



a 



(3) 



1 +fi tanj 



and in the second case, when the weight Q is dbovt to rite, 

g(l + //tanjj 



P=Q+F= 



a 



(4) 



1 — // tan 2 




If the cord passes over several edges, the 
force Pi can be calculated by repeated applica- 
tion of these formulas. 

Thus let the number of edges be n and the 
__ deviation at each edge be the same and equal 
to a. When the v^ei^Yit Q is just about to shik, 
the tension of the first portion of the cord is, 
from (3), 



Pi = 



©(l-;itanj) 



1 +M tan 



a 
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That of the second is 



That of the last is 



P,(l-^tan|) c(l--^taii|y 



1+^ taiig 



P»= 



( 
g(i-.a.|)' 

l + z^tan^ * 



1 + Mtan 



(5) 



2J 



If the weight Q^ is juat abotd to rise, we have simply to inter- 
•change P and Q and we have 



Pn = 



A 



1 + M tan 







l-/itangj 



(6) 



In the first case, when the weight is about to sink, we have for 
the friction 



F. = Q-Pn=e{ 1- 



-" 



tan 



( 



1 + « tan 




m 



If the weight is aboiU to rise, 

/(l + j" tan 



F=Pn-Q=Q 



{l-AtanJ)» 



. „ XI. • • • 



(8) 



Formulas (5), (6), (7) and (8) are also applicable to the case of a 



chain composed of links which is passed round a 
cylindrical surface, where n is the number of 
Imks in contact. If the length of each link is 
AB = /, and the distance CA of the axis A of a 
link from the centre C is r, we have for the angle 
of deviation DBL = ACB = a, 

I 



/ 



B 
A 



sm 5 = — , or tan - = — 



e\ 



[If a flexible cord lies in contact with a rough surface, let ilC^ =: a be 
the aro of contact. 

If T is |the tension at any point of contact D 
for the indefinitely small portion of the cord Dd, 
the friction at this point is dT. Let the indefinitely 
small angle DCd be da. Then, from equation (1), 
page 200, 




dT = 



2//rtan^ 
2 



a 



1+ ^ tan ^ 
2 
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But since da is indefinitely small, we may take the arc equal to the 



a 



tangent and disregard m tan •- with reference to 1. We have then 



dT 
T 



sz/ida. 



Integrating between the limits a = and a, we have, since for a = 0, 
T=Q, and for a = a, T = P, 

p 

logn P = /<a + log Qf or logn ~ = /<n:. 

We have then, when motion in the direction of P just b^ns, 

P=<?e^, W 

where e = 2.8026 = base of Naperian system of logarithms. 

When motion in the direction of Q just begins, we haye, by interchang- 
ing P and Q, 

Q^Pe''^' (10) 

Also, inversely, 

^^ 2.8026aogP-logg) ^ ^j^j 

where common logarithms are taken. 

If the arc a of the cord is given in degrees instead of radians, we must 

substitute a = t^^* ^f the surface is cylindrical and the number of 

coils n of the rope is given, we have a = 2^n. 

We see from (9) and (10) that the friction of a cord, F=P—Q or 
F= Q — P, upon a surface does not depend at all upon the raditis of 
curvature^ but only upon the arc of contact a, or upon the number of 
coils, 2;r72, if the surface is cylindrical. 

If we take // = -, we have for a cylindricai surface : 

for J coils, P=: 1.69^; 

" J ** P=2.85g; 

** 1 " P=8.12g; 

** 2 '* P=65.94g; 

»» 4 «« p=4348.66g. 

The friction can thus be increased to any amount by increasing the 
number of coils.] 

Eigidity of Eopes.— When a rope is perfectly flexible it offers 
no resistance to bending. When a rope is not perfectly; flexible it 

offers a resistance by reason of its rieidity when 
wound on to a drum, pulley or axle, though none 
is offered when it is wound off. Thus let a rope 
whose tension is T be on the point of being 
wound on to a pulley. 

Let a = AC = BG be the radius of the pulley, 
and t the thickness of the rope. Then the lever- 
arm of the axis of the rope on the off side is 




T+T' 



Cb=a + ^. 



The distance Ac from the pulley to the rope 
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on the on side will depend on the kind of rope and will be less aa 
is greater. Thus for Iiemp ropes we can put 

Ac = 7^, 

T 

where Ci is a constant to be determined by experiment for the kind 
of rope; and for tvire ropes 



Ci 



(-1) 



that is, Ac increases with the lever-arm a + ^ and decreases as T 

increases. 

It is also evident that those fibres farthest out on the on side are 
stretched more than those nearer the pulley. The resultant tension 
T will therefore act further from the pulley than the central axis 
of the rope. We denote the distance of T from the central axis 
by c«. 

Let the tension along the central axis on the off side be T + 2". 
Then we have for equilibrium, for hemp ropes, 

r(a4.|+c.)=(T-.r)(a-.|). 



or fp' _ Ci -f CiT 

a + - 
and for tn're ropes, 



(1) 



«' r' = c. + — ^ (2) 



We have then 



a + 1 
2 



TxCo = (T+T')Cb, or Cc=(l + ^\U>, . . 



(3) 



T?ie rope can be considered, then, as without rigidity if toe in- 
crease the lever-arm of the tension on the on-side by the amount 
T 

Hemp Ropes.— For tarred h^mp ropes experiment gives 

-,, 100+ 0.222 r , 

T' = T pounds, 

a + - 
2 

where 7 is to be taken in pounds and a and t in inches. 
For new hemp ropes, untarred, 

7" = 1 pounds, 

a + - 
2 

where T is to be taken in pounds and a and t in inches. 




204 STATICS — COKSTBAIKBD BQUILIBBIUM. [CHAP. IX. 

Wire Sopes.'^For tvire ropes we have 

rP' . no . 0.0937r , 

T = 1.08 + T- pounds, 

^ 2 

« 

where 7* is to be taken in pounds and a and t in inches. 

Static Boiling Friction.— Let ACB be a roller resting on a plane 
surface. By reason of the pressure N of the roller on the plane. 

the roller is compressed, Let a force F be applied 
at the centre C parallel to the plane. When the 
resultant R of F and N just passes through the 
edge D of the base, rolling be^s cuid the force F 
is equal and opposite to the fnction. 

Let the distance AD = cL Then, when rolling 
is about to begin, the angle ACD is the angle of 
repose 0. Let r be the radius. Since the com- 
pression is small compared to the radius, we have 
* f? 
tan = - = // = coefficient of static rolling friction. Hence for 
r 

equilibrium Fr ■=■ Nd, or 

F = /iN=^N. 
r 

The distance d depends on the materials in contact. 

The theory of rolling friction is not yet well established and but 
few experiments upon it have been made. 

In all practical cases of rolling, we usually have to do with axle 
friction, which has already been discussed (page 196). 

[Equilibrium of a Body at Any Point of a Bough Curve or Sur- 
face — General Equations.] — If a body acted upon by any number of 
forces Fij Fi , etc., applied at different points, is at rest at any point of a 
rough curve or surface, we may treat it as a particle placed at that point 
(page 188). 

The reaction R at that point must be equal and opposite to the result- 
ant of all the other forces acting upon the body. 

The curve or surface can then be replaced by its reac- 
tion R at the point P. For limiting equilibrium the reac- 
tion R must make an angle with the normal to the curve , ■ 
or surface at the point P equal to the angle of repose 0, I 

given by ^ 

tan = //, (1) 

where // is the cocflScient of static sliding friction. 

If R makes an angle with the normal less than 0, we have non-limiting 
equilibrium (i)age 189). If equal to 0, we have limiting equilibrium, and 
sliding is about to begin. 

Let the algebraic sum of the components along the co-ordinate axes of 
all the forces Fi , Fi , etc., not including the friction and the reaction R 
at the point P, be Fx, Fy, Fz. Then if the direction-angles are (ai, fd , 
Xi)i («a> fii y r«)» etc., we have 

Fx = Fi cos nri 4- i^a cos <Ti 4- . . . = 2F cos ct; 

Fy = Fx cos /?! 4- i^a cos y^j 4- . . . = 22^ COS P\ 

Fx = Fi COS ;^i 4- -Fa cos ;^i 4- . . . = SFcos y. 

1. Equilibrinm of a Body at Any Point of a Rough Curve. — Let the 
co-ordinates of the point PhQ Xy y^ z^ and c^ be an element of the curve. 
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Then the directioD-ooeineB of the tangent to the curve at the point P are 

dx dy dz 

57' ^» g^ and we have for the force T tangential to the curve 






T=i?i^+i?V^?-+i?i 



T 
The reaction R makes with the normal an angle whose sine is -^. For 

T 
equilibrium this angle must be less than the angle of repose 0, or ^r is less 

than sin <p, Henoe the condition for non-limiting equilibrium is 

Ftdx + Fydy + Ftdz ^. 
mk < sm 0, (2) 

or, since sin' = 



1 +)M« 



[ Rdi — — j<r+7? (^> 



If then 



Fxdx + Fydy + Fzdz _ ^ ,. . ^ J _tL^ ia\ 

we have limiting equilibrium, and the body is upon the point of sliding. 

The force T for equilibrium is always equal and opposite to the friction 
JP; or T + ^= 0. Hence 



ds *'d8 ds 



^x==^ + ^v^. + Fi^^ + -P=0. 



If we multiply by cto, we have 

l?it(te + Fyfiy + Ftidz + Fds = 0, 

which is the principle o/virttial work (page 159). 

2. Equilibrium of a Body at Any Point of a Bough Sur&ce. — Let 
the equation of the surface be u = 0, where u is a function of x, y, z. 

For convenience of notation let 

. ^=27, ^ = F, P- = W, and ?7« + F« + TT' = (?; 
dx dy ' dz ' ^ 

Then the direction-cosines of the normal to the surface at the point 
(ar, y, z) are 

«' Q' Q' 
The resolved part of R along the normal is then 

The reaction 12 makes with the normal an angle whose coAiue is '^. 

R 

N 
For equilibrium this angle must be less than the angle of repose 4>, or ^ 
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is gpreater than cos 0. Hence the condition for mm-limiting eqailibriom is 

__ du ^ du „ du 

ax dy dz ^ . ,-v 

^ > COB 0, (5) 



' m* Ct)"* c 



duV 

1 
or, since cos* <t> = ^ . i > 



( 



-gj fdu —du „du y 
*dx ^dy ^dz j 



if --■ • '*" 



[(£)■- Ci)'^ ©■] 



(6) 



If then 



j.,*i + F,*f + J?. 11 



dx ^dy dz . ./ 1 

- ■^ = ± cos = ± 4/ -- — J 

A/tA» /dM\« /(/M\* '^ 1 + /'' 



*/(£)'-(S)'-tr 



(7) 



wo have limiting equilibrium, and the body is upon the point of sliding. 

Let the point P be moved in any direction along the surface through 
the indefinitely small distance ds^ and dx. dy, dz be the projections of this 
distance on the axes. Then the direction-cosines of the tangent at the 

point P&re-^, ^, — . The tangential force T is equal and opposite to 

the friction F, ov T= ^R We have then 

du du du 

^^-N-^-F^, Fy-N-^^F^, F, = N—-^F'-. 

If we multiply the first of these by dz, the second by dy, the third by 
dz, add the results and reduce by the equations dx' + dy* -^ dz* = dj^ 
and 



©"-dh-th-". 



which is the total differential of the equation m = of the surface, we ob- 
tain 

Fjcdx 4- Fycly 4- Fzdz + Fds = 0, 

which is the principle of virtual work (page 159). 

Stable, Unstable, Neutral and Indifferent Equilibrinm.— A body 
in equilibrium is said to be in stable eqnilibrinm when for every 
possilble indefinitely small disfplacement which it can receive it 
tends to return to its original position. 

When for any one possible indefinitely small displacement it 
tends to move still fartner away from its original position of equi- 
librium, it is in unstable equilibrium. 

Cases occur in which the equilibrium of a body is stable for 
some displacements and unstable for others. It is then, by defini- 
tion, in unstable equilibrium. 

If the body remains in ejiuilibrium for all possible indefinitely 
small displacements, it is in neutral equilibnom. Neutral equi- 
librium may be stable or imstable. 
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If the body remains in equilibrium for all possible displacements, 
large or small, it is in indifierent eqnilibriant. 

Thus let a heavy body be supported at a. fixed point P, so that it 
Dan only rotate about P. Let the reaction at P be it, and let the 
weight Wact at the centre of mass „ 

(?. Then for equilibrium, if R and i 

(IT are the only forces acting upon 1 

"ihe body, the reaction R must bo 1 

jqtial and opposite to W and act iu /p\ 

the same line. c j 1 .. 

_ We have then two possible posi- rNL?_Ji-| 
tions of equilibrium: one when C is t \ jl 
below P. and one when C is above P. ^^ VJJA 

Now for every possible iudefin- « 

itely small displacement of rotation 

about P. the point C moves in the surface of a sphere C'CC of 
radius PC, and W remains unchanged in magnitude and direction. 
Therefore in the first case, when C is below P, we have for 
every possible displacement a couple R and IF which always tends 
to make the body return to Its original position of equilibrium, and 
the body is in stable equilibrium. 

Iq the second case, when C is above P, we have for every pos- 
Bible displacement a couple R and TT which always tends to mako 
the body move still farther from its original position of equilibrium, 
ind the body is in unstable equilibrium. 

If the points P and C coincide, then for every possible displaco- 
inent, large or small, tho body remains in equilibrium, and the 
•^jdy is therefore in indifferent equUibriuni. 

A^m, let a heju-y body bounded bv a convex surface rest in 
IquiUbrium on a plane surface, and lot the centre of mass C coincide 
n-ith the centre of curvature. 
Then the reaction R acts at the 
point of contact P. is equal and 
opposite to the weight Wand 
acts in the same straight line. 
If the body can have rolling 
motion only, any indefinitely 
small arc Pi* is circular. Hence for any possible indefinitely sm^ 
displacement produced by rolling, the body remains still in equi- 
librium. Its original position is therefore one of neutral equi- 
iibrium. 

If now the body be rolled still farther through an iodefimtely 
tnall arc, so that P' comes in contact with the plane, then, if the 
blius of curvature CP is le^s than CP" \ the equilibrium is evi- 
lently stable ; if greater, unstable. The original position of neutral 
IquUlbrium is therefore stable neutral when the radius of curva- 
pjre CP is a minimum, and unstable neutral when it is a maxi- 
When it is not a minimum or maximum, the neutral eqtii- 
n is stable for displacement in one direction and unstable for 
Slsplacement in the other direction — that is, unstable neutral, ac- 
cording to definition (page 20|i). 

Criterion for Stable, Unstable, Neutral and Indifferent Equi- 
librium. — Every displacement of a body consists in general of two 
'iOTlacementfl. one of translation and one of rotation. Now for an 
^dofinitely small displacement of translation, a body which under 
Bin action of certain forces is in equilibrium before the displace- 
kotit is alsn in equilibrium after, it the forces act at the same 
Bints, because their magnitudes and directions are unchanged by 
e displacement. 
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Thus if a body can only slide on a plane surface and touches it 
in more than two points not in a straight line, it can only receive 
motion of translation and its equilibrium is indifferent. 

We have then only to determine the conditions for stable, un- 
stable, neutral and indifferent equilibrium in the case of rotation. 

Let P be the point about which the body can rotate, and R the 
reaction at that point. Let the weight TFact at the centre of mass 
C, and let the resultant of all the other forces acting upon the body 





be F. Then for equilibrium the lines of direction of TT, F and B 
must intersect in a point A which lies in the vertical through the 
centre of mass C, and the resultant R' of TFand i^must be equal 
and opposite to R and act in the same straij^ht line. 

For every possible indefinitely smaU displacement of rotation 
about P the point A moves in the surface of a sphere A'AA! of ra- 
dius PA, and R remains unchanged in magnitude and direction. 
If the bodv has a displacement of translation as well as of rotation 
about P, the locus AAA of the point A is no longer a spherical, 
but is still a curved surface. 

We see at once from the figures that for any displacement for 
which the projection of AA' along R' is opposite in durection to R!, 
or for which tne xcork of R' is negative (page 158), the body tends to 
return to its original position of equilibrium. For any displace- 
ment for which the work of R' is positive, the body tends to move 
away from its original position of eouilibrium. 

Let us take the axis of F parallel to R\ and the direction of R 
as doivnwards. 

Then if we draw a line OX at right angles to 1^ at any distance 
AG = y belotv A, we see from the figures that when AO = ^ is a 
minimum, the equilibrium is stable. When AO = y is a maximum, 
the equilibrium is unstable for all possible displacements. When 
AO = y is neither a maximum nor a minimum, the equilibrium is 
stable for some displacomements and unstable for others ; that is, 
unstable according to definition (page 206). 

In general, then : 

A body is in stable equilibrium when for all possible indefinitely 
small displacements the work of the resultant of all the forces except 
tJie. reaction is negative. If for any or all possible indefinitely small 
displacements this work is positive, the equilibrium is unstable. If 
it ts zero for all possible indefinitely small displacements, the equi- 
librium is neutral. If it is zero for all possible displacements, large 
or small, the equilibrium is indifferent. 

Or if we take the axis of Y parallel to jB' and the direction of 
R' as downwards, and draw Oa^ at right angles to J? at any dis- 
tance AO = y below A, we have the criterion: 

A body is in stable equilibrium when for all possible indefinitely 
small displacements AO =yis a minimum, if AO = yt8a maxt- 
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mum, the equilibrium is ufiatablefor all possible indefinitely small 
dUtplaaenients. IfAO = yi» neither a maximum nor a minimum, tlie 
eauilUmum is stable for aonie displacements and unstable for others, 
that ia, unstable. If for all possible indefinitely smaU displacements 
AO=y remains constant, the equilibrium is neutral. If for all 
possible displacements, large or small, AO = y remains conslant, 
the equililtrium is indifferent. 

Stability in Rolling Contact. — As an application of the preced- 
ing, let us investigat* the equilibrium of a heavy bom* aPa 
bounded by a convex surface resting upon a rough body a"Pa' alao 
^^with a uOBvex surface, and subject to displacement due to rolling 

Let O be the centre of curvature of the fixed body, and o the 
centre of curvature of the rolling body, so that the radius of curva- 
ture of the fixed body at the point of contact P is OP = p, and the 
rradiuB of curvature of the rolling body at the point of contact P is 

OP = IH. 

Through O draw a plane OJT at right angles to OP. 
Let the reaction at P be fi, the weight at the rolling body bo W 
tting at ita centre of mass C, and the resultant of all other forces 
jting upon the rolling body be F. 

' Thtsn for equilibrium the lines of direction of W. F and R must 
Vraect in a point A. which lies in a vertical through the centre 
maas C, and the resultant R of Wand Fmust be equal and op- 
Bite to the reaction R at the point of contact P and act in thi' 
030 straight line. 
[The point A may or may not be in the radius oP. If it is not in 
9 rBdiuft oP. then, provided R passes through P and makes an 
gle with oP less than the angle of repose, there will be equilib- 
ria fpe^ 18S). But in such case it is evident that if for rolling 
ione direction in the plane of R and oP the distance AO of A 
^m OX increnaes, for rolling in the opposite direction this dis- 
Bice will ill-crease. The rolling body is then, according to defini- 
1 (pace 201). always in unstable equilibrium if A is not in the 
ifna oP, and there is no need of discussion. 
I If. however. A is in the radius oP. the equilibrium will be 
'-"•», unstable or neutral, according as the distance AOof A from 
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OX increases for all possible indefinitely small displacements, de- 
creases for any or all possible indefinitely small displacements, or 
remains constant for all possible indefinitely small di^lacements 
(page 208). 

Let the points a, P, a of the rolling: body be consecutive. Then the 
arc aPa is circular, its radius is Pi , the arcs aP = aPy and the angles 
aoP = P are indefinitely small. 

Let the body roll in either direction, so that the points a, a be- 
come points of contact at a' and a". Then the arc a"Pa' is circular, 
its radius is p, the arcs a"P = a'P^ and the angles a' OP = aOP=B 
are indefinitely small. 

Let the distance Ao = c. Then PA = pi — c. When the body 
rolls into its new position, the point A passes to A' or A'\ and we 
have A'o' = A"o" = Ao = c, or PA' = PA" = PA = Pi - c. Also, 
since the arcs Pa and Pa' or Pa' are equal, 



pO = pi/5f, or /? = — 0, or G + /? = f 1 + -^V- • • 



(1) 



Now the distance AO of A from OX is p + pi — c. The distance 
of A' or A", or the distance of A after indefinitely small displace- 
ment, from OX, is (p + Pi) cos — c cos (0 + fi), or, inserting the 
value of (6 + fi) from (1), 

(p + pi) cos G — c cos ( 1 + -^ ]0 (2) 



If we replace the cosines in (2) by the first two terms of their 
equivalent series, (2) becomes 

P + pi-c-(p + pt)ri-c^tjei1?! (3) 

Hence the equilibrium is stable, unstable or neutral according as 
(3) is greater, less or equal to p + pi — c. 

When (3) is greater than p + pi — c, the coefficient of 9* must be 
positive, or 

P+Pi - 

"" Pi« ^^• 

The condition for stable equilibrium is then, since PA = pi — c, 

c > ^' , or -4t > - + ~ (4) 

P + Pi' PA p Pi ^ ^ 

The condition for unstable equilibrium is 

'<^Ti.^ ""^ PA<P^^ <« 

The condition for neutral equilibrium is 

^ P»* ^.11.1 

' = FT7.' ^" PA^p-'^ <«) 

In order to find whether the neutral equilibrium is stable or un- 
stable, let O" and o" be the centres of curvature for the indefinitely 
small arcs a'b or a"b" and ab or a"6, and let the radii of curvature 
be p' or p" and pi or p/'. 



r 

^B Then, proceeding juet aa before, we find for the conditions of 
^^Kalilr neutral e^iuilibriiuii 

^M Fo 

I' If 



^.ix.] 



RODOn CUBVE OK 8UKFACB. 



and also 



For imetable neutral equilibrium we have 



h- <- 



U 



(7) 



(8) 



^ 



If the first of (7) and second of (8) are fulfilled, we have stable 
□eulral equilibrium tor displacement towards the right in the 
figure, and unstable neutral equilibrium for displacement towards 
the left, and vice versa if the second of (7> and first of (8j are ful- 
filled. In either case the neutral equilibrium is unstable according 
to definition {page 206). 

We can also find conditions (4), (5) and (6) as follows : 

The line of direction of if after displacement must faD between 
Pand ei or P and a ' for stable equihbrium, outside of Fa or Jti" 
for unstable, and pass through a' or a" for neutral equilibrium. 

Hence we have for stable equilibrium 

P sin 6> (p + p,)Bm'J — c sin C' + ff). 
Since and (5 are indefinitely small, we can put the arcs in place 
their sines. Putting then + yS= fl + — 18, as given by (1), we 



pO> ifl + P,)6~c[ 1 + 



P + pt 



Hence we obtain, as before, conditions (4), (5) and (6). 

Special Cases.— Conditions (4). (5), i6), (7) and (8) are general. 
Thus if the concavity of either surface be turned the other way, we 
shall obtain the same results, except that the sign of the corre- 
sponding radius of curvature will bo changed. 

Sorfiuee SpbBricaJ. — If one of the surfaces is spherical, we have 
= p' = (t'\ or fl, =,0i' = f)i". If both surfaces are spherical, we 
liave p = p' ~ p" and p, = ».' = p,". If in the latter case the equilil> 
ium is neutral, we have from (7) 



!: + - = ' 



+ - 



-=—, + - 



nat is, the neutral equilibrium is indifferent aa long as R does not 
"■ -n direction and the angle 5 is less than the angle of repose 

'• *. or ff is less than ** *, For (>> <Por fi> — there is sliding. 

Sitber Surface Plane.— If either surface is plane, its radius of 

curvature becomes indefinitely great and the corresponding - or 



. Weight Only Considered.— If the only forces acting upon the 
kDQiag body are its weight W and the reaction B, we have F = 0, 



1 
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R= W acting vertically. The centre of mass C then coincides 
with A, and we have PC in place of PA in (4), (6) and (6). 

o Q Heavy Body on Plane Snrfkoe.— In this case 

►tfc io we have- =0, and PC < fix for stable, PC> Pi 

^ p for unstable, equilibrium. 

If PC = pi , or the centre of mass coincides 
with the centre of curvature, the equilibrium is neutral. In such 
case we have, from (7), stable equihbrium when Pi is less than p/ 
and Pi", that is, when Pi or the radius of curvature is a m,inimum. 
When Pi is not a minimum nor a maximum, the neutral equilibriiun 
is stable for some displacements and unstable for others, or unstable 
accordizig to definition (page 206). If Pi is a maximum, the neutral 
equilibrium is unstable for all possible indefinitely small displace- 
ments. If the radius of curvature is constant, the neutral equilib- 
rium holds for all possible displacements large or small, we have a 
homogeneous sphere rolling on a plane, cuid the equilibrium is in- 
different. 



EXAMPLES. 



(1) A body made up of a cone and a hemisphere having a com- 
mon baee rests with the axis vertical on a rough horizontal plane. 
Find the greatest height of the cone for stable equiUbrium. 

Ana. Let A be the height of the cone, r the radias of the hemiBphere, aad 
C the centre of mass. The height required is that height for 
which PO=:r, 



4 



2 

The volume of the hemisphere is -^-^rr*. The volume of 

o 

the cone is ^nr^h. The centre of mass of the hemisphere is — .. 

at a distance above P equal to ^ (page 422). The centre of mass of the cone 

o 

is at a distance above P equal to r -f- j- (page 420). We have then 

(2) A prolate spheroid rests with its axis horizontal on a rough 
horizontal plane. Show that for a rolling displacements in its 
equatorial plane the equilibrium is indifferent, and for rolling dis- 
placements in the vertical plane through the axis it is stable. 

(3) A right circular cyliyider of radius r rests with its axis hori- 
zontal on a fixed rough sphere of radius R greater than r. Show 
that for rolling displacements the equilibrium is stable or unstable^ 
according as the plane of displacement makes an angle with the 
vertical plane throughthe axis of the cylinder whose sine is less or 



greater than 



/'-i 
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Ans. Let p be the radius of carvatare of the rolling curve at the point of 
contact. Then the condition for stable equilibrium is 

1 1 1_ 

Let the plane of displacement make the angle 9 with the vertical plane 
through the axis of the cylinder The rolling curve is then an ellipse whose 

T 

semi-minor axis is r and whose semi-major axis is —. — ;:. The radius of curva- 

"^ sin Q 

ture at the point of contact, that is, at the vertex of the minor axis, is 



\sin o) __ 



^ " r Bin« Q' 

Hence for stable equilibrium 



11, sin'O . fl^i/i ** 



(4) A prolate hemispheroid rests toith its vertex on a rough hori- 
zontal plane. Show that for rolling displacement the equilibrium 
is stable or unstable according as the eccentricity of the generating 

ellipse is less or greater than y - . 

Ans. Let a be the semi-major and h the semi-minor axis. Then the distance 
QQ to the centre of mass (page 41) is 



0(7 = 8 (^).^ 8 
4 3a — a 8 

The distance FO then is ^a. The radius of curvature 

9X P \a p = — . We have then for stable equilibrium 

11 8 a 6« 5 

But the eccentricity of the generating ellipse is 



6 o 



Hence for stable equilibrium ^ < y ^• 



(5) A solid homogeneous hemisphere of radius r and weight W 
rests in neutraX equilibrium on the top of a fixed sphere of radius 

f% 
H. Show that jR = g-r. If note a weight F is fastened to any point 

18 
in the rim of the hemisphere^ show that if F = -- TF, tJie hemisphere 

55 

can still rest in neutral equilibrium at the highest point of the 
sphere^ and that the neutral equilibrium is indifferent for all 

angular displacements of the hemisphere less than 5-0, where <p is 

the angle of repose. Also that the radius through the point of con- 
iact in the second case makes an angle with the radius in the first 

ease whose tangent is ^. 
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Ans. In the first case we have PC = ;7r, and the radios of cnrvatoze is r, 

o 

and PC lies in the axis of qymmetiy. We have then for neu- 
tral equilibrium 



a o T 




JL-l.l 

PC B^r' 



8 1,1 
*" 6^ = B+F' 



hence E = ^. If now we attach the weight F to the rim, 

the new centre of mass, C, will be at a horixontal distance x 
from given by 



X = 



Fr 



W+F' 
and at a vertical distance y below o given by 



y- w+F' 

The distance PC is then given by P'C = r - f'aj* + y«, or 






^V + ^FV 



If then we place the hemisphere so that P' is in contact at P, there will be 
neutral equilibrium when 



PC" R'^r "5r 



18 



Inserting the value of P'C and reducing, we obtain -^ = ce ^« 

X 8F 48 
The tangent of the angle POP' is - = ~ = ^ . 

y 8>r 55 

Since both surfaces are spherical and equilibrium neutral, we have (page 
210) indifferent equilibrium as long aa fi < —<p, or /S <^0. 

(6) A cylinder rests in equilibrium with the centre of ite base on 
the highest point of a fioced and rough sphere. The altitude and 
diameter of the ba^se of the cylinder are each equal in length to a 
quadrant of a great circle of the sphere. Find the greatest angle 
through which the cylinder may be made to rock without falling off. 

Ans. Let C be the centre of mass of the cylinder, and 

the centre of the fixed sphere. Then PC = ^ and OP = IL 

When the cylinder rocks let the points C* come in contact. 

Then PC = -B9. If the cylinder is on the point of sliding, 

the angle POC must be equal to the angle of repose 0. 

10^ ^ h tan ^ , TtB 

Hence tan = -i-. or 6 = — ^p . But we have -5- = A. 



Therefore 9 = ^- tan 0. 

4 




I 

~ (5 
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(7) A body of iceight W iaplaeed upon a rough uwHned plai 
which tnaJces in angle x with ihe Iwrizontal, 
and w acted upon by a force P which miikea 
the angle IS with the plane. Find the condi- 
tions of equil'^mum. (For smooth plane see 
Bx. 1, page 172.) 

Ans. CoiiHldvr the bod; as a, puticle placed at 
u; pol&t O OD Ihe plue (pu^e 160). We littvc act- 
ing upou the pBrticle Ilie weigLl IK. tLt^ Idtvt: I' iui<[ 



□ul to the pluie. 



of tlie plane R, wliich makes the angle of repoee 41 wilh tlie D' 



pltiDe must act up the plane, and the component ol B along the 
plane or the friction must act down the plane, 
KLOce friction always acts opposite to the direc- 
tion in which motion tenda to take place. 

Since W, P and if are in eqnilibrinm, their 
line represeulatives laid off in order the same 
way round make n triangU' (page 62). 

We have then directly from the figure 
it : W:: sio 190 - (/( 4- «)] : sin [90+ (/J - 0)]. 







a>s(/l — <t>) COB I/I— #) 

We also have directly from the Bgure 

P: TF: r Bin (a+rf.);Hin [90 + (/?-*•)). 






BlDa + ;i 



here U = tan is the coefficient of static sliding friction. 

W«eee at once from the figure and from the precediDg equations that when 
s -I- (90 — a) we have B, a and F zero and P and W (Kgual and opposite. 
Vt anj greater value of positive fi, B'm negative and them is no equilibriuni 
Mihle. For negative p ne must evidently h»ve ft less than 90—0, M fi 
nvater than this, R is negative and ther(< is no equilibrium, Jkf preeeding 
hold good. then, for alt valuet of fi betifefn ~ (^ — -p) and -\- {BO — a). 

The force P is a mtntmutn when cos {fl — 0) is a maxiinum or when 
1= -f- ^. This Dunimnm value of Pla then 

P = Wain (tt + 0). 

and Psln ff normal to 
„ the piano and Wcosa 
nomal I" the plane. I<et 2f ba the normal pressure of the plane. Then for 
equilibrium 

Jir+Psiny3- IVcosasO, or N = Wv<i8a - Psla /}. 
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The friction is then 

F=fili= M WcoB a — //ij^sin fi. 

This friction always acts opposite to the direction in which motion tends to 
take place. We have then in tne present case, for equilihriom, 

Pcos/3-F- Wmia=zO, 

Inserting the value for Fand redacing, we obtain the same value for Pas 
before. The student should also solve by virtual work. 

2. Body on the Point of Motion Down the Plane — a greater than 0. — If a u 

greater than <p, the body will slide down the plane 
unless prevented. 

In this case the component of P along the plane 
must act up the plane, and the component of B 
along the plane, or the friction, must also act up 
the plane, since friction always acts opposite to the 
direction in which motion tends to take place. 
We have then directly from the figure 




Hence 



R: W::Bm[90-(/3 + a)]:ain[90+(P+4>)]. 
p_ co8(/?+a) ^^ 



v » • ^ cos(/3+a)_-- ^ TIT r» ^ COS ()5 4- or) 
F=RBm = — j y.\ ' TTsin 0, N- JScos = — 7 ^,' cos 0. 

cos(>5 + 0) ^ ^ cos(y5+0) ^ 

Also 

P: W'.i 8in(a - 0) : sin [90 + (/?+ 0)], 

or 

p_ sin(nr— 0) ^__ sin a - // cos a ^ 

cos {fS -\- 0) cos fi — ^Binfi 

We see again from the figure that when + ^ is greater than 90 — or, iJ is 
negative. Also when — y5 is greater than 90 -f- 0. i? is negative. The values 
of R, Fy N and P hold good, then, far values of fS between — (90+ 0) and 
+ (90 - a). 

The force P is a minimum when cos {fi + 0) is a maximum or when 
y5 = — . This minimum value of P is then 

P= TTsin (a- 0) 

As long as we have, for a greater than 0, 

sin {ix - 0) 
'^cos(/?+0) ""' 

where fi < — (90 + )0 and < + (90 — a), and at the same timo have 

„ sin (a + 0)-~ 

cos (p — 0) 

where /? < — (90 — 0) and < + (90 - a), the body will neither be on the 
point of moving down or up, and we have non-limiting equilibrium. 
Again, we have as before for the friction 

F = fiWcoB a— //PsinyS, 
and for motion down the plane 

Pcos/5 + P- TTsin a = 0. 

Substituting the value of F and reducing, we obtain the same value for P 
as before. The student should solve also by virtual work. 
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8. Body on fho Point of Motion Down the Plane—a lest than <p. — ^If a is Uis 
than <p, the body will not slide down unless 
acted upon hj some force P. | 

In this case the component of P along the 
plane must act down the plane, and the compo- 
nent of R along the plane, or the friction, must 
act up the plane, since friction always acts op- 
posite to the direction in which motion tends 
to take place. 

We have then directly from the figure, if 
we take the angle fi — AOP positive al^ve the plane and negative below, 

B:W:\ sin [00 - (/? - a)] : sin [90 + (/J - 0)]. 

Hence 

^_ co8(/?~a) ^ 

COS(/?— 0) ' 
COB ifi — fp) COS {p ^ <P) 

Also 

P: IT:: 8in(0 - a) : sin [00 + (/3 - 0)], 

p_ shi(0- a) ^_ ficasa - sintt ^p 
COS {fi — <p) cos /S -f- // sin /? 

We see from the figure that if we take fi from OA positive above and neg- 
ative below the plane, -\- (i cannot be greater than 90. Also when — fi i& 
greater than 90 — <p, Rib negative/ The values of R, F, N and P hold good, 
then, for values of fi between — (90 - <p) and + 90 . 

The force P is a minimum when cos (y$ — 0) is a maximum or when fi =: 
-f- 0. This minimum value of P is then 

P = IT sin (0 - a). 



or 



As long as we have, for a less than 0, 

p ^ sin (0 - a) 



W, 



cos (ft — 0) 

where fl < -{- (90 + a) and < — (90 — 0), and at the same time have 

COS (p — 0) 

where /3 < + (90 — a) and < — (90 — 0), the body will neither be on the 
point of moving up or down and we have non-limiting equilibrium. 
Again, we have, as before, for the friction 

p = li TFcos a — /iPsin fi, 

and for motion down the plane 

-Pcos/3-f P- TFsina= 0. 

Substituting the value of F and reducing, we obtain the same value for P 
as before. The student should solve also by virtual work. 

(8) A body of tveiqht W is pUiced in contact with the under aide 
of a rough incline plane which makes an angle a with the horizon- 
ial, and is acted upon by a force P which makes an angle ft with the 
plane. Find the conditions of equilibrium, (For smooth plane see 
Ex. (2), page 174.) 
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Ans. Ist. Body on the point of motion ap the plane: 

co8(y5+0) 

8in(0~flf) ^__ 8ing — )UC08g ^^ 
coB(>^-f 0) C06/9 — //sin/S 

When a > 0, yj > + (00 - a) and < + (90 - 0). 
When < 0, /?> +(00- 0)and < + (90-a). 

2d. Body on the point of motion down the plane : 

COS(p-|-0) CO6(/^-f-0) ^' 

CO8(/^+0) 

8in(0 + a) Bina+iicosg — /5<+90and 

CO6(/J+0)*^-//8in/J-OO8/?'^- >+(9O-0). 

(9) Find theforce P necessary to just move a cylinder of radius 
R and weight JVup a rough plane inclined at an angle a, by a crow- 
bar of length I inclined at an angle fl. (For smootii surface see 
Ex. (3), page 174.) 

Ans. The weight TTcan be resolved into two components i?i andiSt making 

the angles of re^)ose 0i and 0t with the normals at 
the points of contact 2>i and 2>t , where 0i is the 
angle of repose for the bar and cylinder and 0s for 
the plane and cylinder. 

We have then B. = ■ r, l^^lflt/^ ^ n W. 

sm[(a:-h/^)+(0,- 0.)] 

The normal pressure at Di is then 

Ni = -Bi cos 01. 

If P acts at right angles to the bar, we have by virtual work, for a small 
displacement due to turning of the bar about A through an indefinitely small 
angle 0, 




P»-J\ri.ADi.6 = 0, or P = 



I 



Bni AD. = rU^U a +fi)= '^^'-.'^^^ + ^\ Hence 

p__ Wr cos 01 sin (0i 4- a)[l — cos (or -j- /^] 
^" isin(a + /:;)8in[(a + >fiO + (0« — 0i)] * 
If 0, = 0, , we have after reduction 

p _ Wr cot sin (0 - {-a) 

If there is no friction, = 0, and we have the same result as in Ex. (8), 
page 174. 

(10) A particle of mass m rests on a rough cylinder and is held 
in equilibrium by a string fastened to another particle of mass M, 
which passes over the cylinder and hangs freely. Determine the 
position of equilibrium. (For smooth cylinder see Ex. (4), page 
174.) 
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Ans. From page 202, if the arc of contaot mOA = a, we have for the fric- 
tion of the coid 

F, = mg{^ - 1). »"^ 

where fi is the coefficient of static sliding friction between 

cord and cylinder and e = 2.8026 = base of Naperian sjs- \fng c 

tern of logarithms, and g is the acceleration of gravity (page 

3. 

The normal pressure of m is m^ sin a, and the friction of [*~[m 

the particle m is ^ 

Ft = fi% mg sin a, 

where //« is the coefficient of static sliding friction between the particle and 
cylinder. 

The tangential component of m^ is — fii^ cos a. We have then, for eqoi- 
libriam, 

— fw^ cos a + //, m^r sin a + mgie^'' — 1) = Mg, 

or 

— fii(cos a — /ii sin a) + mie*^ — 1) = if ; 

sin 01 
or, smceyus = -r-, 

CO60S 

Af 

— C06(a + 0,) + (e^ — l)cos 0, = — cos 0,, 

m 

from which a can be found. If there is no friction, /i = 0, 0, = 0, and 

M 



cos a = — 



tn 



which is the same result as in Ex. (4), page 174 If we neglect the friction of 
the cord, /< = and 

cos(a+ 0»)= . 



m 



(11) Find the conditions for equilibrium for a rough screw. (For 
smooth screw see Ex. (5), page 175.) 

Ans. Let P be the force applied at the end of the arm a, and let the radius 

of the screw be r, the pitch p. and the mass supported Q, 

Zlt N\& the sum of the normal pressures and a the incli- 
Q 




nation of the thread to the horizontal, we have N = 

cosa 

and the friction F = m^= —~ » where u is the coefficient 

cosa ^ 

of static sliding friction. 

If P has a virtual displacement of radians, Q is raised 

a distance ^, the distance of the friction is , and we 

have by virtual work 

2ie cos' a 
We have then, since ^ = tan a, /< = tan 0, 

a\2jr COB* a J a \ ' cob* a J 

If we neglect friction, we have u =0 and P= -^ — -^ — 5-^ 



the same result as in Ex. (5), page 175. 



2iia 



, which is 
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(12) Find the conditions for equilibrium for the differential acrew 
given in Ex. (6), page 175, taking friction into account. 



Ana. P 



aL 2jr "^ co8«a J 



(13) Let the force acting normally at the middle of the hack AB 
of a rough isoscdee wedge ABC be P, and let the normal pressure on 
each side be N. Find the conditions for equilibrium, (For smooth 
wedge see Ex. (7), page 176.) 

Ans. Let the angle of the wedge at the point he a. The forces which 
sustain the wedge in equilibrium are P, the pressures N and 
the friction F along each face, which acts opposite to the 
direction in which motion tends to take place. 

If M is the coefficient of static sliding friction, we have 
F = mN. 

If we put the algebraic sum of the components along the 
axis DC equal to zero, we have for equilibrium 

- P+ 2iVsin ~ ± 2>uiVcos ^ = 0, 

where the (+) sign is taken for wedge on the point of entering and the (— ) sign 
for wedge on the point of sliding out. 

Since u = ^, where is the angle of repose, we have 

cos o x- » 

P = .i.(stn|..cc»J)=^sln(?.^). 

II P< sm {- = <p] and > sm -- — <p], the wedge is 

cos \2 I cos tp \2 ^J * 

neither on the point of going in or out and we have non-limiting equilibrium. 




a 



If — = 0, there is no force required to prevent the wedge from sliding out. 
The angle a of the wedge should not then exceed 20. 



a 



If we neglect friction, 0=0, and we have P= 2N sin ^. 
This is the same result as in Ex. (7), page 176. 

(14) Let a rough isosceles tvedge rest with one face EC on a hori- 
zontal plane. Let a normal force P act at the middle point of the 
back. Let the body GHK, whose weight is W, rest upon the face AC 
and be constrained by guides to move in a normal to AC. i'ind the 
conditions for equilibrium. (For smooth wedge see Ex. (8), page 
176.) 

Ans. Let JVbe the normal pressure between the surface AG and the body. 
Then the friction between the body and 
wedge is //i^, where // is the coefficient of 
static sliding friction between the body and 
wedge. This friction acts opposite to the 
direction in which motion tends to take 
place. It is then a pressure upK)n the guide 
J^or E' according as the wedge is on the 
point of entering or sliding back. If W is 
the weight of the body acting at the centre of mass O, then W sin a is the 
pressure upon the guide E by reason of the weight. The total pressure upon 
the guide E is then 

TTsin a ± fiN, 
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aecording as the wedge enteTS or slides back. The friction between the body 
and gtadae is then 

Mi(W ^n a ± m2^), 

where /<i is the coefficient of static sliding friction for body and guide. 
We have then for equilibrium of the body 

JIT- Wooea T //iCWsina ±/iJ!O = 0, 

where the api>er signs are for wedge on point of entering, and the lower signs 
for wedge on point of sliding out Hence 

If we put this value of if in the value for P found in the preceding 
example, we have 

_ 2TF{cosa ± /<i sina)/ a . a\ 

^= 1-M,U i'^°2 *^«*8). 

sin d>i , sin . ^ , 

or, since /ii = ^ and /i = — --r, where 0, and are the angles of 

cos 01 006 ^ * 

repose for body and guide, and body and wedge, 

^= cos(0,+> r'^(2-=^^> 

The upper signs are for wedge on the point of entering, the lower signs for 
wedge on tne pomt of sliding out. 

Here again, if x- = 0, no force P is required to prevent the wedge from 

sliding out. 
If 



_ 2Trcos(a — 
cos (0 



i5-LJ^> gin f ^ + 0^ and > ^^ ^ (o^ + 4>^) ^ (a ^ ^\ 
'>i+ 0) \^ J cos (0, 4-0) ^\2 "^y 



we have non-limiting equilibrium and the wedge is not on the point of moving 
either way. If we neglect friction = 0, 0i= 0, and P=2Wcosa sing-. 
This is the same result as in Ex. (8), page 176. 

(15) Solve the case of Ex. (16), page 177, taking friction into 
account. 

Am. t^9^ «cot(«.+ »)-6cot(a.-») 

a + 6 

-J- P sin (ai — 0) cos ^ P sin {oi + iff) cos tp 
■"I ^ T' — FTZ ; — T~v — : — n: TvT* •"* = ~i — ri r— t; — ; >. — — - - 



Sin [(ai + ) + (a, -0)] ' sin [(a, + 0) + (a, - 0)] * 

(16) A rod rests with its ends against a rough vertical and hori- 
zontal plane. The weight P of the rod acts at its middle point. 
Find tne conditions of equilibrium. 

Ans. Let be the angle with the horizontal and j^i, i^t be the normal 
pressures on the horizontal and vertical planes respectively. Then 

tan © = cot 20, Ni = Pcos* 0, iV, = Psin cos 0. 

(17) A rough lever ACB rests on an axle of radius r and is acted 
upon by the co-planar forces P and Q applied at the points A and 
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B, The forces make the angle 0. Find the reUitiona of PtoQ for 
equilibrium. (For smooth lever see Ex. (1), page 161.) 
Ans. The resultant of P and Q is 

5= i^P* H- C* H- 2PC «» 0» 

the acute value of 6 being taken. 

We have seen (pa^ 196) that for well- 
greased axle and small surface of contact we 
can take, in all cases of axle friction, the fric- 
tion F = piR, where // is the coefficient of 
static sliding friction. 

Let the radius of the axle be r, the lever- 
arm of P with reference to the centre C of 
the axle be p, and the lever-arm of Q be g. 
We have then in general for equilibrium 

or 




Pp=Qq±MrVP*-\'V + 2PC cos 0, 

where the upper sign is to be taken when rotation in the direction of P just 
begins, and the lower sign when rotation in the direction of Q just begins. 
If the forces P and Q are parallel, B ■= P+ Q, and we have 

p_ q ± Mr 
p T Mr 

For all values of P less than the first of these values, or 

p—jLir 
and at the same time greater than the second, or 

P + Mr^* 

we have non-limiting equilibrium and the lever is not upon the point of 
rotating in either direction. 

If we neglect friction, ^ = and P = — Q, as in Ex. (1), page 161. 

For partially worn bearing (page 196) we can put more accurately 

sin <p in plaM of 0, 

where is the angle of repose. 

For triangular bearing (page 197) we can put more accurately 

sin 2 . , 

5 m place of m> 

2 cos a ^ ^ 

where a is the half angle of bearing. 

For new bearing (page 198) we can put more accurately 

a sin 20 . , . 

-ir~. %n place of n, 

2 sm a •' 

where a is the half angle of contact. 

(18) In a wheel and axle the radius of the wheel is a, and of the 
axle b. Find the conditions for equilibrium^ taking into account 
friction and the rigidity of the rope, when a mass Phung from the 



CHAP. IX.] EXAMPLES — BOUOH GUBYE OB SUBFACE. 223 

wheel juat balances a mass Q hung from the axle. (Without friction 
and rigidity see Ex. (2), page 162.) 

Ana. We haye seen (page 196) that for well-creased 
axle and small surface of contact we can take in all cases 
of axle friction the friction F = fuB = fi{P + Q), where 
// is the coefficient of static sliding friction. 

Let the radios of the axle be r, and let t be the thick- 
ness of the rope. 

Then when P is jost about to fall, we have (page 202) 

for the lever-arm of Q, (l+ojf^ + o)* ^^d hence for 
equilibrium 

- -P (« + 1) + « (*+f)(* + |) +MP+ Q) = 0, 




or 



P = 



(6 + |+/.r)c4-(6 + i)r 



a + 2 -^^ 



where (page 203) 



for hemp rope€ T = ^i-il^; 

for toire ropes 7" = Ci H ^; 

the values of Ci and e^ being given on page 208. 

When Q is just about to fall, we have (page 208), for the lever-arm of P, 



(•+f)KI)- 



and hence 



-p(l+J)(a+|)+c(6 + |)-|»r(P + «) = 0. 



or 



Jt+L.^r)Q-[a+i)T' 





t 


where (page 208) 


e 1 c jp 
for Jump ropes T' = * * ; 




e P 
for wire ropes 7" = Ci H 2—-; 



the values of Ci and Ct being given on page 208. 

For values of P less than the first and greater than the second, we have 
non-limiting equilibrium, and the wheel and axle is not upon Hie point of 
rotating in either direction. 
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If we neglect frictkm and rigidity, we have P = r-Q, or, n^led^ngthe 

a4- - 

thickness of the rope, P = -Q, as in Ex. (2), page 162. 

If 6 r= a, we haye the case of the single pulley. 

For partially warn bearing (page 196) we can put more accurately 

sin in place ofM^ 

where is the angle of repose. 

For triangular bearing (page 197) we can put 

sin 20 . , . 

5 tn place qf /f , 

2co6a ^ ^ 

where a is the half angle of the bearing. 
For netc bearing (page 198) we can put 

a sin 20 . , ^ 
-J5-: — -mplaceofM, 
2 sin a "^ "^ 

where a is the half angle of contact. 

(19) In the single movable puUey find the relation between the 
force P and the mass Qfor equilibrium^ taking into account friction 
and the rigidity of the rope, (Without friction and rigidity see Ex. 
(6), page 163.) 

Ans. Let r be the radius of the axle of each pulley, a the radius of each 
pulley, t the thickness of rope, ^ the coefficient of static slid- 
ing friction, and Ci, c% as given on page 208. 
For conyenience of notation let 



T 

I 






P 



w = a 4- 2 + ;^r + c,. w = a + g - ^r. 

Then from the preceding example, making 6 = a, we have, 
when P is just about to fall, for hemp ropes 



p_u7\+ct_ 
w 



where Ti is the tension in the first rope as shown in the figure. 
We have in the same way 

to 
We have also Ti -f 2j = Q. 

Eliminating Ti and 7t, we have 

u^Q + {W'\- 2u)ci 



P = 



«j(ttJ + u) 

In the same way we find when P is on the point of rising 

_ _ ( u - 2Mr — C tYQ — ei(w + 2u — 2/<r — e^) 
~~ (w + u){u — 2//r) 

For values of P less than the first and greater than the second, we have 
non-limiting equilibrium and P is not on the point of falling or rising. 

For mre ropes we have only to substitute <^i(^~f'o ] ^^ place of Ci. 
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For partiallj worn bearing or new bearing we can replace u by the values 
given in the preceding example. 

If we neglect friction and rigidity, we have P = ^ as in Ex. (5), page 163. 

(20) In the 8ystem of pulley a shown, find the relation between the 
force P and the mass Qfor equilibrium, taking into account friction 
and rigidity of the rope, (Without friction and rigidity see Ex. (6), 
page 163.) 

Ans. Let m be the mass of each movable pulley, and n the number of mov- 

" able pulleys. Let r be the radius of the axle of each 
pulley, a tne radius of each pulley, m the coefficient of 
static sliding friction, t the thickness of the rope, and Ci 
^^ Tj \ and Ct as given on page 203. 

kL/ For convenience of notation let 



T 



^ 



u = a + ^ + Mr+Ci; «) = a+- -^ fir; 

Then, from the preceding example, we have, when 
Pis just about to fall, for hemp ropes 



y _ ^(C + ^) I g|. 



V 



y _ u{Tt + m) ci 



and so on. Inserting the values of Ti and T^ , we have in general 
Bat from the preceding example we have 
Hence, since u — « = — to, 

For mre rapes we have only to substitute ^i (<* + h 1 i^ place of Ci. 

For partially worn bearing or new bearing we replace >u by the values 
given in Ex. (18). 

If we neglect friction and rigidity, we have — = 1,- =^,« = 2fa+-j, 

t + (2" — l)m 
t* = a -4- ^ and Cx = 0, and this reduces to P= -^-^ — s- , which is the 

same result as given in Ex. (6), page 163. 

(21) In the system of pulleys shoum, find the relation between the 
farce Pand the mass Ofor equilibrium, taking into account friction 
and the rigidity of the ropes. (Without friction and rigidity see 
Kx. (7), page 164.) 
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Ans. Let m be the mass of the lower block, and n the number of ropes com- 
ing from the lower block. Let r be the radios of the axle of 
each pulley, /i the coefficient of static sliding friction, ( the thick- 
ness of the rope, and Ci and Ct as given on i>age 208. 

Let a be the mean radius of t/te ptiUeys. 

For convenience of notation let 

u = a+ ^ + Mr + ct, w = a+g - ur. 

Then we have for hemp ropes, when P is about to descend, 
y^u^w) r _o^l _ ci 

For trire ropes we have only to substitute <^» (<» + „:) in place 

of Ci. 

For partially worn bearing or new bearing, we replace fi by the values 
g^ven in Ex. (18). 

If we neglect friction and rigidity, we have u = w and Ci = 0. The value 

of P reduces then to P = ^ ; but if we divide numerator and denominator by 

ii — 10 and then make u = w, we have 

p_Q±J!t 

n ' 

which is the same result as given in Ex. (7), page 164. 

{S>2) In the ay stem of pulleys ahoivn, find the relation between the 
force P and the mass Qfor equilibrium, taking into account friction 
and the rigidity of the ropes. (Without friction and rigidity, see 
Ex. (8), page 164.) 

Ans. Let m be the mass of each pulley and n the number of pulleys. Let 
r be the radius of the axle of each pulley, n the coefficient of 
static sliding friction, t the thickness of the rope and Ci, c% as 
given on page 203. 

Let a be the radius of each pulley, and for convenience of 
notation let 

Then we have, when P is about to descend, for hemp ropes 



/-^ 



I 



□q 



p = 



»+--^re+')'-'>f(.-+')"-'i 

For fsire ropes we have only to substitute Ci [a -f « ) in place of Ci. 

For partially worn bearing or new bearing we replace // by the values given 
in Ex. (18). 

If we neglect friction and rigidity, we have u — w and Cx = 0, and 

2*-l ' 



which is the same result as given in Ex. (8), page 164. 
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(23) In the differential pulley of Ex, (12), page 165, ^nd the rela- 
tion of Pto Qfor equilihnumy taking into account friction, 

Ans. Let m be the mass of each pulley, r the radius of each axle, and >u the 
coefficient of static sliding friction. Since the pulley is worked by a chain, we 
can disregard rigidity and have oidy friction to take into account. We have 
then for F about to descend 



(« + *») (V"*) + ^^^^« + ^) 



a — 2fiT 

For partially worn bearing or for new bearing we can replace fi by the 
values given in Ex. (18). If we neglect friction and the mass of the pulleys, 

we have P = ^^ , which is the same result as in Ex. (12), page 165. 

(24) Solve Ex, (24), page 180, when the surfaces are rough, 

Ans. Let ^ be the coefficient of static sliding friction, and be the angle of 
friction. Then, taking the same rotation as in Ex. (24), page 180, 

. , 6 sin (a+ 0) . ,« .. 

a tan aA ^^ — —^ = a tan (0 — 0), 

cos a cos 

d = I cos a^ r cos B. 

(25) Solve Ex. (25), page 180, when the surface is rough, 

Ans. l^t be the angle of friction. Then, taking the same notation as in 
Ex. (25), page 180, we obtain 

TTcos (Q + 0) = ^iTi sin (e - 0). 

P 
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CHAPTER L 

RETAINING WALLS, DAMS AND EARTH SLOPES. 

DBFINITIONS OP PARTS OP A WALL. WEIGHT AND FRICTION OF MA80NRT. 
STABILITY OP A MASONRY JOINT. STABILITY OP A WALL IN GENERAL. 
LOW GRAVITY DAM. HIGH GRAVITY DAM. ECONOMIC SECTION FOR A 
HIGH GRAVITY DAM. THE ARCH DAM. THE RETAINING WALL. GRAPHIC 
AND ANALYTIC DETERMINATION OF THE EARTH PRESSURE ON A RE- 
TAINING WALL. COHESION OP EARTH. EQXTILIBRIUM OF AN EARTH 
MASS. EARTH SLOPES AND TERRACES. 

Definitions of Parts of a Wall. — The face of a wall is the front 
surface, or outside surface, or the surface farthest from the pres- 
sure. The back is the rear surface, or inside surface, or the surface 
which sustains pressure. 

The stone which forms the face is called the facing; that which 
forms the back, the backing; that which forms the interior, the 
filling. 

A horizontal layer of stone in a wall is called a conrse. If the 
stones in each layer are of the same thickness, we have regular 
courses ; if they are not of the same thickness, we have irregular 
or random courses. 

The mortar layer between the stones is the joint. The horizontal 
joints are bed-joints. 

Cut stone or squared masonry is called ashlar. Unsquared ma- 
soi^ is called rubble. 

The inclination of the face or back of a wall, measured by the 

ratio of its horizontal to its vertical projection, is called 

the batter of the face or back. The batter is then the 

tangent of the angle which the face or back ms^es with 

the vertical. Thus in the figure the batter of the side 

AO 
AD is j^ = tan fi, where /^ is the batter angle or 

angle of AD with the vertical. 
Weight and Friction of Masonry. — We give here a short Table 
of average values of the coefficient of static sliding friction m^ the 
corresponding angle of friction or repose <f>, and the density or mass 
of a cubic foot d for different kinds of masonry. 
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In discuseing the stability of walls, the influencp ot the mortar 
is neglected, both because of ite uncertain i;hai-act(?r and because 
the error ia on the side of safety. The values given for u and (O are 
therefore for dry masonry. 

We also give in the Table average values of the allowable com- 
pressive unit stress C in tona per square foot, taking 2000 lbs. to a 



We also give the specific mass (page 10). - 
where y is the mass of a cubic foot of water = I 



, of the materials, 



KlDd Ot lIuoDiT. 


Owf- 
flclencot 

FrioUon. 


* 




'^!^ 


AUnw.ble 

ToDsper 
■quire toot. 


AshJw maaonry. 

lAive mortiir rabble. , . 
StnSl dry nibble 


o.e 

0.6 
0.6 
0.6 

D.6 
0.6 
0.6 
0.6 


81" 

31° 

ai" 

31' 

sr 

31° 

ar 
sr 


165 

150 
125 

150 

150 
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no 

100 
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3.40 

a.oo 

3.40 

2.40 

3.08 
1.76 
1.60 


as to 30 
10 told 

6W10 


Ashlar masonry 

I^ge mortar rubble... 
Sm^l dry rubble 


30Ui2r. 
lOmlS 
6Ui 10 
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Stability of a Masonry Joint. — Let A'B'B"A" bo the area of a 
[joint betweeu two rectangular plane stirfaces. as. for instance, be- 
[jween two layers of stone in a masonry 
Btructiire. Let AB be tfae line passing 
hrougb the centre of mass C of the area 
^d the middle points A and B of the 
ntpoeite sides A'A" and BB". Let 
AB = bbfi the breadth of joint, A'A" = I 
"le length, the angle of friction of the 
ty joint, disregardmg the effect of the 
tortar. u = tan <p the corresiMinding co- 
Blcient of static sliding friction, C the allowable compressive unit 
Lreas, R the resultant of all the external forces acting at the poiut 
? in the lino AB. 

The values of 0, « and C are given in the Table. 

Then we have the following conditions for stability: 

Ist. The resultant R of all the external forces must intersect the 
joint at some point O loithin the aurface of contact (page 169); 
Mherwise w© have rotation. 

M. The resultant reaction R of the joint at this point O must bo 
tquoT anfl opposite to R" and, if we disregard the effect of the mor- 
'ar, Diiist maVe an angle fiCJ-Vwith the normal to the surface AB. 
MK than the angle of friction rtr repose ip (page 189) ; otherwise we 
lave sliding. 

It is customary in the discussion of the stability of masonry 
'"octupes to disregard the effect of the mortar because of its 

xsrt^ character and because tbe*error Is on the side of safety. 



3d. The greatest unit pressiu-e at any point of the joint mtM' not 
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exceed the aUotvable compreseive unit strese Cfor the materials in 
contact ; otherwise the joint is overloaded. 

Determination of this Oreatest Unit Pressure. — Let N be the nor- 
mal oomponent of the resultant reaction R acting at the point G. 

Then the least unit pressure px will 
act along the farthest edge at A, and 
the greatest unit pressure p will act 
along the nearest edge at B. If we 
lay off Aa = pi and Sb = p, the unit 
pressure at any other point will be 
given by the ordinate to the straight 
une a6, and the total load will be rep- 
resented by the area AEba multiplied by the area of the joint bl. 

We have then the mean unit pressure ^\ ^ , and hence the total 
pressure 




N = 



— P> +JP 



2 



. Oi, or jpi = -gf~jp. 



(1) 



Let e = BO be the **edge distance " or distance of N from the 
nearest edge B. 

The entire load area is made up of the rectangular area ABca 
and the triangular area acb. The load represented by the rect- 
angular area is pM, and its centre of action is at C at a distance 

h 

BC = - from the edge B, The load represented by the triangular 

area is ■ ~^' . bl, and its centre of action is at J^ at a distance of -b 

4 ^ 3 

from the edge B, 

We have then, taking moments about the edge B, for equi- 
librium, 



1.1 b , (p^pi)bl & XT /^ 
p,hl X ^ + ^^ ^' X - - iVe = 0. 



(2) 



From (1) and (2) we obtain for the greatest unit pressure 

-^(-1) <»> 

and for the least unit pressure 

P'=bl{b-^) w 

where N is the total normal pressure on the joint acting at a dis- 
tance e from the nearest edge, I is the len^h of joint, b the brecuith. 

In any case, then, we can find the value of p from (3), and this 
value mtAst not exceed the allowable compressive unit stress C for 
the maierials in contact, otherwise the joint is overloeuled. 

We see from (3) and (4) that when 

b N 

e = - we have pi =zp = — . That is, when 

the resultant R of all the external forces 
acts at the centre of mass C of the joint, the 
load N is uniformly distributed over the 



^ 




h 



B 



2V 
entire joint, and the unit pressure at every point is p = ^. 
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^^H As e dimiiiishes, p increaseB- snd pi 

||^p= -, we have pi = Oand j> = -j-^. That is, 

™ when the resultant if of all the external 

forces acte at ^ from the nearest edge, 

th« unit pressure at the farthest edge ia 
zero, and the greatest unit pressure at the 
nearest edge is twice as gn-at as if the load 
were uniformly distributed over the area of the entire joint hi. 

If then e is les& than -, the whole joint is not brought into action- 

Ehe effective area of joint is Sri, or the distance BD = 3e. The por- 
tion AD affords no resistance, if we 
disregard the effect of the mortar, 
and the greatest unit pressure is 
J) = J- , or twice as great as if the 

load were uniformly distributed over 
the effective area 3eb. 
We see then— 

4th. Thai, in order to just brine 
e entire joint AB into action, the resultant S' of all the eitemai 
forces must intersect the joint at the middle third. 

TlUs is called the '^middle third Jti/e," and in an economically 
proportioned masonry structure it should be complied with. 

Stability of & Wall.— Let ABDE be the section of a wall. We 
can iDvestigate its stability as follows: 

1. B7 Graphic ConBtructioa.— Find the centre of mass C of the 
section (page 22i by drawing the diagonals AR, BD intersecting at 
/. Lay off alous these diagonals Ae = 
IE. and Bd = ID. and let n^, vi be the 



ofmaas. 

At the centre of mass thus found let 
the weight H'of the section of wall act. 
Let bi be the bottom base AB, and 61 the 
upper base DE. and I the length and k 
the height DO. Then the volume of the 

section is — — -— — , If 5 is the density 

or mass of a unit of volume of the ma- 
Bonry, we have the weight W in gravi- 
tation units, 

_ (6. + bt)hlS 





W='^ 



^Buut 



(For values of S see page 229.) 

Let P be the resultant pressure ugon the wall in gravitation 

its, acting at the point K and known in magnitude and direction. 

ice we can consider Pas acting at any point in its line of direc- 
%n, produce it till it meets the line of direction of Wat the point 
C I^et U'and i'lioth act at this point c, and find their resultant il'. 

Then, as we have just seen in the preceding Article ; 

Ist. The resultant It' must intersect the joint AB at some point 
JB within the base ; otherwise we have rotation. 
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2d. If the joint AB extendt thrmtgh the wall, the reaction H ot 
the surface AB at O must be eqtuJ and opposite to S: and make an 
angle RON with the normal JVIess than the angle of friction or re- 
pose *: otherwise we have sliding. (For values of <;> see pa^ 229.) 
For security we should have 

n X angle fiGW=0, 
where n is called the factor of safety for sliding. In practice n 
should be at least 2 or even more if shocks are to be apprehended. 

The student should note that if the joint AB does not extend 
through the wall, no investigation for sliding is necessary. 

3d. The greatest unit pressure must not be greater than the 
allowable compressive unit stress C for the materials in contact ; 
Otherwise the base ABisoverioaded. (For values of Cseepage829.) 

4th. For economic proportions e = OB must be just equal to 

-Q-bi, in which case the entire base AB is just brought into action. 

If e is greater or less than ,.&i, the proportions are not economic, 
but stability exists in any case if condition 3d is ful011ed. 

We make then the construction as directed on page 231. If the 
joint AB extends through the wall, we must have 

n X angle RON = 4>, 
where n should be 3 or more if shocks are to be apprehended. 

If the joint AB does not extend through the wall, there is no 
danger of sliding. 

If the construction gives e = ^6i , the proportions are economic, 

and there is also stability provided that (page 230) 

If the construction gives e greater or less than - &t , the propor- 
tions are not economic, but we still have stability provided that 

tore>|h P = £(2-g)|C, 
and provided that 

£or.<J-6. p = gsc. 

2. By Calculation.— Let the back of the wall AD make the 
batter-angle fi with the vertical, and the pressure P make the angle 
rx D~f>T\ '•' ■"ith the normal Ut the wall and therefore 

/ f — ^^^-—^ the angle Ifi + 0) with the horizont,il. 
/ y /! \ Then the vertical component of P is 

""rK l/i \ V = P sin (y5 + 0), . . . (1) 

y^ -3u^MK 1'' i'^ \ and the horizontal component of P is 

/ / pv,! \ n = PcoBiff + 'i). ... (2) 

C / *Mn \ If 5 is the density or mass of a unit of 

7^1 ' "^ *" ig volume of the maHonry, we have for the 
LZ_2-6~-S — * weight Wof the section 

^^ib, + MM ,3, 

(For values of d see page 22B.) 
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Hence the normal component ^ of 1^ is 

N=W+V, (4) 

It fii IB the coefficient of static sliding friction for the base AB^ 
we have for limiting equilibrium, if the joint AB extends through 
the wall, the friction 

(For values of /i see page 229.) 

In order that the angle BON^haH be less than the angle of fric- 
tion 0, we must have 

H<F. 
For security let us put nH = F, or 



Then we have 



« = ^tZ), (D 



where V, Hand T7are given in any case by (1), (2) and (3). 

We call n the &ctor of safety for sliding. If n is less than unity, 
the wall slides. If n = 1, we have H= For limiting equilibrium, 
and the wall is on the point of sliding. For safety, then, n must be 
greater than unity, ana the greater it is the CTeater the security. 
If » = 2 or 3, it will take two or three times the given pressure P 
to make tiie .wall just begin to slide. In practice n should be at 
least two or even more, if shocks are to be apprehended. If the 
Joint AB does not extend through the ivall, there is no danger of slid- 
ing and equation (I) need not be applied. 

Let the distance AK of the point of application of P from A be d. 
Let e = GB be the distance of the intersection of the resultant -R' 
and the base AB from the ed^e B of the wall. 

Take the point O as the point of moments. Then the lever-arm 
of the horizontal component H of P is d cos /3, the lever-arm of the 
vertical component K of P is ( 6a — d sm fi — e)y and the lever-arm 

of th e weight TT is (69 — AH — e\ where the horizontal distance 

AHot W from A is given (page 22) by 

_», = Aif=^-3^g-^^|_-^--Atan/jJ. . . (6) 

We have then for equilibrium, taking moments about the x)oint 

- Hdcos fi + V{bt - d sin /? - e) + TF(6, - «, - e) = 0, 

or _ W(h, - Si) + V(bi -d sin/?) - Hd cos fi ,,. 

«-— 3 WTV ' ' ' ^^^^ 

where F, H and W are given by (1), (2) and (3), and AH = St is given 
by (5). 

For economic proportions we should have 6 = ^6«. If then we 
put e= 5 6i in (II) and solve for 6s , we have 



n: 
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6« = - B + VB* + ^, 

where for convenience of notation 

^ = 6,(6, + 2^ tan /?) + ^(Fsin/J + JJcos/ST). 



. . (Ill) 



Equations (III) give us the length of the lower base AB = 6t 
for economic proportions, when the entire base AB just comes into 
action. 

If 68 has this value, we must have for security against overload- 
ing (page 230) 



for. = 16. p=?(^LZ)=cr. 



3^' ^ Jb, 



(6) 



where C is the allowable compressive unit stress as given on page 
229. 

If 6« is greater or less than the value given by (III), or if e as 

given by (2) is greater or less than -h% , the proportions are not eco- 
nomic, but we still have stabilitv if the base AB is not overloaded^ 
that is, provided that in the firsl case (page 230) 

and provided that in the second case 

fore < -6, 1> = ^ 3^ <C. (8) 

• 

It is the custom of some engineers, for the sake of additional 
security, to neglect the vertical component V of the pressure in 
equations (I), (II) and (III). In such case we have only to make 
K = in these equations. 

Low and High Wall.— If e, as given by equation (II), is less than 

or equal to - 6. and at the same time conditions (8) or (6) are found 

to be satisfied, so that the base AB is not overloaded, the wall is 
called a ** low '' wall. In such case 6i may be made equal to or less 
than its value as given by (III). 

When, however, the wall is so high that, when e is equal to - 6a, 

condition (6) cannot be satisfied, it is called a '^high^^ wall. In 
such case 6. must be greater than its value as given by (III), and e 

must be greater than - 6a. 

To find the limiting value of 6a in this case: from condition (7) 
let 



^ir^'-D'^- »' «=!'- 



a6a' 
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Let c in equation (II) have thia value, and solve for 61 , and we 
L hav« ^_^^ 

^m &, = -£■+ ^K' + L. I 

^Hirliere, for conTenience of notation, 

^M L = ^{b, + 2ht&nfl) +^.lVBiii /i + HcoBfii. \ 

Mb 



Jwhei* yaiid Hare given by (1) and i2) If the vertical component 
f Vuf the pressure is neglected, as is the custom of eome engineers 
■ for the sake of tidditional security, we have only to make V= U in 

T(IV). 

Etiitations (TV) give the least value of b, for a " high ' wall, that 



is, for a wall so high that when e = -61 the base AB is overloaded. 

Low Gravity Sam. — A wall which resists the pressure of water 
by reason of its weight alone is called a "gravity dam." It is a 
"Iou'"dani if e can be equal to or less than -&>, withoutoverload- 

ing the base. 

The general investigation of the stability of a wall given in the 
preceding Article applies to an^ case where the prt'seure P ia 
Known in direction, point of application and magnitude. 

Direction of Water ProBBiire.— It is a well-known principle of 
lymcs that the direction of water pressure 
ipou a Bubmerged aurfa(.-e is atifuys normal 
' the aitrface. 
We have then in the formulas of the pre- 
ceding Article 

'i = 0. 
and the angle of the pressure Pwith the 
horizontal is equal to the batter-angle of the ~ 
bock ADO = li. 

Point of Application of Water Pre BBure.— Moreover, since the 
preasure at the water level V is zero and the pressure at any point 
increases directly as the depth of that point 
below the water level, the pressure at any 
point is proportional to the ordinate to a 
stniight line D F. and the resultant preSiSure 
P acta at the centre of mass of a triangle 
AD'F. that is, at a distance AK = d equal Ui 








'■ — ; , where fti i 

a COB fi 
of the wall. 



. the depth of water back 



In the formulas of the preceding Article wo have then 

3eo8>S 
Ua^jiitade of Water Pressure. — It is also a well-known principle 
nf I'hysics that tho/>rcsB"re ia cqiial to Ihe ir<fight ofapritmof 
iralrr ivhotr (cine i" the submerqed. stirface and ichoae Iteight in the 
diglancf from the tcater level to the centre of vioat of the stutmerged 
iHrfaee. 
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The submerged surface is 



^, where I is the length and — * is 

cos p 2 



the distance of the centre of mass of the submerged surface from 
the water level. Let y be the density or mass of a unit of volume 
of water (62.5 lbs. per cubic foot). Then we have for the pressure 



P = 



rlhi' 



2co%fi 

We have then for the vertical component of P 

ylhy 



F = 



tan/9, 



(1) 




and for the horizontal component of P 

H=^-^. .... (2) 



The weight TTof the dam is 

2 



(3) 



A O H G !B 



hi 



where A is the area of the cross-section 

ABED, 

(For values of S see page 229.) 

If then we substitute 6 = 0% 



; and the values of Fi Hand Was given by (1), (2) and 



3cos/^ 

(3) in the general formulas of the preceding Article, we obtain the 
corresponding formulas for a dam sustaining water pressure only. 
The graphic construction is the same as on page 231. 

Ice and Wave Pressure. — A dam, however, has to sustain, in ad- 
dition to the water pressure on the back, a horizontal pressure at 
the top surface due to waves or the thrust of ice. We aenote this 
horizontal thrust per linear foot of dam, due to waves or ice, by T. 
For waves we may take T = 24000 pounds per linear foot, and for 
ice T =■ 40000 pounds per linear foot. Since both these do not act 
together, we have only to consider T for ice in cold climates and T 
for waves in warm. 

Factor of Safety for Sliding.— The normal component ^ of 22 is 

N= TF+ F, (4) 

and the friction is 

F = ^N=u{W-\- V), 

where u is the coefficient of static sliding friction for the base AB. 
For values of /' see page 229. 

If n is the factor of safety for sliding, we have 



or 



n{H + T) =F, 

^ MW+V) 1 



or, if Vis neglected, 



I 



n = 



uW 



H+ T 



(D 



where F, TFand H are given by (1), (2) and (3). If there are no 
through joints in the dam, there can be no sliding and equation (I) 
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need not be applied. If there are through joints, n should be at 
least 2 or more if shocks are to be apprehended. 

St ability and Proportions. — ^We have for the horizontal distance 

AH = «s of the centre of mass of the section from A (page 22) 



AJ5r=«. = ;^- 



6. 6« + 2&. 



2 3(6i + 6a) L 2 



hi — 6i 



— fetan/5 



]■•• 



(5) 



If we take moments about the point Q (figure, page 236), we 
have as on page 233, taking the ice-thrust T into accoimt, 

- iJd cos /? - T^i + V(bt - d sin )5 - e) + W(bt - «. - e) = 0, 

or, substituting d = q ^ ' .« and the values of Fand W, 

t> cos fi 



e = 



A(&. - «,) + ^ tan /J 



(6.-|tan/,)- 



6<5 (5 



A+^t^fi 



or, if we neglect "F, 



A(6« — ««) — 



e = 



2<5 
6(5 



2%, 
6 



. (n) 



where -4. is given by (3), and «s by (5). Equation (II) gives the point 
at which the resultant cuts the base when the ice-thrust acts. 

For economic proportions we should have e = - 6i when the ice- or 

o 

wave-thrust T does not a>ct Putting, then, e = ^bt in (II) and neg- 
lecting T and solving for ht , we have 



6, = - B + yjB» + ^, 



where 



D 1 fi. . 2r^i' tan ft , . ^"1 
^=2L '"^ -^S /^tan/?J; 

E=hi(hi -h 2^ tan /?) + ^(1 + tan' ft); 



(HI) 



or, if Fis neglected, 

B=i(6i -^tan/10; ^= 6i(6. + 2fe tan ft) + ^*. 
2 oh 

Equations (III) give the lower base 6i = AB for economic pro- 
portions, that is, when € = - 6i , or the whole base AB just comes 

into action when there is no ice- or tvave-thrust T, If 6a has this 
value, we must have for security against overloading (page 230) 



whene = ;-6. p = Mi±.r?^iltan^ = c, . . . 



(6) 



where C is the allowable compressive unit stress as given page 229. 

If &« is taken greater or less than the value given by (III), the 

value of e given by (II) when T is neglected will be greater or less 



•:,. l: .• 
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than ^6, and the proportions are not economic. But we still have 
stability if the base is not overloaded, that is, if 

whenOg*. jp = ^- [^''b^)<^'' ' ^ 

and if 

, 1 , 2Ad + yhi^ tan /? - ^ 
when e <-ht p = -^^ ^ < C. (8) 

But now, when the ice-thruat T acts^ e is given by (II) ; and in 
order that the base may not be overloaded, this vmue of e must 
satisfy condition (8). If it does not, the ice- or wave-thrust T causes 
the base to be overloaded. Substituting then the value of e from 
(II) in (8), and the value of Si from (5), and neglecting V, and mak- 

ing /? = 0, we have, smce A = - — o ""^t 

^« - (26' - 8h) y (2(7 - dhf "^ Sh(2C - 8h) ' ^^^^ ' 

Equation (III') gives the least value of hi consistent tvith safety 
when the ice- or wave-thrust T acts, for vertical back. For the sake 
of security and simplicity we take the same limiting value when 
the back is not vertical. If then condition (8) is not satisfied when 
we take for e its value from (II), we cannot have economic propor- 
tions, but must take 6a equal to or greater than the value given by 
(III'). 

It is the custom of some engineers, for the sake of additional 
security, to neglect the vertical component Fof the pressure in 
equations (I), (11) and (III). We have therefore given these equa- 
tions for both cases. 

When the dam is empty, equation (5) gives the intersection of 
the weight with the base. In this case 

when 8a = -6a we must have p = -r — ^ C; 



i( 



(( 



Ij. ii ii *i 2A5/^ SsA-^ 

8a > 3-6. p=-^^2--^j<C; 



3 ^ 3s 



When the back is vertical, ft =0 and (5) becomes 

1, . 6,' 

8a = ~0i 



3 ^ 3(6i + 6a)* 

That is, 8a is always greater than -—6a for vertical back. 



We can put B in equation (III) in the form 

U21u' __ Sb\ 

U'" r)' 



jy 1, . rhtsji /3/2hi^ Sb> 



2 25 

We see from the Table page 229 that the specific mass - is 

greater than 2 for all materials except brickwork and small dry 
rubble. We can never have hi or the depth of water greater than 
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h or the height of wall. Hence for all materials except brick and 
small dry rubble the term in the parenthesis is minus, and even for 

the last two materials it is minus if ^i is not more than ^Jh. In 

general, then, B increases and E decreases as the an^le fi decreases. 
In the valu e for 61 , then, the magnitude of B mereases more 

rapidly than V-B' + E, and 6« has its least value when fi = 0. 

Hence the most economical section of dam is that which has the 
hack vertical. 

High Oravity Dam. — If e as given by equation (II), page 237, is 

less than or equal to —h% , and at the same time conditions (8) or (6), 

3 

are satisfied, so that the base AB is not overloaded, the dam is 

*' low,^'' In such case &« mav be made equal to or less than its value 

as given by (III), provided it is greater than the least value given 

by (nr). 

When, however, the dam is so high that when e — -5« condition 

(6) cannot be satisfied, it is called ** high^ In such case 5» must be 
greater than its value as given by (III), and e must be greater than 

To find the limiting value of &s in this case: From condition (7), 
page 238, let 

2A8 + yhx* tan fl 
5, 



i^-SrJ-^' ""^ ^=3^'"6A5 + 3r/i.^tan/r 



Let e in equation (11), page 237, have this value and solve for 1% , 
and we have (page 235) 



where 






or, if V is neglected. 



and 



p. Wtany5 



I, = ^(6, + 2fe tan /J) + 






(IV) 



or, if T is neglected, 

L = -^(&i + 2^ tan ^ + ^-^ + -^T; 

where C is the allowable compressive unit stress as given page 229, 
hi is the depth of water, h the height of section, y the density or 
mass of a unit of volume of water, o the density or mass of a unit 
of volume of masonry, fi the batter-angle of back, &i the breadth at 
top of section and &> at bottom. 

Equations (lY) give the least value of &i for a ** high '^ dam, that 

is, so high that when e = ^s the base AB is overloaded. 
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Since it is the custom of some engineers, for the sake of addi- 
tional security, to neglect the vertical component V of the pressiu-e, 
we have given these equations for both cases. 

Economic Section for High Oravity Bam. — We have seen, page 
239, that the economic section for alow dam has the back vertical. 

First Sab-Bection.~Let DE = 61 be the top base. The economic 
section of the first sub-section AiBiED should then be a rectangle 

for a distance h% such that e = 

1 
BiO shall be just equal to --61, 

so that the entire joint AiBi 
may act, provided this joint is 
not overloaded. 

We find the height h^ of 
this rectangular portion as fol- 
lows : 

If ^1 is the depth of water 
above AiBi, the horizontal 

pressure is P = ~' , where y 

is the densitv or mass of a unit 
of volume of water, and I is the 
length of dam considered. This 

pressure P acts at — ^i above 
B 3 

AiBi. The weight of the sub- 
section is W\ = Slhihi = AilS^ where Ai is the area and 8 is the 

density or mass of a unit of volume of masonry. It acts at -61 

from Pi. 

Taking moments about Q and neglecting the ice-thrust T, we 
have 




Wx 



f.'-')- 



Fh, 



= 0, 



or, when e = —61 , inserting the values of Wx and Pi , 



dhihi^ = yh 



3 
I . 



(I) 



Let a be the distance of the water level below the top of the dam, 
then hi = hi — a. Substituting this, we have 

Sbi^hi = r(h^ - c)\ 
or for the extreme case of water level with top of dam, 

a = and hi = feii/? , 

r y 

where - is the specific mass (page 10) of the masonry as given 

page 229. 

The same result is obtained from equation (III), page 237, by 
making ^ = 0, fta = 61 , and h\ = hi. 

Equation (I) gives the height of the first rectangular sub-section 
ABiED, provided the joint A i Pi is not overloaded. 

If there are no through joints, there is no danger of sliding. 
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Top Thickness. — If now we consider the ice-thrust T as acting 
and take moments about O^ we have 



w.i^^-e)-^-'m.=o. 



or, substituting the values of Wx and P, 

2 eSbih, 8hxh, ^^^ 

We obtain the same result from equation (II), page 237, bj mak- 
ing ^ = 0, 6i = &i ,«, = -*. 

For the extreme case of water level with top of dam, hi = ht; 
and if we substitute the value of ht from (I), we have 

_ 6. T 

But in order that AiBi may not be overloaded, we must have 

2AiS ^ 2Sh,bt 

_ = 0, or e = -3^, 

where C is the allowable imit stress of compression. We have then 

2dh2bi _ bi T 

30 " 3 Sbx ' 
or, substituting the value of ht from (I), 

C 6 

A high dam would be built of ashl^ masonry, and we have from 
page 229 the average values S = 160, — = 2.5, C = 50000. Taking 

T = 40000, we have for the average value of hi which cdlows (I) to 
be fulfilled without overloading, when water is level with top of 
dam, 

0.00966i' - 6,* = - 800, or 5i = about 35 ft. 

When the top base 6i , then, is about 35 ft. or over, we can nm 
the first rectangular sub-section AiBxED down for the distance 
given by (I) without danger of overloading when the ice-thrust 
acts. 

Local and practical considerations must control the choice of 
top base &i. But if it is taken less than about 85 ft., e is given by 
(1) and we must have 

?:^ = 0, or 256,/is = 3cC, 

or, substituting the value of e from (1) and putting hx = h% — a, 
where a is the depth of water below the top, 

2 2<56i oOx 

From (10 we can find the height hi of the rectangular sub-section 
AxBxED when bx is less than 35 ft. and the ice-thrust T acts. 
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We find then the first rectangular sub-section AiBxED from (I) 
if &i is greater than 35 ft., and from (I) if &i is less than 35 ft., and 
the joint AxBx will not be overloaded when the ice-thrust acts. 

Second Sub-section. — Below AiBx we still continue the back ver- 
tical, but &i must now increase so that for any joint &« = A«'Bs', e 

shall be equal to -^63, and the joint shall 

t> 

not be overloaded when the ice-thrust 
Tacts. 

Let AxBxB%A% be any section in 
general below AxBi the height of 
which ^ is so small that it may be 
_ „ ^ regarded as a trapezoid. Let p be the 

no. 2. ui_ui_._w batter-angle of the back, Wx the result- 

ant weight of all the masonry above 
AiBi acting at the distance 81 ft'om A, Wi the weight of the section 
acting at the distance s, from Ai\ W the resultant Wi + TT, of 
these two acting at the distance 8 from At. Then, taking moments 
about Ai\ we have 

_ Wx(8i + hi tan P) + WiSi __ AijSx + hi tan p) 4- AtSi jj. 

where Aij At are the areas of the sections above AxBx and the sec- 
tion AxBxBiAi , so that AxlS = Wx , Aild = TT.. 
We have then 

Ai- , W, , 

and, from page 22, 

«, = -- — -— — hi tan p . . . (2) 

2 3(6a + bi)[_ 2 J 

Let P be the horizontal component of the water pressure on the 
entire hack above A%B%\ and Kx the height of water level above 

vlh ' h^ 

Ai'Bi\ Then P = <-^, acting at a distance ~ above AiBi'. We 

have also the ice-thrust T acting at the distance hx above AiBi. 
Let the resultant of P, T and W cut the base at the distance 
GBi = e from Bi\ Fig. 2. Then, neglecting, for the sake of security 
and simplicity, the vertical component of the water pressure, we 
have 

{Wx + Wi){hi - s - e) - ?^ - Thxl = 0; 



hence 



. rhx +QTh ,„. 

' = '--'- WATT-M • • • (3) 



[If in (3) we make Ai = 0, the whole section above AiBi is a 

trapezoid and we have the same value for e as from equation (II), 

page 237, when /^ = 0, «, = a, and A = Ai.] 

1 
For economic proportions we should have e = - 6« when the ice- or 

3 

wave-thrust T does not act. Making, then, /? = in (2) and (II), 
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substituting the corresponding values of 8% and 8 in (II) and (3), and 
making e = -bt and T = 0, we obtain 



where 



6i = -B+ V^SmT^ 



hi 2^ ht 6h% 



r* 



(HI) 



[Here again, if we make Ax = 0, the whole section above A.'Ba 
is a trapezoid and we have the same value for h% as from equation 
(III), page 237, when /tf = 0, fe = /i,.] 

Equations (III) give the lower base 69 = Ai!Bi for economic pro- 
portions when there i8 no ice- or wave-thrvst T. If then we assume 
any section AiBuB/A.', Fig. 1, page 240, of small depth /h , we can 

find by (III) its base 6. = AtB^', since for this section «i = — &i. We 

can then find A% and then 6, from (3), when the ice- or wave-thrust T 
<ict8. 

This value of .6 must satisfy the condition 



2{Ai + A^)d ^ 
3e • < ' 



(4) 



If it does not, the ice- or wave-thrust T causes Ai'B% to be over- 
loaded. We have then, taking for the extreme ca£(e 

2{Ax 4- A.)d ^ ^ ^^ 36C=2(A,-HA.)«, 
oe 

and putting for 8* its value from (2) when /^ = 0, and for 8 its value 
from (II) when /^ = 0, and then from (3) the corresponding value for 
e, by solving for b% , 



where 



alio 



&« = - JBi -h V'B,' + Ex , 

^ ^ Ai(3C - 2Shi) (C - <?/ts)6i 
* hi{2C - 6hi) "^ {2C - <5^a) ' 

^ _ 2Ai(2Aig -h 26bihi 4- 3Cgi) 
/i,(2C - ^hi) 

Shthi\C + 6hi) + Chxjyhx^ + ST) 
"*■ 5^,(20 - Sht) 

[This reduces to equation (IID, page 238, when Ai = and 
hi = ^.] 

Equation (III') gives the least value of 69 consistent with safety 
when the ice- or wave-thrust T acts. If then condition (4) is not 
satisfied when we take for e its value from (3), we must take for 69 
its vaiue as given by (HI). 

In either case, whether 69 is given by (III) or by (HI), we can 
find 8 from. (II). 

This value of s is the new «, for the neoct section AiBiBa'A*', 
Fig. 1, page 240, of small depth hi. The value of bt just found is 
the new 61 for this section. From (HI) or fill) we then find 69 for 
this section, then 8 from (II), which is the new si for the nezt 
section. 
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Thus by sucoessive applications of (III) or (III') and (U) we find 
successive thicknesses Ai B%\ A%B%\ etc., Fig. 1, page 240. 

We thus determine the economic section until we arrive at a 
section A%B% , Fig. 1, page 240, for which equation (II) gives us 

s = -&«. When this section is reached equations (IIIj or (III) no 

longer apply, because if the vertical back were continued farther, 
the resmtent pressure for reservoir empty would fall outside the 

middle third, making b less than - h%. 

o 

We thus determine the lower limit A%Bt , Fig. 1, page 240, of the 
second sub-section. 

Third SnVsection. — ^Below this limit we must batter both front 

and back, so that both e and a shall always be -&s and the joint 

shall not be overloaded when the ice- or wave-thrust Tacts. 

If then in (3) we make « = -&> and e = -h% and neglect T, we 

obtain 

where &i is the top and 6s the bottom base of any trapezoid of smcdl 
height hiy and Ai the area of all the section above tno top base of 
that trapezoid and hi the depth of water above the bottom base of 
that trapezoid. We can then find the area A^ of this trapnezoid, and 
then from (3) we can find e when the ice-thrust acts. This value of 
e must satisfy the condition 

2(Ai + Ai)^ - ri 
36 ^ 

If it does not, the ice-thrust T causes the base 6s as given by (IV) 
to be overloaded. We have then for the least value of 62 consistent 
with safety to use (III') instead of (IV). In either case we can 

find «2 from (2), and then from (II), putting « = - 6a and solving for 

3 

tan /^, we have for the back batter 

tan/^= ,^\ ' ,\ (V) 

hiiAx + -As + -/^a6l) 

We can thus determine by successive applications of (IV) or 
(III') and (V) the economic section, until we arrive at a section 
6a = AiBi , Fig. 1, page 240, for which 

2(A. -f A.)S 

■t — w . ........ yOy 

Oa 

We thus determine the limit A^B^ , Fig. 1, page 240, of the third 
sub-section. 

Fourth Sub-section. — Below this limit we must have both a and e 

greater than r 6s and such that (page 230) 

6a \ 61/ 6a \ 6a/ 
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= -.1:^ 



Ch,' 



I 



6<5(A + A,)' 
Substituting these values of e and s in (3) and neglecting 7*, we 

obtain __ 

. _ 612A, + A.6.) , ,/S'(2A, + hA.j' ^ 



.6.) /s'(2~A 
h,) ' *2C 






CVIj 



3l2C - 5A,) ' *2C - aw 
BquatioD (Vl) gives the base li, for each Buccessive trapezoid 
telow AtBt, Fig. 1, page 240. From (3) we find e when the iee- 
tbnist T acts, jiiua value of e must satisfy the condition 

2(A, + ^0'' ^ 



3e 



^5C. 




^^-'-' 



If it does not, the ice-thrust TcauBea the base b, as given by 
(Vli to be overloaded. We have then tor the least value of b, con- 
sistent with safety to use (III) instead of (VI). In either case we 
find the back batter from (V). 

Aroh Dam. — When the dam Is made in the form of an arch 80 
that it supports the water pressure back of it wholly by virtue of 
its action as an arch, it is called au arch dam. 

The water pressure upon the back of the dam is always normal 
to the surface, and the pressure upon a 
given area is always the same at the 
same depth. 

Let aaa. Fig. 1, be the centre line of 
a horizontal cross-section of the dam, 
one foot in height. Let Pi and Pt be 
the equal normal pressures upon the 
equal portions a'a', no, and H tne hori- 
■ontal pressure at the crown. 

In Fig. 2, lay off fTfrom O to hori- 
zontally, and let O represent the mag- 
nitude of H. Then lay off 01 and 12 
parallel and equal in magnitude to Pi 
and P, . and draw the rays 01, 2- 

In Fig. 1, let i7a<:t at n, and prolong 
its direction till it meets Pi at 6. From 
6 draw 6c parallel to 01 till it nieeta 
■^1 at c. From c draw ca parallel 

ooa. 

Then (page 146) abca. Fig. 1, is the equilibrium polygon. 
nve by similar triangles 

P, : If : : ch : bC or cC: .: ^ = ^. 
cb cV 

The same holds true no matter how many equal portions a'a' 
,rv take. But as we increase the number of portions, the polygon 
l^proachee a curve. For an indefinitely great number of portions 

B have for the curve of equilibrium ■' s:p = unit pressure and 

C = r = radius of curvature. Hence 

But H and p are constant and therefore r is constant. Hence 

■e of eqiiilihriuM is a circle. 



Fio. a. 
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If then we make the dam circular in cross-section, the curve of 
equilibrium will coincide with the centre line a7id the horizontal 
pressure H at the crown acts at the centre line and is equal to 

H=rp (1) 

Also, since in Fig. 2 the force polygon 012 becomes a circle of 
radius H when the segments of tne arch are indefinitely great in 
number, and since any ray, as 1 in Fig. 2, gives the stress in the 
corresponding segment c6, Fig. 1, of the equilibrium polygon (page 
146), it is evident that the pressure at every point of the centre liiie 
is tangent to the centre line at that point and equxu to JET. 

If ttien C is the allowable compressive stress per squcu^ foot, we 
have for the area A of the cross-section 

• 
If hi is the depth of any point below the water level, we have 
the water pressure per square foot at that point equal toyhi , where 
r is the mass of a cubic foot of water, or 62.6 lbs. If Tis the ice- 
thrust per foot of length, and h is the height of dam, we have the 
ice-thrust pressiire per square foot of surfiice of the dam equal to 
T 

h' 

For an area of one square foot at a depth ^i , then, the total 

T 
pressure per iootp is numerically equal to yhi + g^, and the thick- 
ness is given by 

rT 
yrhx + -J- 

From (2) we can find the thickness of the dam at any point at a 
depth hi below the water level. 

If /ii = in (2), we have for the thickness at the water level, or 
the top thickness 6i , for ice pressure 

^■=S <^) 

The choice of top thickness bi must in general be determined by 
local and practical considerations. 

If we make t = bi = the top thickness in (2), we have for the 
distance hi below the water level for which the cross-section of the 
dam is a rectangle 

A,=^-4. (4) 

yr yh 

Below this limit the thickness must increase with the depth hi 
according to (2) ; above it, the thickness is constant and equal to bu 
We should not take hi in (2), then, less than h, as given by (4). 

The arch dam requires far less masonry than the gravity dam. 
But the pre^ure on the arch stones increases with the span and 
with the depth, and so does the thickness. When the thickness 
becomes great we cannot be sure that each arch stone will take its 
own share of the pressure. The distribution of the pressure over 
the cross-section is then uncertain. For such reasons the arch dam 
is most suitable for short and low dams. It is also manifestly un- 
wise to make the stability of a dam depend wholly upon its action 
as an arch, except under the most favorable conditions as to rigid 
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side hill£ for abutments and the nioBt unfavorable conditions as to 
cost of masonry. 

Although it is not, then, generally wise to make the stability of 
dam depend wholly upon its action as an arch, it is welt to make a 
a gravity dam curved so that the arch action may give additional 
security. 

There are but two dams of the pure arch type in existence: the 
Zola Dam in the city of ALi in France, and the Bear Valley Dam in 
the San Bernardino Mts., Southern California. The first is of 
rubble masonry, height 120 ft., radius 15S ft., thickness at top 19 
feet, at base ■12 feet. The Bear Valley Dam is of granite, height 64 
feet, radius 300 ft-, thickness at top 3.1G ft., at base 2W ft. 

Eetaininff Wall. — A wall designed to resist the pressure of earth 
liack of it is called a retaining wall. 

The genera] investigation of the stability of a wall given on page 
231 appUes to any case where the pressure P is known in direction, 
point of application and magnitude. 

Point of Application of F.—ln treating retaining walls, it is cus- 
tomary to neglect the cohesion of the earth. We therefore consider 
the pressure as zero at the earth level and increasing for any point 
of the back of the wall, directly as the depth 
of that point below the earth level. The 
pressure at any point is then proportional to 
the ordinate to a straight line V'F, and the 
resultant pressure P acts, just as in the case 
of water pressure, at the centre of mass of 
the triangle AD'F. so that the distance 



= d is one third of Ajy, 



r d = 



h, 




" 3 cos yS ' 
s the distance IXO of the earth surface above A, and fi is 
B batter-angle of the back. 

But unlike water pressure, the earth pressure is not normal to 
|be wall, but makes an angle S with the normal. 

Also the magnitude of JP is not the same as for water. 
We have therefore to determine the magnitude and direction of 
ne earth pressure P. We can then investigate the stability pre- 
nsely as on page 231. 

Uagnitade and Direction of P — Gr&phic Determination.^ Let abc, 
Fig. 1, be any small prism, and let + p. be the normal pressure per 
unit of area upon the faces ac 
and be at right ancles, the ( + ) 
sign indicating direction up 
and to the right. 

Then if there is equilib- 
rium, the pressure per unit of 
area upon the third face ab is 
alao normal and egual to p.. 

For if wB multiply the area 
of the face ac. Fig. 1, by + p. , 
we have the total horizontal 
force + H. and if we multiply 
the area of the face be. Fig. 1, 
by + p. , wo have the total 
vertical force + V. If we lay 
these forces off in Fig. 3. from 
A to //. so that AH = -t- -ff. and 
I H to ^, BO that HN = -i- F, the resiUtant for equilibrium is 
The line NA in Fig, 3 then gives the magnitude and direc- 
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tion of the total pressure on the third face ab, Fig. 1, which bal- 
ances + pi . ac = + ff on the face ac and +pi . ftc = + F" on the 
face he. 

We have then H and F, Fig. 8, perpendicular to the faces oc and 
6c, Fig. 1, and also _ 

ac :bc: :H: V. 

Hence the triangles abc, Fig. 1, and NAH, Fig. S, are similar 
and NA ia perpendicular to the face ab. 

Also, we have 

or the normal unit pressure pi on the face c^is the same for equdlHh 
rium as that on the other two faces. 

Suppose now the normal unit pressure px on the face oc, Fig. 2, to 
he reversed in direction, so that it is — pi. We have then the total 

pressure on the face be equal to + pi . &c = + Vthe same as before, 

and the total pressure on the face ac equal to — Pi . ac = — Hi or 
the same as before in magnitude but opposite in direction. If we 
lay these forces off in Fig. 3, from A to ^and H to N\ the result- 
ant for equilibrium is N'A. It is evident that the magnitude of 
N'A is the same as before, but its direction makes the angle N'AV 
on the other side of A V equal to the angle NAVvti the first case. 

If then in Fig. 3 we lay off A^ equal to px and with ^as a cen- 
tre and NA as radius describe an arc of a circle intersecting the 
vertical AT at the point 8, then the line <S^will give the magni- 



•t-xci>.^i>»>, 



« FIO. 4. 




-xajj-p,) 




+X(Prj),) 



+ >iCP|*J>a) 



FiQ. S. 



tude and direction of the unit pressure p\ on the face ah in the 
second case of Fig. 2. The angle ASN is then equal to the angle 
SAN. 

Now suppose that the normal pressures per unit of area on the 
two faces ac and 6c, Fig. 4, are unequal ana are -f p% and + jpi re- 
spectively. 

We can divide the normal unit pressure -f pi on the face 6c into 

two parts, one equal to + ^(J3i +pa) and the other equal to 
+ - {px — P2), as indicated in Fig. 4. Similarly, we can divide the 



[ 

^^■Ormal unit pressure +pi oa the face ac into tv^'o parts, one equal 

^00 + gfpi +p>) and the other equal to — vfpi— fi)- 

Thee, as we have just proved, the unit pressure normal to the 

face ab which balances + -(p, + p„i on the face 6c and + [pi + p,} 

on the face ac is the same, or NA, Fig. B, laid off normal to ab, 

where ^.4 = ^ (pi + pi). 

Also, as we have proved, the unit preaeure on the face ab which 

balances + :(.p>~ pi) on the face be and — ^ (pi — pi} on the face 

ac is the same, but it makes 
equal to SAN. If, then, v 

siP' +Pt) normal to ab, and with Jtfas a centre and iVA as a radius 

describe an arc uf a circle intersecting the vertical ATat the point 

i^ then Stf will give the direction of — (/>, — pi) acting on the face 

Hence if we lay off along this line NR = ( p, — p,) and join 

., the line RA will give the magnitude and direction of the result- 
J unit pressure p on the face ab when the normal unit pressures 
k and p, on the faces be and nc are nnequal. 

Suppose now the faces ac and he. Fig. 4, to remain invariable in 

"rection, and the tioimal unit presBures p, and pi on these faces to 

main conutant, but let the third face ab vary its inclination with the 

Eontal. Then the magnitudes of ^N= -(jj, + pi) and of NR 
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I angle ASN with the vertical A V 
lay off, in Fig, 6, AN equal \jo 



p.) in Fig. fi 



unchanged, but their directions will 



change a« the face ab changes its inclination. It is evident that 
the greatest possible value of the angle NAR which the resultant 
unit jtreesure » ^ RA on the face ftb makes with the normal to that 
face will be when NR is perpendicular to AR, or when the angle 
ARN is 90°. 7a the case of earth this greatest possible angle is the 
angle of friction or repose ip.for earth on earth. 

Also when the angle ARN is 90° and the angle RAN is (Oi , the 



igle SNF of pi with the normal AN is equal to 15° -i 



2 ■ 



' Let then, in Fig. 6. ah he the surface of a prism of earth, and AR 
up be the magnitude and direction of the unit ^ 

sesure. Draw AN normal to the surface ab, i 

1 AW making the angle of friction 0, with n l„ / 

_> normal AN We cain then find by trial a 
Oint JVin the normal AF. such that if we take 
a centre and NR as a radius, the arc RR 
will lie just tangent to AR'. When this point N 
i» thus found by trial, the distance A^will be 

^<p. +P,), and NR = NR wiU be ^fp.-ps)- 

« seen from Fig. S. if we bisect the angle 
^V by the line NS, we ohtnin the direction 
KS»f p. . since the angle RNF, Fig. 5, is twice 
"e augle of NA wi th p\ or .4 V. 
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Application to the Retaining: Wall. — ^The application of these 
principles to the retaining wa'l is obvious. 

Let AD be the back of the wall, and D^FI the earth surface 
making the angle a with the horizontal. Pass a plane through the 




foot of the wall A parallel to the earth surface. The pressure upon 

every square foot of this plane, as a5, is vert ical and equal to the 

weight of a column of earth of vertical height AiJand cross-section 
ah . cos cc. 

If Xi is the mass of a cubic foot of earth, then we have 



Yi .All. ab, cos« 



for the mass of this column. But AiJcos a = AiF^ hence the masis 

of this column is yi . AiF . ab. 

If then we draw AF perpendicular to the earth surface and 
revolve AtF about Ax as centre to the vertical AiRi , and take 
the area of ab as one square foot, the distance AiRi in feet will be 
numerically the same as the number of cubic feet of earth resting 
upon a square foot ab, and we have for the vertical pressure p per 
square foot in pounds 

p =ri . AiRi, 

where yi is the mass in pounds- of a cubic foot of earth, and AiRi is 
measured in feet. 

Thertjas in Fig. 6, draw AxR making with the normal AiF to 
ab the OTigle RAxF equal to the angle of friction or repose 0i for 
earth on earth. Find by trial a point N\ on the normal AuP, such 
that the arc of a circle with J^^l as a centre passes through R\ and is 
tangent to AxR', Then 



2 
1 



(Px +Pa) = ri,NxAi\ 



g(pi -p,) = yx .NxRi, 

where yi is the mass in pounds of a cubic foot of earth, and NiAi , 
NiRi are measured in feet. Bisect the angle RiNiF by the line 
NiSu Then' the line NxSi gives the direction of pi (Fig. 6). 

Now lay off at the foot of the wall A (which may he considered 
as identical with Ax in the figure) the distance ivA = AT^li in a 
direction normal to the back oi the wall AD at A. Draw the line 
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AS parallel to NiSi or the direction of pi already found. Then with 
^ as a centre and NA as radius dei/bribe an arc of a circle inter- 
secting AS at S, and lay off along NS the distance NR = NiRi, 
T^en, as in Fig. 5, RA represents the magnitude and direction of 
the pressure on a square foot at the foot of the wall. Thus, if ;^i is 
the mass in pounds of a cubic foot of earth and we measure RA in 
feet, the pressure per square foot at the foot A of the wall is given 
in magnitude by '^ 

yi . RA, ^ 

and its direction is the direction of RA. 

Since the pressure is zero at the top Di and greatest at the foot 
A, and varies for any point directly as the distance of that point 

from Di , the average pressure is - ^^i . RA, The total pressure P 

in pounds is then for a wall one foot in length numerically equal 

to -yx . RA . DA, or if the length of the wall is /, 



p=ty,,RA.iyA.i, 



where yi is the mass of a cubic foot of earth, and RA, DiA and I 
are taken in feet. 

This pressure P acts at a point jST at a distance d from the foot 

of the wall A equal to d = AK = — ADi , and is parallel in direction 

«> 

to RA already found. 

We thus find by a simple graphic construction, in any given 
case, the magnitude, direction and point of application of the earth 
pressure P on the back of the wall. The stability of the wall can 
then be investigated as directed on page 231. 

Analytic Determination of Earth Pressure on a Retaining 

Wall. — From the graphic construction just given, we can easily 
derive the corresponding formulas for the magnitude and direction 
of the earth pressure P. 

Notation. — Let hx = DiOi be the height of the earth surface at 
D\ above the base AB of the wall ; the angle of the earth surface 
with the horizontal is oc ; the batter-angle of the back of the wall 



/*i 




A OiO 



with the vertical is /9; the earth pressure P makes the angle d with 
the normal to the back of tiie wall; the angle RAiNx = 0i is the 
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angle of friction or repose for earth on earth; the angle RiNiF = 17, 

ajidthBajig\eBRiNiSi=:FNiSi = ^; theanglelLiS = e; the angle 

z 

B8A = a>— all as indicated in the figure. Finally, yi is the mass 

of a cubic foot of earth. 

Then by the graphic construction we have 

2 (Pi + PO sin 0, = -(pi -pt) (1) 

We have also by our notation 

-^« = ;;^'' AiF = AZ>iCOS(a-/?) = --^coe(a-/J); 

cos ft COS p 

and since by construction AiRi = AiF^ we have from the figure 

^Pt-P«)sinj7 = -^!^.oos(a.-A)sina. ... (2) 

2 COS p 

We have also from the figure 

I |(P» + P«) + |(P« -P«) cos J7j + \j(Pi -Pi) sin v\ 

and also 

|(Pi+P«)+|(Pi-p«)C0SJ7 = ^^C0S(a-^C0Sa:. . (4) 

From (1), (2) and (3), eliminating - (pi + pa) and ^pi — p«), we 
obtain 

COS 



(8) 



sm 01 ^ V /\ sm* 4>\] 

We have also directly from the figure a? = angle NAS^ or 

cj = 90 - /? - I- + a ai) 

From (2) and (1) we have 

_ Xi/ii cos (a — /5) sin a(l + sin <^i) ,^ 

cos p sm 01 sm v 

Yxhx cos Ca - /5) sin «(! — sin 00 ,-. 

p« = -£-. — r — ; (o) 

cos /o sm 01 sm v 

We have also from the figure 

Irs sin a? 



tan € = 



A5» — RS . cos ot> 

But ri . iiSS' =pa , and ri . AiS = Cpi + pn) cos <». Therefore 

. »« sin « 
tan 6 = ^ . 

pi cos 0} 
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Substituting the values of pi and pt from (5) and (6), we have 

**^^ = f^^^^t^«' = to^*f45^-^)ten«>. . .(HI) 
l+sin^i \ 2 J ^ 

We have also directly from the figure 

essoo-e (IV) 



Also 



Xi . RA = Vpt* sin* 00 + — (ri . AS — p« cos »)• 



= 4/p«' sin* 00 + pi' cos* a>, 



or, substituting the values of pi andpi from (5) and (6), we have for 
the earth pressure P, 



P=lri.RA.AD^.l = -^ 
2 cos/5 



. g r> . RA 



or 



n ydhx* cos (a — fi) sin a ./ /i . ^' ^ xt ^ — : — -z — ?— s — ^^^ 

2 cos' p sui 01 sm 7 

From (1) and (4) we obtain 

__ y\hx cos (« — P) cos «(1 -4- sin 0i) 
"*^* ~ cos /5(1 + sin <px cos j;) ' 

Comparing this with (5), we have 

sin a cos a 



sin (pi sin v 1 + sin <pi cos v ^' 

We can make this substitution in equation (V) and thus obtain 
an equivalent expression for P which can be used when a is zero, 
viz., 

■n ydh^ cos (a— fi) cos a ./ /i . ^,- ^ xa >! ^:^ ^ ^- » ^TTx 

P = iiT — T-^:^ — . ' ^v T (1 + sm 0i)' — 4 sm 0i sm' oo, (VI) 

2 cos* fid + sm 01 cos 7) ^ 

SorfiBi^e of Rnpture.— If there were no wall and the earth had no 
cohesion, a prism of earth ADiO would tend to slide off aJong a 
plane AG which would make with the horizontal the angle of 
repose 0i. But on account of the wall 
this plane A G^ makes with the horizontal 
an angle tff greater than 0i. \ ^-^ d e 

This angle ip we caU the angle of rap- 
ture, the plane AG is the plane of rapture, 
and the prism ADiQ which thus tends 
to separate sdong AG and force the wall 
is the prism of raptare. 

If in the figure, page 251, px remains 
unchanged in direction and magnitude 
while ao is revolved about A\ until the 
pressure upon ah makes with the normal ^ ® 

to ah the angle 0i , then this new position of ab gives the inclination 
of the plane of rupture. But for this new position pi makes (page 

249) the angle 45 + -^ with the normal. The normal AxNi , and 
hence the plane ah, has then been revolved through the angle 

2 2 
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The angle which the plane of rupture AG makes with the hori- 
zontal, or the angle of rupture, is then 

* = 45+|^~| + a (VII) 

General Method. — We have then in any case the following 
method: 

1st. Find 7 from (I). 

2d. Find oj from (II). 

3d. Find e from (III). 

4th. Find 6 from (IV). 

The angle gives the inclination of the pressure with the normal 
to the back of the wall. 

.5th. Find P from (V) or (VI). 

Then if desired we can find the angle of rupture from (VII). 

The magnitude of P and its inclination B with the normal to the 
wall are thus determined. The point of application JK' of P is at a 
distance d = AK from the foot of the wail equal to one third the 

back ADx , or d = - — ^. 

3 cos fi 

Special Cases. — The formulas just deduced are general and 

admit of simplification for special cases. If the earth surface is 

horizontal, <t = and, from (1), 77 = 0. If 0i is zero, there is no 

friction. Making a = and <pi = 0, we have, from (VI), 

2 cos fi' 

which is the same as for water pressure (page 236). In this case, 
from (III), e = a) and hence, from (IV), = 0, or the water pressure 
is perpendicular to the back. We have then t = 45^ for water. 

Case 1. Earth Surface Horizontal. — In this case a =0 and hence 
^ = 0, and ct> = 90 — /?. We have then, from (III), 

tan 6 = tan' f 45 - ^M cotan /?. . (8) ^ 

Then from (IV) 

= 90-/?- 6, . . (9) 1^ 
and from (VI) 




jy ydh* /I 4 sin 01 

^ 2~r ^^~(TT"^i5^> ^^^^ ^ 

From (VII) the surface of rupture AG makes with the horizontal 
the angle 

^ = 45'' + 1^ (11) 

Case 2. Earth Surface Horizontal — Back Vertical. — In this case 
cr = and fi = 0. Hence r; = 0, « = 90° and, from (8), f = 90 and, 
from (9), 9 = 0. The pressure is then perpendicular to the back or 
horizontal. From (10), making /5 = and reducing, 

p = ?:fi!w(45-f) m 
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The surface of rupture makes as before the angle ^ with the hori- 
zontal given by 

Cased. Earth SnrfEice Horizontal —/^ = 90 — 0. In this case a = o, 
hence 7 = and ^ = 45** -f ^*. If we make /8 = 90 — 0= 46°— -o\we 

have 00 = 45° + ?^» ^ = 45 — ^* and 



= ^, 

makes the a 
In this case, 



or the pressure makes the angle of friction with the normal. 



rdh,^ cos' (45 + ^) 
P= \ ±1 (13) 

cos 01 COS (45 — y) 

Case 4. Earth Snr&ce Inclined at the An^^le of Repose.— In this 
case a = 01. Hence 

j; = 90 + 01, fi) = 45" - /? + I*, = 01, 
tan € = Q^^ 



tan' (45°-f ) tan(45» - /? + ^^ (14) 




6 = 45^-/? + ^i-e (15) 



^ = ^'fl^!^~/ A + Bin ^0- - 4 Bin ^. sin.(45 - /, -, f ). (16) 
Case 5. Earth Snr&ce Inclined at the Angle of Repose— Back Ver- 
tical.— In this case, a = 0i, /8 = 0, 17 = 90 + 0i, i» = 45° + —, ^ =0i, 



€ = 45 — o, and hence 



= 01, 



(17) 



or the pressure makes the angle of friction with the normal. 
From (16), 

p = ri^|/(l 4. gin 00' - 4 sin 0, sin' (45> |-' V . . 

Cohesion of Earth. — Adhesion is that resistance to motion which 
takes place when two different siu*faces are in contact. If the sur- 
faces are of the same kind, it is called cohesion. It is found by ex- 
periment that adhesion or cohesion is directly proportional to the 
area of contact, varies with the nature of the surfaces in contact, 
and is independent of the pressure. 

It is given then by 

where A is the area of contact and c is the coefficient of cohesion or 
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adhesion, depending upon the nature of the material. The unit of 
c is then 1 pound per square foot. 

If a trench with vertical sides, of 

considerable length as compared to its 

width, is dug in the earth, as shown 
in the figure, with a transverse trench 
at each end, so that lateral cohesion 
may not prevent rupture, after a few 
days it will be observed to have caved 
in along some plane as AQ. Let the depth AD be /io. 

Then, as we shall see in the next Article, the coefficient of cohe- 
sion of the earth is given by 

_ yxh^iX — sin 00 
" 4 cos 01 * 

where 4>\ is the angle of friction or repose, and y^ is the mass of a 
cubic foot of the earth. 

Eqnilibrium of a Mass of Earth. — Let ADGH be a mass of 
earth, the batter-angle of the face 
AD being p. 

If there were no cohesion, a prism 
of earth ADO would tend to slide 
off along a plane AG which would 
make with the horizontal the angle 
of rei)Ose <pu But if there is cohe- 
sion, this plane, which we have 
called the plane of rapture, will 
make an angle with the horizontal 
greater than 0i , which we call the 
angle of rapture. 

Let the angle of rupture or the 
angle of the plane of rupture AG 

with the horizontal be ^, the angle of the earth surface DG with 
the horizontal be «, the length of the mass be /, and the weight of 
the prism ADG be W. 

The weight W acting at the centre of mass C can be resolved 
into a force N normal to the surface of rupture AG and a force P 
parallel to the surface. 

We have then 




P = TFsin ^, N = Wcos ^. . 



(1) 



The force P tends to cause sliding. This force is resisted by the 
friction and the cohesion. The friction is uiN, where Hi = tan <t>x is 
the coefficient of static sliding friction of the earth, and the cohe- 
sion is cl . AG, where c is the coefficient of cohesion and I . AG is 
the area of contact. 

We have then for equilibrium 



P-^iN-cl.AG = 0, or P-miN=cI.AG, 



or 



i,~ag' 



(2) 



Now for any plane which makes an angle with the horizontal 
greater or less than i> there will be no sliding, and for that plane 
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P— uiNvnXahe Use than cl.AO.OT ==^ will be less than c. 

I. AG 
Fop the plane of rupture, then, we must have 

P — //i-^T 

— - = a maximum (3) 

I, AG 

h. 

Let the vertical height of the mass be ^i. Then AD = jr* 

^ COB fi 

and the weight TTof the prism ADG in gravitation units is 



W = r,l.^.AG. sin [90 - (* + /»,] = ri«^^08_(!L±^. (4) 

Insert this value of TTin (1) and the corresponding values of P 
and JVin (3), and we have, since Ui = tan <Pi , 

yihi cos it + fi) sin (» - 0») _ r«o^,-r«««. /pe\ 

' s 2i za = c = a maximum. . . (5) 

2 cos y^ cos 0x ^ ^ 

Angle of Rupture.— Equation (5) is a maximum when 

cos (^ + /?) = sin (^ — (pi) = cos [90 — (^ — 00], 

or when 

^ + /? = 9O-^ + 0i, 
or when 

#=46-f + | (6) 

Eauation (6) gives then the angle of rupture or the angle which 
the plane of rupture AG makes with the horizontal. 

Coefficient of Cohesion. — If we insert this value of ^ in (5), we 
obtain 

yihi sin 46 — -(0i + ^ cos 45 + ^ (0i + /5) = 2c cos 0i cos fl, 

or 

yihi [1 — sin {(pi + ^] = 4c cos 0i cos /5. .... (7) 

Now when AD is vertical ; ^ = 0, and if we denote hi in this case 
by /lo, we have, from (7), 

ri/^od — sin 0i) ,-. 

C — \o) 

4 cos (pi 

This is the value of the coefficient of cohesion given in the 
preceding Article, where ho is found by experiment. 

Stability of Slope. — If we substitute the value of c from (8) in 
(7), we have 

hi\l — sin (01 + /?)] = hod — sin ) cos /5, 

or 

, ho(l — sin (pi) cos ft ,,.. 

fli = — :i , >- — ; — ^r— , V») 

1 — sm (01 + /?) 

which is the equation of condition between hi and /5. 

From (6) and (9) we see that the angle of rupture and the rela- 
tion between hi and fi are independent of the mclination a. of the 
earth surface with the horizontal. 
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Equation (9) gives the limiting height hi when sliding is about 
to begin. Let n be the factor ojr safety, so that if n is 2 or 3 the 
safe height taken can be two or three tunes as great before sliding 
begins. Then we have for the safe height 



, _ /io(l — sin <pi) cos fi 
* ~" n[l — sin (01 + fi)] 



(10) 



Equation (10) is then the equation of stability of slope for a fac- 
tor of safety n, and gives the safe height of slope for any given 
batter-angle fi. 

Angle of Stability— If hi is given and the corresponding batter- 
angle fi is required, we can write (10) in the form 

1 ~ sin {<pi + fi) _ ho(l — sin fii) _ 
cos fi "" nhi "■ ' 

where the second member, being a known quantity, is denoted by a. 

If we develop the numerator in the first member and substitute for 

1 
sin fi and cos fi their values in terms of tan « /?, viz., 



sin fi = 



2tan=-/? 
l + tan'^fi 



COB fi = 



l-tan'|/J 
1 + tan* I- fi 



we obtain a quadratic whose solution gives 



^"^ 2^ " l+a-h'S5^ 



[cos (p — i/a{a -t- 2 sin 0)]. 



(11) 



Equation (11) gives the safe batter-angle fi for a factor of safety 
n when the height hi is given. 

Cnrve of Slope.— Let a be any point of the slope Da A, whose 

vertical distance below D is da = y, and let aG be the plane of 

rupture at the point a, making the 
angle ^ with the horizontal. 

Then the prism DGa of weight 
W tends to slide down along aO 
and is prevented by friction and 
cohesion. Let N and P be the 
components of W normal and par- 
allel to aG. Then if n is the factor 
of safety and // is the coefficient of 
static sliding friction, we have 




n(P - MiN) -€1.00 = 0. (12) 

Let A be the area daD. Then yilAis the weight in gravitation 
units of a prism daD, where y^ is the mass of a unit of volume of 

■jy' oof" lb 

the earth. The area daG is — — g — -, and the weight in gravitation 

units of the prism daG is ' . . Hence the weight in gravi- 

tation units of the prism DaG is 



-)• 
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If we insert this value of TT in the expressions for P and iV, 
equations (1), and then substitute in (12), we obtain, since 

sin^ 



or, dividing by I sin ^, 
'''cotV' 



nyi 



f^^^^_.j\U-^,co%tl\--cyU^ . 



(13) 



ItaG makes an angle with the horizontal greater or less than 

0, we have, from (12), niP — mN) less than cl . aO, or the left side of 
ec^uation (13) less than zero. The value of t must then make equa- 
tion (13) a maximum. 

If then we differentiate (13) with reference to cot ^ and put the 
first derivative equal to zero, we obtain 



ny 



'j^(l - /i, cot V^] - nyiMil^-^^ -A\- 2cy cot ^ = 0. (14) 



Eliminating cot ^ from (13) and (14), we obtain 

A = -J^r n/i,xiy + 4c - 2 i/2c{nMiriy + 2c)(l + //i') . (16) 

Ek^uation (15) gives the at*ea A between the curve of the slope 
and any ordinatiB da = y. It evidently holds good whether the area 
A is bounded by a curve or a broken line of any form, 

Valnes of 0, , //, and y^,—We give in the following Table the 
values of (pi. Mi, y\ for earth, sand and gravel.. 



Kind of Earth. 



Oravel, roand. 

** sharp 
Sand, diy 

'* moist. . 

'* wet 

Earth, dry 

" moist.. 

" wet... 



Ahele 
Repose, 



80" 

40 

85 

40 

80 

40 

45 

82 



Cioefflcient 

of 
Friction, 



0.68 
0.84 
0.70 
0.84 
0.58 
0.84 
1.00 
0.62 



Mass of 

one cubic foot 

In pounds, 



100 
110 
100 
110 
125 
90 
95 
115 



EXAMPLES. 



(1) A bank of loose earth without cohesion stands SO ft high loith 
a slope of 50 ft. Find the coefficient of friction and the angle of 
repose. 

Ans. The horizontal projection of the slope is 40 ft. Hence Mi = tan 0i = 

80 

j;r = 0.76, and <pi is about 85^ 

40 
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(2) A bank of earth with vertical face is found to cave for a die- 
tance of 3 ft below the autface. The same earth loose ana without 
cohesion takes a slope of 1.25 to 1 horizontal. Find the slope after 
rupture. Also if the mass of a cubic foot is 100 Ibs,^ find the coeffi- 
cient of cohesion. 

Ana. From equation (6), page 257, since fi^O, the angle of rapture is 

^ = 45* -f —. The tangent of the angle of repose is //i = tan 0i = 0.75. 

Hence 0i is about 85** and i/f is about 62*. 

From equation (8), page 257, since Ao = 8 ft., yi = 100 lbs. per cubic foot, 
01 = 85% 

(3) A bank of earth the same as in the preceding example has a 
height of 30 feet and a batter of 45°. Find the limiting height for 
the same slope and the factor of safety, 

Ans. From equation (9), page 257, since Ao = 8 ft., fl = 45*, 0i = 85*, the 
limiting height is 

_ 8(1 ~ sin 35*) cos 45* »_ * «a #♦ 

A, = ^ — ' = about 60 ft., 

1 — sm oU 

or the factor of safety is 2. 

(4) A batik of earth the same as in Example (2) is required to 
have a height of 30 ft, and a factor of safety of 2, Find the batter 
of the face. 

Ans. P = 45*. 

(5) A bank of earth with vertical face caves for a distance of 5 
feet belotv the surface. The same earth loose and tcithout cohesion 
tdkes a slope of 1.25 to 1 horizontal. The mass of a cubic foot is 100 
lbs. Find the angle of rupture, the coefficient of cohesion. If the 
batter of the face is made 45"* and the height 30 ft,, find the factor of 
safety, 

Ans. The angle of repose is 0i = about 85*. The angle of rupture is ^ = 
about 62°. The coefficient of cohesion is e = 65 lbs. per square foot. From 
equation (10), page 258, 

_ 5(1 - sin 85) cos 45 __ 
^ ~ 30(1 - sin 80°) " *' 

(6) Find the uniform batter-angle of the slope in the preceding 
example for a height of 30 ft. and a factor of safety of 3i. 

Ans. From equation (11), page 258, we find fi - 45". 

(7) Find the natural curve of the slope in Example (5) for a 
factor of safety of 3 and a height of 40 feet. 

Ans. Since// 1 = 0.75, c = 65 lbs. per square foot, n = 3, ^^i = 100, equa- 
tion (15), page 259, becomes 

A = 3^ 5I 226y + 260-2 |/203i(225y + 180)J. 

If we take y = to 10, 20, 80. 40 ft., we have : 

For y = 10, A= 38 sq ft. ; 
y = 20, A = 167 
y = 30. ^ = 413 
y = 40. ^ = 777 



€< f ( 
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fl-tf =10.4 " 



Wo Me from equation (IB), page 269, that „ 

for sroall values of g A isn^ratlTe, or, tbeonl- 

icAlIf, the carve overhangs the elope. The eqnation ehoald not be QMd for y 
leas than h, , and the upper part of the alope should be rounded off, as Bhom 
in the figure. 

(8) It is desired to cut a bank 30 feet high into three terraces as 
ahmpn in the figure with a factor of safety of 1.6. The height of 
each terrace ie to be 10 feet and there 
are to be two atf^a, db and cd, each i 
feet wide. The mass per cubic foot ia 
V, = 100 lbs., and <p, and ht aa found 
by experiment are 0i = 31°, ho = Sfeet. 
Find the batter for each terrace. 

Ana. We have /i, =^ tan i/>, = 0.6, and 
from eqnatloD (8), pa^ 2S7, e = 71, and 
equation |15), page 269. becomes 

A = j^(284 + 90y - 2*'l89(9Qy+ 148)j. 

= 10. j1 = 27 ; when 




27+40 + 



lO + a 



-.V<f = 



lM+40 + M.^.=, 

Hence we have for the hatter-angles : 

For Bo, tan/J = -^ 

For 6.!. tan/I=~ 



Fo^rfJ, tan/J=-j^, or /J=4U°. 

f9) Design a terrace of four planes, the upper one being 6 feet 
n height, the lowest 10 ft., and the others Sft. The etepa to be 6 feet 
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tn width, and the earth Buch that h, = Sft., f, 
Take the factor of aafety at 2. 
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: 100, and;'. = 0.66, 



e = 40. A = j^[l88y + 190- 3*/ilSp^+8^. 



Wbeny = 


6. J 


= 


10.9 


V = U. A= 84.8; 


y=aa. A = 


286.4 


y = 88, J = 568.2. 


Da-b'c- ,1- ■ r- ff' 


- 


1 . 6 . i)«- = 10.9. or i)a' = 8.68ft.; 








10.9+80 + *-±^*'*' = "-8' 


\i" i" 


33 a 






or6'tf = 4.84ft.; 


" n' 




n 




8t8 + 70 + ^-^±^.d'«' = 236.4. 




_ 




OKr«' = 4.5ft.; 
286.4 + 110 + ^+*2 ,/y = seg.a. 


A 


orr(r' = 8.2tt. 


We have than for the batter-mg 


es: 


For Da, 


tanyS 


= ?f. o, ,.3,. 


Votbe, 


fnfl 


= Mt,„ „ = «4-, 




Ford 




tw/J 


=¥■ »' "'"i-^ 



For /J, tan/) = 



10' 



= 89f. 



ailway embankment 30 /(. 



(10) Find the batter angle fi for 

high, 12 ft top base. Let r< = IM) Ibe. per cubic/oot, <p, = 34°, ftt = 
4 /f., Olid factor of safety 2. Let the locomotive weight be about 
6000 pOMWCW per linear foot of track. 

AnB. If tbe top base is 12 feet, the weight ot locomotiTe cauaeg a pressure 
of 6000 lbs. OQ 13 square (eel, or 900 lbs. per square foot. This ie equivalent 
to a mBBB of earth B feet high. We take then A, = 8S feet in equatioD (11), 
page 258, and have 

t*t, \ff = ■084["'-®^+ +^0:0286] = 0.416. 

Therefore sj* '» about 39i°, <a ff = 45°. 

The embankment with this batter eoDtaine 47 cable yards per linear foot. 
while with the natural slope of 34° It would contain 63 culiic yards per linear 
foot. There will then be a saving In coat of construction If the expense of 
protecting the slope to preserve the cohesion Is not greater than the saving in 
embankment. 

(11) Araiivxiy cut is made in material for ichichy, ='\(i(ipound» 
per cu&MJ foot, tf, = 34°, A, = Sft. The depth of cut ia ft, = 40 ft. 
and the roadbed ia 16 ft. Find the batter-angle for a factor of 
$afetyof3. 
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s. We Lavtj = 47°. The cut wilb iliia bailor contniiia 87 cubic yards 
i«aT fuul. II il bad the tiHiural slope, it would cuoiaiu 111 cubic yards, 
re will ilien b« a suviug in cost if the expeast- ot prutoctjng the alup« is 
ih&D tbe saving Id excavation. 

(12) At Northfield, Vt., on the line of the Central Vermont B. B. 
retaining wall IB ft. high, top base i ft, bottom base % ft. The 
'. in composed of large blocks of limestone without cement, llie 
•^tJ/ of the vutaonry wont 170 Iba. per cubic foot. The earth sur- 
ice i» horizontal and level with tlie (op of Che ""^^ / angle of repose 
i\ and density of earth 90 lbs. per cubte foot, the front face of 
le HXiH has a batter of 1 inch horizontal for every foot of height, 
his wall is over W years old and in as good condition as when laid. 
WSnoestigate its stability and check results of computation Ity graphic 
'inutruetion. 

Ans. We have h=h, = 15 It., u = Q°,6 =s 170 Ihs, per cubic foot, j-. = 90 

lbs. per cubic fwt, <t>. = 38°. S, = 2 ft.. S, = S h., tan /5 = -^^ or y3 = 10' ay. 

Take n section of the wall one foot in length, so that { = 1. Then from 
I {nge 254, Case 1, we have 



: 2988 Iba. 



90 X ly /~1 
3 r 0.967 
We bkTe also from equation (8). page 2S4, 

tan € = tan' 26° cot 10' 23", or f = 53° 26'. 

I Then from wiuotlon (9), page S54, = 27° 11'. The angle of P with the 
IiorizoDlal ia then ifi -\- (if = 37° 84', aod the horizontal and vertical com- 
poaents of I' are 

if = Pco8(a + /3l = 33Wlbfl.; 
F 3 i" sin (8 + /S) = 18H Iba. 
The weight of a section oub foot in length is 

w=:iaooiba. 



Of, If we neglect F, n = 8.1. There is thereforearapleBe'iiiritj-against sliding. 

If there are no through Joints, there is in any case no potwiliility of sliding. 
From equation (3), page 23.3, we have *, = 3,8 ft., and from equation (11>. 

page 888, a = 2.1 ft. The resultant of P and IF. therefore, cots the base 
I witbtn the tnlddle third aod jast wiibin the middle third. Thf- proportioni 
I are then nearly fronotaie. Thns from equation (III), page 334, we have b, = 
I {.80 ft., while the bottom base as bnilt ia 6 ft. 

I Prom equation (7), pnee S34, we have for the gre-ntest unit (Nimpreaaion two 
lloDH per Hijuare foot, which, as we see from page 220. ia abundantly safe. 

, (13) In t!ie preceding e^rample. let the back be vertical. Find the 
Mhottom l>aae. Cheek the computation by graphic cotistruction. 

■ Ana. In tUlM cose, fl = 0. From page 254. C'oae 3, we And the earth prens- 
Bvre horizontal or S =; 0, = 0, and if we take a aecdon of wall one foot in 
Migtli, M>that; = I. 

i.= »«2<J5!,„,. (45--f)=!410 1b,. 
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From equation (III), page 284, we have for the bottom base whbn e = ^ht, 

or for economic proportions, 

bt = 4.8 ft. 

From (I), page 288, we have the factor of safety for sliding, n = 2.4. 
From equation (6) we have for the greatest unit compression 1.8 tons per 
square foot, which is much less than the allowable safe stresd (page 22^). 

"1 (14) Find the bottom base of a trapezoidal wall of granite ashlar 
with vertical ba^^k, 20 feet hiah, to retain an embanktnent, the earth 
surface being horizontal ana level tvith the top of the wall ; 0i = 
83' 40', yi = 100 lbs, per cubic foot. Check the computatum by 
graphic construction. 

Ans. In this case, fS = 0. From page 254, Case 2, we find the earth press- 
ure horizontal, and taking a section of wall one foot in length, or / = 1, 

100 V 20* 
P = C^ tan« 28'' 15' = 5774 lbs. 

From equation (III), page 284, we have for the bottom base for economic 
proportions, or for e = 5-61, 



,, = _U + V^'+''''^* 



V 5*i 



2 • ' ^ 4 ^ dh 

If we take the top base bi =2 ft. and d = 165 lbs. per cubic foot (page 229), 
we have bt = 7.66 ft. 

From equation (6), page 234, the greatest unit compression is about 2 tons 
per square foot, which is much less than the allowable safe stress (page 234). 

(15) Same as Example (14), with back batter fi = 8**. Check the 
computation by gi^aphic construction. 

Ans. P= 6420 lbs., = 18° 9', 2?"= 5758 lbs., F= 2825 lbs.. 6, = 7.9 ft. 
Greatest unit compression 2.4 tons per square foot, which is much less than the 
allowable safe stres.s (page 229). 

n6) A rubble wall of limestone, l^ft. high, retains an earth-fill- 
ing which supports a double-track railway. The top base isbi = B.5 
ft. Find the bottom base when yx = 100, <px = 83' 40', fl = S\ d = 170 
lbs. per cubic foot. 

Ans. If we take the train load at 6000 lbs. per linear foot, and top base of 
the fill 15 ft., the pressure per square foot on the top is 400 lbs., which is 
equivalent to a column of earth 4 ft. high. We have then h = 15 ft., hi — 
15 + 4 = 19 ft., and 

P = 5795 lbs.. 9 = 18", 27= 5200 lbs., F= 2540 lbs., 

&9 = 7 ft. Greatest unit compression 2.8 tons per square foot, which is much 
less than the allowable safe stress (pa^e 229). 

(17) Find the bottom base for a retaining wall 20 ft. high, back 
batter /? = 8", (5 = 170 lbs. per cubic foot. Earth surface inclined to 
horizontal at angle of repose bx = 33" 40', ;?i ^ 20 /^, yx = 100 lbs. 
per cubic foot. 

Ans. In this case we have, from pa^e 255, Case 4, e = 21" 22', Q = 82° 28', 
P= 21740 lbs., ff= 16522 lbs.. F= 18280 lbs. 

If we take the top base 61 = 2 ft., we have, from equation (III), page 284, 
bt = 9.6 ft. The greatest unit stress of compression is 1.7 tons per square 
foot. 
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. (18) Tite San ifateo dam. California, i^biiilt of concrete weighing 
JJom( 150 pim /ids per cubic foot. The height wh = 170/(., top base 
k!=20/(. bottom base b, = l7li//„ back batter 1 to i or tan p = 1^.2,5. 

peitigaie the stahility for depth of water ht = \65ft. 
■ Ana. Wo have for a sectioD ooe fcxit In length 



f = 312700 IlM,, ff^e; 



Olbs., IP ==24990001! 



' Then are no tbroagh joints In tbifl dam. and Iheretore no investigBtinn tar 
Idlng Is needed. If, however, we Inke the coeffluteut of static sliding friction 
-= 0.«6 (page 338). we have from oquftlion (1), pagu 236, n=a. 

If the dam is emptj, we have truru equ&tiou (5). page 337. », = 7S ft. The 
|0ight then cats the base near the middle and well within the middle third. 
Prom equation (II), page 237. we have, even when we take ice-thrust into 
, a = 80 f t. The resultant of the weight, pressure and ice-thrust then 
l^ts the bane within the middle third. 

Hence (rum equation (7), page 3U8. we have for dam emptj the greatest 
init Btrres of eompreaaion 11 Uins per square foot, and for dam full and ice- 
Irust 8 toDB per square foot. 

The dftm aa built is then stable and eafe even for a cold climate, and even 
K lluough joints. 

(19) Deatgn a dam of sandstone ashlar. GO ft. high, tnp fidse 9/f., ^ 
'gj(A of water 57 feet. 
Ans. We have 7.^60 ft., A. ^57 ft.. S, =9 ft,, r = 82.5 lbs. per cubic 
foot, and, from page 339, <S = ISO lbs. per cubic foot, C= SO tons per square 
foot, /I = 6. 

From pa^e 229 we take the back vertical for economic section. Hence 
fi = 0. 

From equation (III), page 237, wo have for economic proportions for the 
pttoio base 6] = 8S.T ft. and hence A = I3-'K square feet, 
[ Then from equation (6). page 337, the greatest compressive stress for reser- 
'r full iBp = 5.7 tons per square foot. For reservoir empty <i is alwavs 

n — t, when back ia vertical (page 238), and the unit stress is still 

I We have then for a foot of letiph ot the dam, IF= IS7500lbs.. fl' = 101530 
., and from eqaation (Ij. pa^f 336, if there is no ice-thrust, we have for the 
_. ir of safety fur siidiiiKi =:: 1.1. This Is small, but if there are no thmagh 
bU Ute duu oannot stide. 

I But now, if we auppo&e the ice-thrust at T = 40000 lbs. per foot to act, we 
iin teat and Bee if the dam with bottom base b, = 32.7 ft. is stilt safe. 
EFrom (9). page 2S7, we have «i = 11.6 ft., and from (II), page 3^7, using 
Tb value of (, , we obtain « = — 1.36 ft. The minus sign shows that the 
wltant poasM outside of the base. The dam would therefore rotate under 
Ji ice-thrust. We must find £, therefore from (III), page 338. This gives 
i(, = 86n. (wd .d = 1350 aq. ft., W= 303500 lbs. 

T We have now for the factor of safety for sliding n = 0.9. This is less than 
Utf , and hence when the ice-thrust acts, the wall must dupead for its rafety 
-^v upon the fnot that there are no through joints. It would be better, 
-'o give the dam a back batter of, say, tan = 0.35. 

we do this, we have from (III), page 337, 6, = 43.9 ft. and .^ = 1578 
From (3) and (II), page 237, we then obtain », = 21 fl. and « = 8 ft, 
O from (8), page 338. we lave ;: = 10,9 tens per siiuare foot, so that so far 
rrotatioQ and compression are concerned the dam is safe even with ice- 
kat aotin;. 

f Wo have DOW from (I), paite 230. for the factor of safely for sliding, when 
■ iea-lhrust acta, n = 1.1. We should then have no through jolctit In the 



L(80) The height of the proposed (Quaker Dam, New York, is 170 
t, top thickness 20 feet, specific mass of the masonry 2.5, depth of 
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water 163 feet. Find the economic section for allowable compreesim 
of 10 tons per square foot, 

Ans. We have 6x = 20 ft., hx = 168 ft., h = 170 ft., - = 2.5, y = 62.5 

lbs. per cubic foot, 8 = 156.25 lbs. per cubic foot, 2*= 40000 Ibe. per foot, 
C = 20000 lbs. per square foot, iU = 0.6. 

lit. Ice-thrmt Neglected. — Let us first neglect the ice-thrust. 

From equation (I), page 240, we have for the height ht of the first rectan- 
gular sub-section if the water is level with the top, ht = 32 ft. As the water 
is not level with the top, h must be greater than this. In equation (I), page 
240, dbi^ht = y(ht — aY, if we put a = 7 ft., A, = Ai 4-7, and insert the valuea 
of ^, hi and y^ we have 



625000 h^ + 4875000 = 62.5A 



I • 



Solving this equation, we have for e = - &i =6.66 ft., hi = 84.7 ft. Hence 

A, = 41.7 ft. and ^, = 884 sq. ft. When the dam is empty « = ^- = 10 ft. 

We have then from (7), page 288, when the dam is empty, the unit compression 
p = 8.26 tons per square foot on back edge, and from (6), page 287, when the 
dam is full, p = 6.52 tons per square foot on front edge. 

Below hi =84.7 ft. we have the back vertical and the face battered and 
the second sub-section begins. 

Let us take for the height of the next trial section ht = 15.8 ft. Then. 

hi = 84.7 + 15.8 = 50 ft., 4, = 884 sq. ft., 6, = 20 ft., «, =10 ft., /J = 0. 

S 1 

— = 2.5. From (III), page 248, when e = j-fta, we have 6, = 26.2 ft., and 

hence « = 8.7 ft. The area of this trial section is then At — 858 sq. ft. We 
have now from (2) and (11), page 242, «« = 11.6 ft. and < = 10.5 ft. Then from 
(7) and (6), page 238, the unit compression p = 5.66 tons per square foot on 
back edge for dam empty and p = 7.08 tons per square foot on front edge for 
dam full. 

Take for the height of the next trial section A, = 20 ft. Then A, = 70 ft., 

Ai = 11.87 sq. ft., hi = 26.2 ft., Si = 10.5 ft., /? = 0, - = 2.5. 

y 

Just as before, from (111), page 248, when e = ^ht, we now have 6, = 87.4 

ft., and hence e= 12.5 ft., and At =636 sq. ft. Then from (2) and (II), 
page 242, s = 12.4 ft. Then from (6), page 238, the unit compression is p = 
7.62 tons per square foot on back edge for dam empty and /) = 7.62 tons per 
square foot on front edge for dam full. Since for hi = 70 we have « = 12.4 = 

^a. this is the limit of the second sub-section. 

Below hi — 70 ft. we must batter both front and back. If then we take 
ht = 20 ft. for the next trial section, we have Ai =90 ft., Ai =18.28 sq. 

St 

ft. hi = 87.4 ft., si = 12.4 ft., - = 2.5. 

r 

From (IV), page 244, we have then, when e = ^bt =8,ht = 58.4 Hence 

« = « = 17.8 and At = 908 sq. ft., and from (V), page 244, we obtain tan 
/S = 0.114. Then from (4), page 244, the compression on front edge for dam 
full or on back edge for dam emptv is p = 7.99 tons per square foot. 

Take A, =20 ft. for the next trial section. Then A, = 110 ft.. Ai = 2731 

sq. ft., hi = 58.4 ft., «i = 17.8 ft.. — = 2.5, and we have from (IV), page 244 

(o). ht = 67.5 ft , hence ^4, = 1218 sq. ft., « = « = 22.5 ft., and from (V), page 
244, tan fi = 0.05. From (4), page 248 (a), the compression on front and back 
edge for dam full and empty is p = 9.14 tons per square foot. 
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Take At = 20 ft. for the next trial section. Then hi = 130 ft., Ai = 8949 
sq. ft., 5, = 67.5 ft., «i = 22.5 ft., - = 2.5. We find then for thig section 6, = 

y 

81.6 ft., A% = 1490 sq. ft., « = « = 27.2 ft., tan /? = 0.036, p = 10.4 tons per 
square foot. 

Below Ai = 180 ft., then, the. fourth sub-section begins and we must use 
equation (YI), page 245. 

Take A, = 20 ft. for the next trial section. Then A, = 150 ft.. Ax = 5439 
sq. fi., hx = 81.6 ft., %x = 27.2 ft., y — 62.5 lbs. per cubic foot, 5 = 156.25 lbs. 
per cubic foot. Then, from (VI), page 245, h% = 106.7 ft. and hence .4i = 
1883 sq. ft., and from (5), page 244 (a), « = « = 38 f t. From (V) we have 
tan /J = 0.18. 

For the remaining depth A, = 13 ft, Aj := 163 ft.. Ax = 7322 sq. ft., 5, = 
106.7 ft., «, = 38 ft., and we find 6, = 123.6 ft., A^ = 1497 sq. ft., d = « = 45.4 
ft., tan /5 = 0.00. 

We have then the following Table : 



h 


^1 


h 


A 


tan^ 


e 


« 


V 
back 


front 


41.7 


84.7 


20 


884 





6.6 


10.0 


8.26 


6.52 


57 


50 


26.2 


1187 





8.7 


10.5 


5.66 


7.08 


77 


70 


87.4 


1823 





12.5 


12.4 


7.62 


7.62 


97 


90 


58.4 


2781 


0.114 


17.8 


17.8 


7.99 


7.99 


117 


110 


67.5 


8949 


0.05 


22.5 


22.5 


9.14 


9.14 


137 


130 


81.6 


5439 


0.036 


27.2 


27.2 


10.4 


10.4 


157 


150 


106.7 


7822 


0.18 


88.0 


88.0 


10.0 


10.0 


170 


168 


128.6 


8819 


0.00 


45.4 


45.4 


10.0 


10.0 



In this Table the first column contains the height A of the dam in feet 
above the base of each Sub-trapezoid, the second the depth of water Ai in 
feet above the base of each sub-trapezoid, the third the base h in feet of each 
sub-trapezoid, the fourth the total area A in square feet above that base, the 
fifth the tangent of the back batter-angle tan /d, the sixth and seventh the dis- 
tances e and % in feet from front and back edges to where the resultant cuts 
the base of each sub-trapezoid for dam full and empty, the eighth and ninth the 
unit stress p of compression at those edges in tons per square foot. 

Comparing with Ex. (18), we see that the San Mateo dam, 170 ft. high, has 
about 8o per cent more material than this economic section of the same height. 

Sd. loe- thrust taken into Aooonnt. — Let us now consider the same dam, 
taking the ice-thrust into account. 

F^m equation (1), page 241, putting A, = Ai +7 and a = 7, we have, after 
substituting y = 62.5. S = 156.25, 6x = 20, (7= 20000, T = 40000, 

Hence At = 18 ft. and Ax = 860 sq. ft., d = 1.9 ft., p = 10 tons per square 
foot. 

Below Ai = 11 ft. we have the back vertical and face battered, and the 
second subHsection begins. 

Let OS take for the height of the next trial section At = 28.7 ft. Then 
A, = 84.7 ft., ^, = 860 sq. ft., ft, = 20 ft., «, = 10 ft., /3 = 0, ^ = 62.5, <5 = 
156.25. = 20000, T = 40000. From (III) we have ft, = 28.76 ft ; hence A^ = 
577.8 sq. ft., and from (8), page 242, « = 4.8 ft. From (2) and (II), page 242, 
we then have « = 11.4 ft. 

Take At = 15.8 ft. for the height of the next trial section. Then A. = 50 
ft, j1i = 988 so. ft., fti = 28.76 ft., Si = 11.4 ft., /3 = 0, and we can find ft*. 
At and St for this section. 

We can then take At = 20 ft., and so on, until we arrive at a section for 

which* = ^ftt. 

9 
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8.16 



Below this section we must batter face and back, still using (III'), page 243, 
for &s and finding tan fS from (V), page 244. 
The student snould complete the example. 

(21) The Bear Valley dam in the San Bernardino Mountains, 
California, is an arch dam about 450 /t. long, constructed of granite 
ashlar, height h = 64/^., radius r = 300 ft., top 6a«e 6i = 3.17 ft., 
bottom base 6a = 20 >%., depth of water /ii = 60 ft., face vertical. 

Other dimensions as shown in the 
figure. Examine its stability, 

Ans. We have from the given dimen- 
sions and from equation (2), page 246 (d), 
neglecting the ice-thrust T, 

for distance from top 

= 12 24 86 48 64 ft. 

hi= S 20 82 44 

t= 4.48 5.79 7.1 8.42 

C = 16.74 




82.88 42.25 48.05 



64 

60 
20 
28.12 



<« 



€t 



tons per square foot. 

From page 229, the allowable unit com- 
pression U ought not to exceed 30 tons per 
square foot. The dam as built has then a 
higher unit stress than good practice would 
consider allowable. 

(22) Design an arch dam of the same height and radius as the 
Bear Valley dam, Ex. {21), and same depth of water, for an aUow- 
able compressive stress of 25 tons per square foot. 

Ans. We have /^ = 64 ft., A, = 60 ft., r = 800 ft., C = 50000 lbs. per 
square foot, 7^ = 62.5 lbs. per cubic foot. 

In default of local or practical considerations to guide us in choice of the 
top base bi, lei us 8uf)pose an ice-thrust ofT= 400(X) lbs. per foot. 

Then from (8), page 246, we have for the top base 



6, = 



300 X 40000 
50000 X 64 



= 3.75 ft. 



1st. Without Ice-thrust. — Let us take then 6, = 3.75 ft., and suppose first 
that there is no ice-thrust. 

Then from (4), page 246, neglecting T, we have for the distance h^ below 
the water level for which the cross-section may 
be made rectangular. 



7ta = 



50000 X 3.75 



= 10 ft. 



62.5 X 300 

The dam then is rectangular for 14 ft. be- 
low the top. Below this point we must in- 
crease the thickness as the depth of water 
increases. We have then from (2), page 246, 
neglecting T, 

for distance from top 

= 14 24 36 48 64 ft. 

/i, = 10 20 32 44 60 " 

t = 3.75 7.5 12 16.5 22.5*' 

If we make the face vertical and batter the 
back, we have then a cross-section as shown 
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in the figure 8.76 ft. thick for the first 14 feet, and then with a back batter of 



18.75 



60 



, or inn fi = 0.876. 



2d. With loe-thmit. — If we consider the ice- thrust T as acting, then we 
have ^i at least 8.76 ft. as already found. 

From (4), page 246, taking T= 40000, we have for the distance ht below 
the water level for which the cross-section may 
be made rectangular 

_ 60000 X 8.76 40000 
^"" 62.6X300 62.6X64""' 

The dam then is rectangular for 4 feet below 
the top. Below this point we must increase 
the thiduiess as the depth of water increases. 
We have then from (2), page 246 (d), for 

dist. from top 

= 4 24 86 48 64 ft. 

Ai = 20 82 44 

t = 8.76 11.26 16.76 20.26 



60 " 
26.26 " 




If we make the face vertical and batter the back, we have then a cross-sec- 
tion as shown in the figure 8.76 ft. thick for the first 4 feet, and then with a 

226 
back batter of ^, or tan )S = 0.876. 
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Moment of Inertia of an Area. — ^Tbe term "moment of inertia 
of an area" is used to designate a quantity which occurs so fre- 
quently in the application of statics to the strength and elasticity 
of materials that a special name and symbol for it is essential. 
Before taking up such application, then, it is necessary to define 
what is meant by the term and to show how the quantity it stands 
for may be computed. The use made of it will appear later. 

Definition of Moment of Inertia of an Area. — Any indefinitely 
small area we call an elementary area. Thus the rectangrular areas 
abed arc elementary areas if in the one case the height and breadth 
ab and cb are indefinitely small, and if in the other case, whatever 
the breadth be, the height ab is indefinitely small. An elementary 
area, then, has one or both of its dimensions i}\ definitely small. 

Take O as origin and draw the co-ordinate axes OX and OF in 
the plane of the areas, parallel to the base and height. Then in the 

first case, since both dimen- 
sions are indefinitely small, 
they can be neglected with 
reference to any finite dis- 
tance. The perpendicular 
X from ab on OY is then 
the distance of the area abed 
from the axis of F, or the 
same as the distance of the 
■centre of mass C of the area 
from the axis of F, and the 
perpendicular y from ad on 
Ox is the same as the dis- 
tance of the centre of mass 
C of the area from the axis 
of X 
In the second case the height ab can be neglected with reference 

270 
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It any Suite distance, and the perpendicular y from nd on OS is 
'e same as the distance of the centre of mass C of the area from 
s ot A'. The perpendicular x from C on OY is the distance 

n the axis of Y. 

i In either case, the product of the elementary area by the square 
Wita distance from any axis in the plane of the area is called the 
'-—'»( of inertia of the elementary area with reference to that 

i Thus i£ a is the elementary area, ax' is ite moment of inertia 
iith reference to OY in its plane, and ay^ is its moment of inertia 
|ith reference to OJin its plane. 

In the same way if r ia the distance OC of the elementary area 
from the axis of Z, ar' is its moment of inertia with reference to 
the axis OZ perpendicular to the plane of tlte area. This ia called 
Uie polar moment of inertia of the area with reference to OZ. But 
ridently ar" = ax" + ay*. Hence, (Ac polar moment of inertia is 
~-' Uto the sum of the momenta of inertia with reference to any two 

'dinate axes in the plane of the area. 
I Now anv area may Ee considered as made up of an indefinitely 
Wt numTiei" of elementary areas. The moment of inertia of an 
a vsith reference to any nxia is then the sjim of Vie moments of 
rtia of all itn elementary areas. 
EThUB the moment of inertia of any area with reference to the 
^~e of X and Y in the plane of the area is given by 

Say' and Sajf, 
i the polar moment of inertia, or tbe moment of inertia with 
erencfl to the axis of Z at right angles to the plane of the area, is 
&fn by 

Sar' = Saix* + y') = Sax" + Soff*. 

j the sum of the moments of inertia with reference to the two 
SO-ordinate axes in the plane of the area. 

If the axis is taken through the centre of mass C of the area, we 
denote tlie oorreBpondinK moment of in- 
ertia by /. If it is not taken through the 
centre of mass, we call it an eccentric axis, 
imd wo denote the corresponding moment 
of inertia by /'. 

Let OX be an axis which passes through 
the centre of mass C of .1 given area in its 
plane, and CX' a parallel eccentric axis, 
at a distance d from the first axis, also in 
the plane of the area. 

, Then the moment of inertia of the area with reference to OX is 
1 = Say\ 

il the moment of inertia of the area with reference to O'X' is 
/' = Saiy + d)' = Say" + 2dSai/ + d'Sa. 

i since OX passes through the centre of mass of the area, 
Jny = (page 17), where m is the mass of an elementary area, 
■t m = Sa, where a is the area and 3 the surface density. Hence 
Toy = SSay = 0. or Say = 0. Therefore, since 2'a = 4 = the 
Itire area, we have 

/■ = Say' + Ad' = I + Ad'. 
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That 18, the moment of inertia of an area tcith reference to an eecenr 
trie axis is equal to the moment of inertia with reference to apar- 
allel axis throuah the centre of mass plus the area into the square 
of the distance oetween the two axes. 

Badios of Oyration of an Area. — The square root of the Quotient 
obtained hy dividing titie moment of inertia of an area wiUi refer- 
ence to any axis by the area is called the radios of syratum of the 
area with reference to that axis. We denote the radius of gyration 
by K. Then by definition 



= y-j and K- = |/-j-, 



where tC and I' indicate an eccentric axis, and k and I an axis 
through the centre of mass. 
We have then 

Ak' = 1 or AK-^^r. 

That is, the radius of gyration of an area is that distance at which, 
if we suppose the entire area to he concentrated into a pointy the 
moment of inertia is the same as for the given area. 

Determination of Moment of Inertia of an Area. — To determine 
the moment of inertia of an area with refereDce to any axis, we have 
simply to perform the summation indicated by 2aa^, or ^ay", or 2ar^. 

(1) Moment of Inertia of the Area of a Rectangle. — Let ABDEhe 
a rectangle of base AB = b and height BD = h. Take the axis CJT 

through the centre of mass C in the 
plane of the rectangle and parallel to 
the base 6. Let abde be an elementary 
area or strip parallel to the base at a 
distance y from the axis. Then the 
height of this strip is dy and its area is 
a = hdy and its moment of inertia is 
ay^ = ^y*dy. The moment of inertia of the rectangle with reference to 
the axis CX\% then, since the area of the rectangle is A = 6^, 

+'* 
/• « bh* h* 

Ix= I by^dy = j^ = ^ . — . 





E D 


e 




a — I 






IL 1 


a 


"dy ly c 


b 1, 






_ i^ 


A 


i I 


) 






The radius of gyration is Kx= a/ L = 

^ A 2i/s 

If we take the axis in the plane of the rectangle through the centre of 
mass C and parallel to the height A, we have in the same way 



"'A 



hixrdx = — z= A — . 

2 




For the polar axis through the centre of mass C at right angles to the 
plane wo have 



h^-^b* , d" Jf_ d 



In — A. -rr^ — = il . -r, Kz 



12 12^ "* ^ A ""2^8' 



where d = V/i' + &' is the diagonal of the rectangle. 
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(2) Moment of Inertia of the Area of a Triangle.— Let ABD be a 
triangle of base AB^ = 6 and height h. Take the axis Z'T through the 
apex parallel to the base and in the 
plane of the area. 

Take an elementary strip at a dis- 
tance y from XF parallel to the base. 
We have for the length x of this strip 



a? : y : : 6 : A, or 



'-^r 




The area of the strip is then a = xdy = 



lydy 



and the moment of 



inertia of the triangle with reference to XX' is then, since the area of 
the triangle is il = — -, 



•/ 



Kx' 






We have then for the moment of inertia with reference to the axis 
XX through the centre of mass C, parallel to the base and in the phuie of 

the area, 

h 



J. = V-^(?Ay = ^g, and ^.= i/J = 



8i/2 



Af^n, we have for the moment of inertia with reference to the axis 
coinciding with the base AB, 



h'^I+A 



&')■ = <■ 



and Ki, 



=«/?= 



Ve- 



Take the axis A T through the vertex A in the plane of the triangular 

area ABD. Drop the perpendiculars di and 
dt from D and B upon AT, Produce the side 
DB to intersection B with AT^ and let the dis- 
tance AE =zl. 

Let Ai be the area of the triangle AED so 

that Ai = — ?. The moment of inertia of this 
2 

triangle with reference to the axis A Y conciding 

with the base AE is, as we have just seen, 

J. .dx* Idi* 
Ii = Ai — = — — . 

6 12 
Let At be the area of the triangle AEB, so 

that -4, = — . The moment of inertia of this 
2 

triangle with reference to the axis A Fcoincid- 

d ^ Id * 
ing with the base AE is It = At-^ = --^ . 

Hence the moment of inertia of the triangle ABD with reference to the 
axis^Fls 

ly' = /i' - /.' = ^(di^ - dt*) = i{di - dt) . -Ad,* + d,dt + d^*). 
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But —(^1 — dt) is the area A of the triangle ABD, Hence we have 

IJ = ^(di* + did^ + d;^. 
o 

If the axis ^ F is at right angles to the side AB = h, and a is the angle 

DAB at -4, then we have di = .^--. — , d, = 6, and 




■■ - f i" 



bh 



tan a 
h 



y- 



tan a tAir 
The distance from A to the centre of mass C is 

h 



/ 



& U_h &\_1/, A \ 

2 ■*■ 3 \tan a 2 j "" 8 \ tan a^- 



2 






The moment of inertia with reference to an 
axis in the plane through the centre of mass O 
parallel to ^ ^ is then 



For the polar axis through the centre of mass C at right angles to the 
plane we have then 

* 18\ tana^tan'ay 

(3) Moment of Inertia of the Area of a Parallelogram. — We can 
divide the parallelogram ABDE into two triangles by the diagonal EB. 
The moment of inertia of the 




^- 



■^ 



^vl 




triangle ABE with reference to the 
axis ED is, as we have already 

found, lb' = -J-. The moment of x- 

4 

inertia of the triangle EDB with 

reference to the axis ED is, as al- 

6/** 

ready found, h' = -zr^- The moment 

13 

of inertia of the parallelogram with reference to the axis ED or AB is 

then 

The moment of inertia of the parallelogram with reference to the axis 
XX in the plane through the centre of mass C parallel to the base AB is 
then 

\2I 12' "^ ^ A 24/3 

or the same as for a rectangle. 

In the same way if a is the acute angle at Ay we have for the moment 
of inertia with reference to the axis AE or BD^ 

rj . 6" sin' a •. # j //' h sin a 

If=zA- — , and k'/' = |/ — = — ^r-, 



8 



i/S 
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and with reference to the alls parallel to AE in the plane through the 
centre of mass (7, 



-. - 6* sin* a , .// 6 sin a 

Ii =A' — — — , and k-j = 4/ — = . — — -. 



12 



We have also for the polar axis through the centre of mass C at right 
angles to the plane 

(4) Moment of Inertia of the Area of a Heza£ron.^We can divide 

6* Vs 
the hexagon into six equilateral triangles of side h and area^i = — - — 

4 

Take an axis YY in the plane 
of the area through the centre of 
mass perpendicular to the sides. 

For the triangle ABD we have 

from page 273, since di = — — , 

£{«= + >-, the moment of inertia 
Atb' 



)^ 



. For the triangle ABE we 



D 


B 


A 


/b\ 


V 


\ ^ / 







24 
hAve, since di = «-, ^«= &, the mo- ^ 

7-4 16' 
ment of the inertia is _ . . For the total moment of inertii^ with ref- 
24 

erence to IT we have then 



- lAib" . Aib^ ISAxb" 



6 



12 



12 



or, since A = 6iii , 



Iv = 



5^ 
24 



, and Ky = y—=z 



65/5 
24/6' 



If we take the axis ^^ through the centre of mass, we have, from 

A b* 

page 278, for the moment of inertia of the triangle ABE^ — ^, and for 



the moment of inertia of the triangle ABD^ 



8 



8 



The total moment of 



inertia with reference to XT is then 

Alb* . SAib* 6A1V 



J* = 



2 + 4 



or, since j1 = 6iii, 



Ix = -S7-, and Kg 

24 



= 4/^ = 6. Jl. 



A 



For the polar axis through the centre of mass, perpendicular to the 
plane, 

«^^ and ,,= /!.= ^^ 



i.= 



12 ' 



af/s 
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(5) Moniaiit of iDflrtIa of the Area of an Oeta«oii.— We can divide 

the octagon into eight isosceles triangles. 

We find the moment of inertia with 
reference to an axis YY in the plane of the 
area, through the centre of mass perpendic- 
ular to the sides, 




/V=^(V'3T4), 



and 



Ky 



=/?- 



4^5.414 



For the polar axis through the centre of mass, perpendicular to the 
plane, we have then 



/.= ^(4^+4), 



and 



=/? 



I. 



4/5.414 
24/8 ' 



For the axis JTJT in the plane of the area, through the centre of mass^ 
coinciding with the sides, we obtain 



/, = ^( i/a + 4), 



and tcx 



=/?= 



i/5li4 
24/6 



(6) Moment of Inertia of the Area of a Cirdo. — ^The area of any 



circular strip of radius x and thickness dx 
is 2nxdx, Its moment of inertia with 
reference to the polar axis through the 
centre of mass is then 2it3fidx. The polar 
moment of inertia is then, since nr* = A 
= the area, 

' 2it3fidx = — = il . — , 
2 2' 



and 



Kz 



"/^= 



i/2 




The moment of inertia with reference to any axis in the plane through 
the centre of mass, as XX or YY, is evidently the same, and, since 
/x + /y = 2/ = /« , we have for any axis in the plane through the centre 
of mass 



nr 



1 = -— = A. -, and 
4 4 



y A 2 



(7) Moment of Inertia of the Area of a Circular Ring:. — Let Vi = the 

internal radius and r^ the external radius, so that the area is ?r(7',* — ri*) 
= A. Then in the preceding case we have simply to integrate between r, 
and Ti , and we have for the polar axis through the centre of mass 



Iz 



=x 



2 2 2 



and for any axis through the centre of mass in the plane of the area 

I =i A , : . 
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(8) Uomsat of Inertia of the Area of an Ellipse.— Let a = the 
semi-mnjor and h the ecrai ■ minor 
axes, and take the urij^m al the 
centre of tunss. Then 






and the area A = xab. The area of a 

strip, BA PQ, is Zydx, and i 

of inertia with reference 

yy Id the plane through the centre 

' ' [DIMS is 2yx''dx. 

Ueuce tbe moment of inertia of 
10 area with reference to TFis 



u: 



■ */'*'- 



:d'.da: = 



ita'l 




Id the same way w 
■ "'"in the pin 



r have for the moment of inertia witb referoooe to 
ae through the centre of maaa 



nVa 



r A 2 



Iz = 



inertia with reference to the polar axis through the 
ut right angles to the plane is then 



II 
the; 
Bale for Uoment of Inertia of tlie Area of a Eectangle. Faral- 
1el<^am, Circle or Ellipse with Reference to an Axis of Symmetry 
tkrong'li the Centre of Uasi. — The preceding is aufQoient to illuBtrate 
how the moment of inertia of any area may be found. The use 
made of tbe moment of inertia will appear later. The various roll- 
—iaK millfi furnish their uusttimers with extensive Tables giving the 
~ oment uf inertia of the cross-section of the difEerent sizes and 
tapee of iron and ateel beams rolled by them.* It is therefore un- 

lary to multiply illustrations here. 

. — „ I. — „ "i—- )le rule which will enable the student to find 
inertia with reference to an axia of at/mmetry 
ass, for the area of the rectangle, parallelo- 
Thie rule is as follows : 



ougk the centre of n 
Ip'ani, circle or ellipse. 



of symmetry in 1 
I plane of area through ■ j _ ^^ea 
t centre of mass: \ 



square of the other perpendic- 



N^Utr axis through c 



^/ = area 



sum of squares of two perpen- 
dicular aemi- ax e sof symmetry 



The denominator 3 or 4 is taken according as the area is a poral- 
•logram or an ellipse. The rectangle and circle are special cases 
1 parallelogram and ellipse. 
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(1) Parallelogram and Rectangle. — Thus for the parallelogram 

ABDE of base b and heignt K we have 
for the axis of symmetry XX through 
the centre of mass C 







and 






For the axis of symmetry IT we have 

J Ath^V^^V^^ and K,==/2=^«^" 
^ ^\ 2 I 12 ^ ^ A 

For the rectangle we have 



2i/3 



and 



'•=4/4-= 



and 



* = 4(i)" - 






E D 

h 

X X 

6. 

A B 

V 



/:r-» 



2f8 
and for the polar axis through C, 






12 



-A-, K,^Y — - 



2V3 



— » 



where d is the diagonal of the rectangle. These are the same 
results as already obtained pages 272 and 274. 

(2) Ellipse and Circle. — For the ellipse let a = the semi-major and 
h the semi-minor axis. 

Then for the axis of symmetry -XX 
through the centre of mass C we have 




Xc = A-, and kx 
4 



V A 9 



A 2 

For the axis of symmetry YY we have 



ly = A—- , and icy 
4 



Jz = A. 



a« + 6' 



^ A 2 
For the polar axis through C 

f A 9 



and Kt 



For the circle a = b = r=i radius, and we have 



lc = Iy = A 



4' 



and Iz = A—, 



iefl-* 
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These are the same results as already obtained pa^a 877 
277. 

Stress and Strain, ^When a force is distributed over some defl- ' 
nite portion of the surfa*.* of a body, we call it external etrese, op 
stross on a body. A force between two particles ur portions of a 
body is called internal stress, or stress in a body. KxteinMl stress 
causes change of shape or volume of a body. Internal streaa 
opposes such change of shape or volume. 

We distinguish three kindH of simple stress : 

Tensile stress, tending to pull the particles of a body apart ii^ 
parallel straight llncH, oi' resinting eueh separation. 

Compressive stress, tending to push the particles of a body 
together in parallel straight lines, or resisting such approach. 

Shearins stress, tending to cut a body across or to make the par- 
ticles move past one another in parallel lines at right angles to the 
line joining the particles, or resisting such action; as m cutting 
with a pair of shears or in punching a plate. 

We measure stress, then, whether external or internal, 
pounds per square inch or per square foot. 

The change of distmtce between two particles of a body in 
direction opposite to coexisting internal stress between those p_ 
tides is called strain. We distinguish strain according to the 
character of the internal stress to which it is (jpposite in direction, 
as tensile, compressive or shearing stress. We measure straiR^ 
(ben. in feet or inches. 

It will be observed that when there is no coexisting intern^ 
atresB, or if the internal stress is not opposite in direction to tho 
change of distance, there is no strain. Internal stress and strain, 
must coexist and be oppoBite in direction- 

Thus when a spring is compressed the external and internal' 
stresses balance, and the strain is the distance through which the 
end of the spring has been moved, counting from the unstrained 
position or the neutral point, where there is no external or iutem^ 
stress. Now let the external stress be removed or the spring re- 
leased. Then during the first portion of the expansion the internal 
stress acts in the same direction as the expansion, and this expan- 
sion cannot then be considered as a strain. The spring is not 
strained by such expansion; on the contrary the original strain i~ 
diminished. 

But after the end of the spring passes the neutral point, if the 
spring still continues to expand, the internal stress is opposite is 
direction to the expansion, and any expansion beyoad this point is 
a strain. The spring is strained by such expansion. In this case, 
then, we have strain without any external stress. 

Experimental Laws. — Experiments made upon materials hava 
established the following laws ; 

1, When a small stress, either tensile or compressive or shearing, 
is applied to a body, a small corresponding tensile, compressive or 
shearing strain is produced, and on the removal of the stress the 
body returns to its original dimensions. 

When the stress, either tensile or compressive or shearing, ex- 
ceeds a certain amount, which varies according to the character of 
the stress and the material, the body on removal of the stress does 
not rotvim to its original dimenaions. Tlie portion of the strain 
which remains permanent is called the set. The unit atress for 
whi<'Ji set is first observed is called the elastic limit for tension, 
compression or shear. 

8. So long as no set is observed, or ao long as the unit stress i: 
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less than the elastic limit, the strain is proportional to the stress 
which produces it. After set is observed, or when the unit str»38 is 
greater than the elastic limit, the strain increases more rapidly 
than the stress which produces it, until finally rupture occurs. 

4. A suddenly apphed stress or shock is more injurious than a 
steady stress or a stress gradually applied. 

Determination of the Elastic Limit. — Let a bar AB of uniform 
cross-section A have an external stress or force F 
— applied to it which elongates, compresses or shears 
the bar. In the figure we suppose elongation. As 
the bar then elongates, internal stress acts in a 
direction opposite to the elongation. The elonga- 
tion is then a strain. Denote this strain by X and 
let the original length of the bar be /. Let s be the 
strain per unit of length. Then we have 



B 



r 



\i 



-i 



^ = f 



(1) 



If the external stress or force F is applied in the axis of the bar, 
the internal imit stress or stress per square imit of cross-section is 



S = 



F 



(2) 



Now according to the laws just stated, so long as the unit stress 
is less than the elastic limit & , the strain is proportional to the 
applied stress which produces it^ and no set will be observed upon 
removal of the stress. 

If then we double the external stress F, we shall observe a double 
strain 2A, and so on. 

F ^F 

It is evident that if we lay off the unit stresses S= -j-^ 2S = -j-, 

3*5? = etc. , to scale along a horizontal line, and lay off the cor- 
responding: observed strains A, 21, SA, etc., as ordinates, we shall 
obtain, so long as the unit stress S 
does not exceed the elastic limit 
S,' , a straight line OP. 

Bv thus carefully plotting the 
results of experiment, whether of 
compression, tension or shiMir, wo 
can detect the point P at which 
deviation from the straight lino 
occurs. The corres]>()n(linjr unit 
stress Se is the elastic limit for 
t(»nsion, compression or shear. 

The elastic; limit is then the unit stress within which the law of 
proportionality of strain to stress holds fjood. 

wh(»n the unit stress exceeds this limit, we no longer have a 
straight line, but the strain increases more rapidly than the stress 
until rupture occurs, and we have from P a curve convex to the 
horizontal. Also if we observe the set, we have a similar curve 
SpQ, the ordinates to which give the set for any unit stress gi'eater 
than Se. 

Coefficient of Elasticity. —If we suppose the law of proportion- 
ality of strain to stress to hold good without limit, it is evident 
that the results of experiment represented by the preceding figure 
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t 

will enable us to calculate the unit stress which would cause a 
strain equal to the original length I. This \mit stress is called the 
ooefficient of elasticity. We denote it by E. 

The coefficient of elasticity, then, is that unit stress which would 
cause a strain equal to the original lenath provided the law of pro- 
portionality of strain to stress were to hold good without limit. 

We can easily compute it from the preceding figure. Thus let 
the straight line OP oe produced indefinitely and let the strain 
EB = / = the original length. Then OE gives the coefficient of 
elasticity E, and we have by similar triangles 

^ , „ IS IF 

SiXiiEil, or ^ = *f = ^, . . . . (1) 

F 
since the imit stress 5 = -r-, where F is the applied stress and A is 

the area over which it is distributed. 

Since the strain per imit of length « = j, we also have 

JE;=|; (2) 

or, the coefficient of elasticity is the ratio of the unit stress to the 
unit strain. 

From (1) we can determine E by experiment for any given ma- 
terial. When E is thus known we can find in any case the strain 
caused by any unit stress within the elastic limit, by the equation 

Inversely, the stress F corresponding to the strain A is given 
within the elastic limit by 

F=jAE = sAE, (4) 

These formulas apply either to extension, compression or shear. 

Work and Coefficient of Resilience.— If the unit stress 5 does not 
exceed the elastic limit & , we see from the figure page 280 that 
since OP is a straight line, the work done per unit of area is equal to 

the unit stress multiplied by the mean strain which is ^ • We have 

then for the work per unit of area done by the unit stress S in 
causing the strain X 

or, since the total stress F = SA, 

Tr=lFA, (1) 

or the work of the stress F in causing the strain A is one half the 
product of the stress and strain within the elastic limit. 
At the elastic limit we have from equation (3), 

A = ^, and F=&A. 
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Hence the work done in straining the body to the elastic limit is 

where Y is the volume of the body, or F = Al, Since at the elastic 
limit there is no set, this is the work which the body can do in re- 
turning to its original dimensions. It is therefore called the work 

of resilience. The coefficient ~, or the work per unit of volume, 

is called the coefficient of resilience. 

The work of resilience is then the work which a body can do in 
returning to its original dimensions when it has been strained up 
to the elastic: limit 

The coefficient of resilience is tfie work per unit of volume done 
by the body under such circumstances. 

The work of resilience measures the ability of the material to 
withstand shock or the suddenly applied stress produced by a 
moving body. To bring such a body to rest requires work. If this 
work is not greater than the work of resilience, the elastic limit is 
not exceeded. 

From the Table of Average Properties of Materials given on 

Eage 290 we can compute the following average values of the coef- 
cient of resilience: 

Coefficient of Resilience. 

Timber 3 inch-pounds per cubic inch. 

Cast iron 1.2 ** 

Wrought iron .. . 12.6 ** ** " ** 

Steel 26.6 '* 

We see from the figure page 280 that we cannot express the 
work done in straining a body to the breaking point by a formula, 
because the law of the relation of stress to strain beyond the elastic 
limit is unknown. Moreover, such work could not be properly 
termed work of resilience, since it can not be performed by the Dody 
when the stress is removed. The body if strained beyond the 
elastic limit does not return to its original length. Work of 
resilienc ethen is a measure of capacity to resist shock within the 
elastic limit only. 

Conditions of Equilibrium of a Deflected Beam.— A bar of any 
cross-section, constant or variable, whose length is great compared 
to its other dimensions and which is acted upon by forces at right 
angles to its length is called a beam. A cantilever beam is fixed at 
one end and free at the other. A beam in general rests upon sup- 
ports at both ends. When a beam rests on more than two supports 
it is said to be continuous. 

Reactions of the Supports. — The supports of a beam exert 
pressures called reactions. When a beam resting upon supports 
and acted upon by external loads or forces either concentrated or 
distributed, is at rest, we must have for eauilibrium, since the 
loads and reactions may be considered as co-planar (page 99): 

1st. The algebraic sum of all the vertical forces = ; 

2d. The algebraic sum of all the horizontal forces =0; 

3d. The algebraic sum of the moments of all forces with refer- 
ence to any point in the plane of the forces = 0. 

If the 1st condition is complied with, there is no motion up or 
down. If the 2d is complied with, there is no motion right or left. 
If the dd is complied with, there is no rotation. 
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In taking the aleebraic sunie, forces upwards or to the right are 
psitivEi, downwai'ds or to the left are negative. MomsDts which 
Bid to oause counter-clock wise rotation nre positive, clockwise 
kptation negative. 

Thus stippose we have a horizontal lioam AS of length 2, resting 
I the supiiorts A and B in a horizontal 
"", and loaded with a weight W at a ?' 
ince Zt from the left end. Then there ] — 

,_ lo horizontal forces and condition (2) J 

bsatisfied. *'f~ 

In order that conditiou H) may be >" 
^J&tisfied, let R. and R, he the reactions. 
iTfaen 

R, + It,- W=li. 
Take B as a point of moments. Then in order that condition (3) 
may he satisfied, we must have 

- R,l + W{1 - z,) = 0. 
From these two equations, if we put 2 — z. = Zi , we obtain 



_*L_^i., 



R, 



Wjl-z.) _Wz, 



I 



R, 



Wz, 



Lor the reactions are positive and therefore act upwards and are 
I inversely as the segments z, , z, into which the span I is divided by 
I the load W. 

If the load is w per unit of length, uniformly distributed, then 
the entire load is wl, Euid we can 
consider this entire load as a single 
force acting at the centre of mass 

of the loading, or at the distance 5- 
from each end. 

Since there are no horizontal 
forces, condition (2) is satisfied. In 
ider to satisfy condition (1), we must have 
i- R,- Ml/ = 0. 



■ 






1 








. , '■■ . t 






V 1 



From these two equations we obtain Ri = R, 



wl 



the reac- 



tion at each support is positive and therefore upwards and equal to 
one half the total distriouted load. 

We can find in similar manner the reactions at the supports in 
any case. (For determination of reactions in general, see page 100.) 

Shearing Force and Shearing Strcis.— The algebraic sum of the 
components parallel to a section at any point, of all the external 
forces on the left of that section, we call tne Bhearing force of that 
section. 

It is the force which tends to make the section slide upon the 
next consecutive section on the right. 

It is resisted by the shearing stress or resistance of the section to 
sliding. In the case of a beam acted upon by vertical forces, the 
" '■ rehriuc sum of all the vertical forces ok the left of any vertical 
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cross-section is the vertical shearing force at that cross-section. If x 
is the distance of the cross-section &om the left origin, we denote it 
by Fx. If then Sws is the allowable or working unit shearing stress 
of the material and A is the area of vertical cross-section of the 
beam at any point, the safe resistance to shear or the shearing 
stress of the beam, at that point is SwaA. This must be equal and 
opposite to the vertical shearing force Vx» We must have then for 
safety as regards shearing at any i>oint 



Sw$A>- Vx 



(1) 



If T^ is positive or upwards for horizontal beam, SwA is nega- 
tive or downwards, and inversely. 

Thus for a horizontal beam of length ly resting on the supports 

A and B and loaded with the weight 
TTat a distance Zx from the left end, 
the left reaction is, as we have just 

seen, i^i = — 



Ri 



A'f 



+ 



Rf 



»•■■ ■ gt j"-» 



I 



w 



+R] 



-R« I 



1.B 




■- 



I 

This then, according to definition, 
is the shearing force Vx for any 
point P between the load W and the 
left end A, 

For any point between the load 
TTand the right end B the shearing 
force is 



Fx= -HjB. - Tr=- 



I 



= — Rt, 



W% , etc., then for any point a 
R, «• 



The shaded area in the figure gives the shear at any point. 

If we have several loads T^i , VTs 
between the left support and Wi 
we have Vx = Ri. For any point 
b between Wi and l^a we nave 
Fj = iCi — Wi. For any point c 
between TFa and Wz we have Vx = 
Rx — Wi— TFa. For any point d 
between W^ and the right end 

Fa: = -R. - TF, - W, - TF. = - jR. 



A-p 



+Ri 

r 

A 



wi wJ wl 

m » ! 

I I 

I I 



B 



a 



The shaded area j^ves the ver- 
tical shear at any point. 

If we have a load w per unit of 
length uniformly distributed, we 
have at any point distant x from the left end 



d 



B 

-Ri 



R,- 



wl 



R2--8- 



4 ^ 



yy liiiiiimiiiiiimiiiiiimiii iiiiiimi 



./ 



^Xi^^ 



B 



I 



^*****^^lli^^ 



Fa: = — - WX, 

which is the equation to a straight 
line A'B'. The ordinate at any 
point a to this line is the shear 
at that point. The shear at the 
centre is evidently zero. At the 

left end A it is -i- --, and at the 



right end B it is — -—. 



fe 
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Bendine Moment.— In the case of the horizoutal twain with a con- 
jeulrated load IV at the dietanco zi from the left eud, let Mx be the 
Bls^briiic sum of the momenta „ „ 

fcith reference to any point P rt,-Vf! f* '^' 

Bistant j: from the left end. of ^-^ _— _■ 

%I1 the external forces betioeen 
ihatpoint and either eiid. 

TuiB moment tends to turn 
that portion of the beam on the 
left or right of any point about 

that point, or to cause bending. It is therefore called the bendine 
moment. 

We have evidently two cases : when x is lesH than Zi or when 
the point P is on the left of W, and when x is greater than z, or 
when the point P is on the right of W. 

Let us take the algebraic sum of the moments of all the forces 
on the left at the point P. Then we have for the bending moment 
at the point P for the case represented by the figure, 



michen x <z,. 



Mx = - Ii,x = 



Wz,x 



W(t- 



!.)*. 



JUa = 



~ R,x+ W{,x-z,) = 



I 



-R,(l- 



The minus sign shows that the forces cm the left of any point P 
3 the caae represented by the figure tend to cause clockwise rota- 
ian of the loft-hand portion APoi the beam about that point. 

If we take the algebraic sum of the moments of all the forces on 
10 right of the point P, we evidently have for the bending moment 
It the point P. 



when X <zi. 



JKr: 



+ R>x; 



At = -i- i?,(i - X). 



The plus sign shows that the forces on the right of any point P 
m the case represented by the figure tend to cause counter -clock - 
Vise rotation of the right-hand portion BP of the beam about that 
'oint. 

In general, since the beam is in equilibrium, the henditig moment 
kie to all the forces tni. one aide of nnn point is always eqwUin 
Jiagnitude anil opposite in direction to the bending moment due to 
all the forces on the other aide of that point. 

In the ease, t^ain, of the horizontal beam with the load «' per 
nit of length uniformly distributed, the load over any distance x 
from the left eud is wx. and we 
Rp-^ can take this load as acting at its 

centre of mass, or at a distance - 

from the left end and from P. 

If we take the algebraic sum 
of the moments of all the forces 
on the left of the point P, we have 
for the bending moment at the 

Here again the minus sign shows that the forces on the left of 
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any point J' tend to cause clockwise rotation of the left-hand i>ortion 
AP of the beam about that point. 

If we take the algebraic sum of the moments of all the forces on 

the right of P, we obtain Mx= + "o~(^ ~ ^)» ^^ counter-clockwise 

rotation. 

We see from the preceding illustrations how to find the bending 
moment Mx in any given case at any i>oint P. 

Although the beam bends under the action of the external forces, 
the deflection in all practical cases is always very small in compari- 
son to the length. 

We therefore always consider the beam as straight in finding 
the reactions and bendinj^ moment : that is. we assume the deflection 
as very small in comparison with the length. 

Graphic Representation of the Bending Moment.—The graphic 
method of page 148 can be used to determine the bending moment 
at any point of a beam. 

For a beam with a single concentrated load we see at once from 

the preceding Article that the mo- 
ment at the load is greatest and 

equal to r^'. The moment at 

each end is zero, and the ordinate 
at any point to the lines AC, BC 
gives the bending moment at that 
point. 
For a load w per unit of length uniformly distributed, the bend- 

WQC 

ing moment ilfc = -^{l— x) is the equation of a parabola whose 

maximum ordinate at the centre of 

wt^ 
the span is -3-. The ordinate at any 
8 

Eoint to this parabola gives the 
ending moment at that point. 

Neatral Axis. — We consider a 
beam to be made up of an in- 
definitely great number of horizontal or parallel fibres of indefinitely 
small area of cross-section, placed side oy side. 

When a beam bends, the fibres on the convex side are elongated 
and those on the concave side are shortened. Near the centre, then, 
we must have a plane of fibres which are neither extended nor com- 
pressed, but remain of the same length before and after bending. 
This plane is called the neatral plane, and the line in which the 
neutral plane cuts the plane of any cross-section of the beam is the 
neatral axis for that cross-section. 

Thus in the figure AC represents the neutral plane and XX the 

3 5 neutral axis. 

-rF3"i 





^y 



rliL 



V 



y 



A I yentral Pl^me * 



B 



portional to its distance from the neutral axis. 



Position of tho Neatral 
Axis. — We assume that any 
cross-section, as DDj which 
is plane before flexure, re- 
mains plane after flexure. 
Thus let the plane DD before 
flexure be represented by the 
plane BB after fiexure. Then 
the strain of any fibre is pro- 
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We also a.agume that the elastic limit ia not exceeded. Hence 
the strcBB in anv fibre is proportional to the Btrain n.nd therefore 
^^^portional to the diatance of the libre from the neutral axis. 
^^L Let Sf be the unit §treBs within the elastic limit in the extreme 
^^Kptter fibre of the cross sect ion, or Ibe fibre most renioiefvoni the neutral 
^Bbens, and c its distance from the neutral axis. Let a be the ctobs- 
^"hection of a fibre. Then the streaa in the extreme out^r fibre at the 
I distance v is Sfit, and the stress in any other Bbre at a distance y 
trom the neutral axis is ■ S/a. The sum of all the fibre stresses 
e and below the neutral axis is then 

But since the beam is in equilibrium and all the external forces 
ertical, the sum of all the horizontal fibre stresses in any 
i-section must be zero. We must have then 2iay = 0, or the 
iutrat aJ'is must pass through the cetitre of mtws of the croBS- 
Hon (page 17i. 
The fine AC passing through the centre of mass of every cross- 

a neutral axis of the beam. 
Basisting Moment.— We have seen, page 385, how to find the 
\ding moment Mx at any point b. 
B beam distant .r from the left 
', The bending moment trends 
, ) beam or tends to cause the 
^rtion of the beam between the 
point and the left end to turn 
about that point. 

In the figure take the point C 
o n the neutral axis, distant x 
mm the left end. Then, as wo 
hve seen (page 2851. 




J(G = - 



WzAl - X) 
I 



_ Tiis moment is negative and hence the effect of the ex- 

ternal forces It, and Won the left of C is to cause clockwise rota- 
tion of the portion AC of the beam about C. 

But if the beam is in equilibrium, the bending moment Mj must 
be balanced by the sum of the morttents of the fibres stresses of the 
mas-section aboee and belotv C, with reference to C. 
Now any fibre stress of the cross-section, at a distance y from 

e neutralaxis. is, aawe have jiist seen, -S/a, where a is the cross- 

_tion of the fibre and Sf the unit stress within the elastic limit in 
e most reuiote fibre of the cross-section at the distance i- from the 
nitral axis. The moment of any fibre stress at the distance y 
Fom the neutral axis is then "— ao'. and the sum of all the fibre- 
i moments of the cross section with reference to the neutral 

[ But (page S7I) — aj' is Ihe moment of inertia / of the cross-sec- 
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tion with reference to the neutral axis. Hence the sum of the 
moments of all the fibre stresses of the cross-section with reference 
to the neutral axis at Cis 

V 

We call this the resistin^f moment, because it. resists the action 
of the bending moment Mx and thus prevents the portion of the 
beam AC from turning about the neutral axis at C imder the action 
of the external forces on the portion AC. The bending moment Mx 
is therefore sQways equal in magnitude and opposite in direction to 
the resisting moment. If we consider always the fibres belonging 
to that portion of the beam on the left of the cross-section^ then the 
resisting moment of these fibres is always opposite in direction to 
the bending moment of all external forces on the left and in the 
same direction as the bending moment of all external forces on the 
right. We have then 

^= T Jf, (II) 

V 

where we take the minus sign if we take Mx for all external forces 
on the lefty and the plus sign if we take Mx for all external forces 
on the right, the resisting moment being always that due to the 
fibre stresses of the left-hand portion. If this latter moment comes 
out minus, it indicates then compression in the bottom fibres ; if 
plus, tension in the bottom fibres. 

By the use of (II) we can find, in any given case, the load which 
a beam will carry for anv given value of S/ within the elastic limit 
We can also determine tne shape of the beam for uniform strength, 
that is, for Sf the same at every cross-section. 

Equation (11) takes into account the fibre stresses of the entire 

SA I f\f , \ cross-section whatever its shape. If 
a beam consists of two fianges and a 
I web, it is sometimes customary to 
disregard the web. In such case, if 
I h is the effective height or distance 
from centre to centre of fianges, and 
A is the area of one flange at any point, and S the unit stress, we 
have, taking moments about the centre of the other flange, 

SAh= T Mx. 

Coefficient of Rupture. — In all the preceding discussion of the 
equilibrium of a beam we have assumed— 

Ist. That the deflection is very small compared to the length. 
2d. That any cross-section plane before flexure remains plane 

after. 
3d. That the elastic limit is not exceeded. 
When a beam is loaded to the point of rupture, the third as- 
sumption is violated. The strain is then no longer directly as the 
distance from the neutral axis, and the second assumption no longer 
holds. Also, the first is often not allowable. 

We can therefore properly apply equation (II) only when the 
elastic limit is not exceeded. 

Now when a beam is loaded to the point of rupture, we assume 
an equation of the same form as (II), and write 

^=:fMr ail) 

V 



^ 



c 
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where Mr is tho bending moment at the cross- section where rupture 
occurs, or the dangeroua cross-section, / ie the moment of iuertia 
with reference to the neutral axis of that cross-section, and S, is ttie 
unit stress in the most remote fibre of that cross-section at the dis- 
tance V from the neutral axis irhere rapture occurs. 

When the cross-section of the beam is constant, / and v are con- 
stant, and we see from ill) that the outer fibre stress S/ is greatest 
at the point where the bending moment Afe ie greatest. The dan- 
gerous croBS-seotion for a beam of constant cross-section is then the 
one for which the bending moment is a maximum. 

The value of Si- determined from equation (IIIi by experiments 
made at the breaking point is called the coefficient of raptnre. 

Let Si be the unit stress of direct tension and S- the unit stress 
of direct compression which ruptures a bar. We call Si the ulti- 
mata tensile strensth, and Sr the ultimate compressive stren^h. The 
ultimate compressive strengths of tension and compression are not 
in general equal. Thus for timber (Table page 290) the tensile 
strength is the greater, while for cast iron the compressive strength 
is the greater. 
~ If equation fll) held good beyond the elastic limit, we should 
tpect to find Sr in 'III) equal to the least ultimate strength of the 
iaterial, either tension or compression as the case may be. But as 
P Blatter of fact Sr is always found by experiment to lie nearly 
"lidway betwHsn Sr and Sr when they are different. 

Experiments upon the valueofS, are not numerous; and when in 
any case the value of S.- is not known, but Si and & are known, we 
can find an approximate value for Sr by taking the mean value of 

St and Sc , or putting Sr = ' " ■ 

By the use of (III), then, we can estimate more or less accurately 
the breaking weight of a beam. 

Table of Properties of HateriaU. — We give in the following 
Table average values of the ultimate compressive strength Sc, the 
ultimate tensile strength Si , the coefficient of rupture S, , the elas- 
tic limit & and the ultimate strength Su— all in pounds per square 
mch. Wb also give the coefficient of elasticity E in pounds per 
"ire inch as determined by experiments in direct compression, 
iou and shear. Also the density i^ or mass of a cubic foot of 
. Mial in pounds. 

AH these values are averages and liable to great variations for 

different grades and qualities of materials. Thus, for instance, 
timber varies in its qualities according to kind, and each kind 
varies according to soil, climate, season when cut, method and 
duration of seasoning, direction of fibres with reference to stress, 
fniiiL nod size of test specimen, etc. So, also, iron and steel vary 
.(■ i-iiiiiiriK to quality, process of manufactiire. whether in bars, 
[il.ii.-- iir wire, etc. Such average values as we give, then, can only 
ill- iis.il ill preliminary computations. In actual cases of investiga- 
^luu luid design, special experiments must be made with the 
^■kterials actually used. 

^B^As to density or mass per cubic foot, a rule which should be 
^Bted by the student is that a bar of jiTOiiyht-irtm one square inch 
^Kcroet-tmction and one yard lonn <or 3fi cubic inches) weighs ten 
^mbunda. Thus Uie weight per foot in pounds of a bar of uniform 
^BMB-«eotioQ iit at once given by multiotyinK the area of cross-sec- 
^Km in Bquitre inches by 10 and divjiling by :i. Inversely, if the 
Hb^t per foot in pounds is given, multiply by 3 and divide by 10 
^b the area of cross section in square inches. 
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Steel is about two per cent heavier and cast iron six per cent 
lighter than wrought iron. 

Stone is about one third, brick one fourth, timber one twelfth 
the weight of wrought iron. 

When a test specimen is ruptured by direct tension, it elongates 
rapidly after the elastic limit is re€u;hea, and the area of cross-sec- 
tion is in general greatly reduced. The ultimate elongation, taken 
in connection with the reduction of area, indicates the dudUity of 
the matenal. 

Thus a material which has a high ultimate strength but shows 
little elongation and reduction of area is brittle. We have there- 
fore given in the Table the average value of the ultimate elonga- 
tion per unit of original length ^ = |~* 

TABLE OF AVERAQE PROPERTIES OF MATERIAUL 





Ultimate 
Compres- 
sive 
Strength. 

8a 


Ultimate 

Tensile 

Strength. 

at 


Ultimate 
Elongation 


Coefficient 

of 
Rupture. 

8r 


Elastic limit. 
80 


Timber 

Brick 


lba.per8q. in. 

8000 
2500 
6000 

90000 

55000 
150000 


Iba. per iq. in. 

10000 


in. perUn.<ln. 

0.015 

• ••••••• 


lbe.per sq.In. 

9000 


lbs. per iq. In. 

8000 


Stone 






2000 

85000 

55000 
120000 




'Cast iron 

Wrought iron . . 
Steel (structural) 


20000 

55000 
100000 


0.005 

0.16 
0.10 


j 6000 tension 
( 60000comprfwtfrion 

25000 

40000 




Ultimate 
Shearing Strength. 

Su 


Coefficient of 

Elasticity 

E 


Density 


Timber 

Brick 


Iba. per iq. in. 

( 600 longitudinal 
( 3000 transverse 


Iba. per iq. in. 

j 1500000 tens, or compress. ) 
i 400000 shear J 


lb. pi.oa.fk. 

40 
125 


Stone 




6000000 nnmnrAflsinn 


160 


Cast iron 

Wrought iron . 
Steel (structural) 


f 

20000 

50000 
70000 


J 1500000 

i 600000 

j 2500000 

(1500000 

3000000 


tens, or < 
shear 
tens, or i 
shear 
tens, or < 


compress. ) 
compress. [ 
compress. 


450 

480 
490 



Factor of Safety and Working Stress.— The ratio in any case of 
the ultimate strength to the actual working unit stress is called the 
factor of safety. Thus if the ultimate stength or unit stress at the 
point of rupture in any case is denoted in general by Sh , and if S10 
IS the wortong unit stress, we have for the factor of safety in that 
case 

n = -^ , or nSw = Su • 

The factor of safety, then, is a number which tells how many 
times the actual unit stress are necessary to produce rupture. 
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The safe or working unit streea is then found by dividing the 
ultimate strength by the proper factor of safety. It should aiwaya 
^e well within the elastic limit. If then the elastic limit is known, 

e working stress can be chosen with reference to it. This is the 
Bet and most rational method of determining the working unit 
^esB. But it is in many cases difficult to determme the elastic limit, 
ttblle the ultimat* strttngth is more readily and definitely deter- 
niined and in general better known. Hence the employment of a 
Ictor of safety in connection with the ultimate strength. 

The following Table gives the average values of the factors of 

Afet^ usually adopted. These values are not to be used arbitrarily, 

but in the light of judgnient and experience. In any important 
engineering structure special experiments upon the materials actu- 
ally used should be made in order to determine their properties as 
to coefficient of elasticity, elastic limit, ultimate strength, etc., and 
materials not coming up to a specified standard rejected. From 
such experiments the working stress can be decided m view of the 
actual qualities of the material. The average values in the Table 
con, however, be used for preliminary estiinates. 



TABLE OF AVESAQK 


FACTORS OF aAPETY. 




UMsrlftl, 


For SiMdr 
Streu 


For Varying 

Stnw 
(BridgM, elo.). 


F"r Shocks 
(Machlnea). 




15 


10 
25 

11) 
6 

7 

























In order, then, to find the working unit stress Sir in any case, we 
divide the ultimate unit stress St. by the factorof safety n, as given 
by the preceding Table. This gives us in any case a constant work- 
ing unit stress S,,. = '-^. For average values we have then the 

following Table for working unit stress, which may be used for 
preliminary estimates, 



TABLE OF WORKINO ItSIT STRESS R^ IB 


POtmns PKR SQUARE INCH. 


HatoW. 


.S«, 


Varying airess 
(BtldKe*. ilooh.FlcM. 

5» 


Shock! 




Teiu. 


Conip 


Bh«r. 


Ten*. 


Comp. 


8b^. 


T>ni. 


C„,.p 


Sheu. 


rick 


1800 


1000 


] 80]«u,, 


[lOOO 


800 

100 
440 

BOOO 

DOOO 

aiooo 


1 eo,««. 

ISOUtww, 


}700 


BOO 

80 

300 

OOOO 

0600 

IGOOO 


] 40 tow. 
I2OOMU 


















intntD.. 
Proughl 

U»l(«rttc. 

tUf»l).... 


8800 

UOOU 

sooon 


10000 
HOOO 
8000O 


8300 

19500 
UOOO 


3000 
9000 
14000 


2000 

9000 
lOOOO 


1300 
5500 

10OO0 


1300 
6000 
70O0 
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In order to determine the area of cross-section A for simple 
tension or compression or shear, we have then simply to divide uie 
total stress by the working unit stress S^, We nave then, when 
flexure is not to he apprehended, for steady or varying stress or 
shocks, 

- __ total stress 
^ — ^ . 

Sometimes we have alternating streeSy i.e., sometimes tension 
and sometimes compression, as in the connecting rod of a steam- 
engine. In such case it is a common practice, for the sake of 
security, to find the area of cross-section for each stress and take 
the sum. Thus, if flexure is not to be apprehended, 

M __ total tensile stress t otal compressive stress 

S\n Sw 

When flexure is to be provided against, we must proceed as on 
page 361. « 

Variable Working Stress.— The fact that the working unit stress 
Swy as determined in the preceding Article, is constant in any case 
is by many engineers considered objectionable. 

The total unit stress can in general be divided into two portions. 
The one portion is a steady unit stress always existing, sucn as that 
due to weight or dead load. The other portion is a repeated unit 
stress such as that due to loads recurrine at intervals. 

Evidently, when the ratio of the steaay stress to the total stress 
is great, we should be able to take a greater working unit stress 
than when it is small. Thus when the steady stress is equal to the 
total stress, there is no repeated stress at all and the working luiit 
stress should have its greatest value. On the other hand, when the 
steady stress is zero, we have repeated stress only and the work- 
ing stress should have its least value. 

It is therefore customary to take for the working unit stress, 
when flexure is not to be apprehended, for repeated stress, 

5 _ ^p ^ , S u — Sp steady s tress \ j 

^n\ Sp total stress / '. ' ' ^ 

From equation (I) we see that when the steady stress is equal to 
the total stress, that is, when there is no repeated stress, we have 

Sw = — , where Su is the ultimate strength and n the factor of 

71' 

safety, just as in the preceding Article. 

But when the steaay stress is zero, we have only repeated stress, 

and equation (I) gives us Sw = — • Hence Sp must be the ultimate 

strength for repeated stress. We call this the " repetition strength:' 
In like manner, when flexure is not to be apprehetided, we have 
for the working unit stress, for alternating stress, 

o _ Spf - _ Sp— Sv least of the two opposite stresses \ „ 
"" n \ Sp ' greatest of the two opposite stresses/ 

From equation (II) we see that when one of the two opposite 

stresses is zero we have Sw ~ — , as in the previous case for 

n 

steady stress zero. 
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But when the two opposite stresses are equal we have 3a = - — . 

tence Sv must be the ultimate strength for equal altemat^ 
tresses. We call this the "' vibration strength." 

The difficulty and uncertainly of determining Sp and Sv by 
zperiment, ana the few cKperimetits available, make the methoa 
f the preceding Article the most generally accepted. 

The method of equations (I| and (II) of the present Article is, 
however, the most rational, and it is quite extensively used with 
certain assumed average values for Su, Sp and St, as ^ven in the 
_ following tabulation : 





Sp 




Sp 




400 
75O0 
10000 
IT870 


a 

1 

4 
3 

1 


1 
a 
1 

3 

a 

6 
7 
15 


Wrought iron 


Steel (structnnil) 



These values are for direct stress of tension or compression. For 
shear we take four fifths of S«< as determined above. 

In order to determine the area of cross-section A, we have in all 






A = 



total mnjcimum stress 



When flexure is to be provided against we must proceed as on 
page 361. 

Strength of Pipes and Cylinders. — Let p be the pressure per 
square inch on the interior surface of a pipe or cylinder due to the 
pressure of water or steam. It is a well^nown principle of physics 
thitt the pressure of a fluid in any direction is equal to the pressure 
on a plane perpendicular to that direction. 

Ben(!« in the figure the pressure P. say in a vertical direction, is 
[Ual to the pressure on a horizorital 
ane id, where / is the length and d is **' 

le interior diameter. We have then L 

jM. If St is the safe working 
it stress for the material for tension, 
id ( is the thickness, we rouet have 



pld = 2ttSw, 



_ pd 

-2Su,- 



(1) 



Pipes come in commercial sizes, and the preceding formula en- 
uilefl us to select the nearest commercial size for given pressure, 
IBineter and safe working unit stress. 

II we consider the preceding figxire as a closed cylinder, then the 
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pressure on the head is p x — , and the area of cross-section is 
Ttdt. We have then 



p X ^ = ndtSxo , or * = -^. . 

4 4oti; 



(2) 



Hence the thickness to resist longitudinal rupture is twice that 
necessary to resist end rupture. For water pressure, if the head h 
is taken in feet, the pressure in pounds per square inch is p = 0.434^. 

Biveted Joints.— In a riveted joint the resistance of the rivets 
due to shear should equal the tensile stren^h of the plates joined. 

Kinds of Riveted Joints. — We may distinguish the following 

joints : 

\jst. Simple '' Lap^ Joint, Single-riveted. — Fig. 1 shows this 

joint front and side. The two plates overlie 
each other by an amount equal to the **^ap" 
and are united by a single row of rivets. The 
distance p from centre to centre of a rivet is 
called the pitch. We denote the diameter of 
(}-{•-[> rivet by d and the thickness of plate by t. 

2d. '^Lap^^ Joint, Double - riveted. — This 
joint is similar to the preceding, except two 
rows of rivets are used. In both cases the 
rivets are in single shear. 

In all cases where more than one row of 
rivets is used the rivets are ** staggered,'^ or 
¥10. 1. g^ spaced that those in one row come midway 

between those in the next, as shown in Fig. 2. 
Lap joints are used in tension only. 




O O O 

o cip.g O 



1^ 
t 

t 



o o o 



oo o 



(:::::) 



(:: 



:) 



Fig. 2. 



Fig. 8. 



Sd. ^^ Butt ^^ Joint, Single-riveted, Two Cover-plates. — Here the 
two plates are set end to end, making a ** butt " joint, and a pair of 
'^ cover-plates^^ are placed on the back and front and riveted 
through by a single row of rivets on each side of the joint (Fig. 3). 
The plates in such a joint are in general not allowed to actually 
touch, and the entire stress, whether tensile or compressive, is there- 
fore transmitted by the rivets. The thickness of the cover-plates 
should not be less than half the thickness of the plates joined, ex- 
cept when this rule would give a thickness less than i inch. Owing 
to deterioration of the metal by the action of the weather, no plate 
is used in construction less than i inch in thickness. Hence if the 
plates joined are less than i inch, the cover-plates should be i inch. 



p 



I 



Th 
II P^ 

11 frc 
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ith. " Butt'' Joint, One Cover-plate, Single-riveted.— Tina is the 
Bame aa the preceding except thiit one cover-plate only is used, o( 
the same thickness as the plates thetnselyes. 

hth. Doubl^-rii-eted " Butt " Joint, I'leo Coixr-plates. — This joint 
IB the same as case 3, except that we - > 

ha%'e two rows o£ rivets on each side 
Of the joint. 

The tbicknesB of the cover-platee 
la deternkined by the same considera- 
tions as in case 3. 

6(A. •'Butt" Joint. One Ctoccr- 
flate. Double - riveted. — This in the 
some aa the preceding case, except 
that there is only one cover-plate of 
the some thickaeas as the plates them- 
•elvee. 

7tk. Cliain Riveting. ^Wben we 
have more than two rows of rivets on 
each side of a butt joint, the system 

is called chain riveting. Such a die- is * ' 

position becomes necessary when the *'"■ ^* 

requisite number of rivets is so great that they cannot be disposed 
in two rows without unduly weakening the plates. 

Theory and Practice of Hiveting.^A rivet may fail by shearing 
across or by being crushed. The plate may fail by rupture between 
the rivets or by tearing through of the rivets at the edge of plate. 
The rivets should be so proportioned and spaced that the strength 
for any method of failure may be equal and the plates weakened as 
"ittle as possible. 

ttotat ion. —Let Sw be the working unit stress of the plates, either 

npression or tension, Sm the working unit stress for compression, 
._..■ the working unit stress for shear, t the thickness of theplat«8, 
d the diameter of rivet, p the pitch of rivets in a row, or the distance 
from centre to centre in a row, and n the number of rivets. 




ird' 



I 



0,7864nd'Sm, 



-ndtSu^ 



Diameter of Rivets —Then the area of & rivet is — = 0.7864(r. 

The shearing resistance of a rivet is 0.7&5id'Sm; and the total shear- 
ing resistance of » rivets is 0.7S54hcI'5i™. The bearing surface of a 
_tivet is o!(, of n rivets ndt, and the resistance to crushing ndtSm- 
[Tor equal strength of crushing and shearing we have for single 
Ihear, or lap joint, 

'^"^ . ... (1, 
0.7854S„, ^ ' 

Tot double shear, or butt joint with two cover-plates, we have 

i^^. . . ,2) 

For threefold shear we have 3 x 0.7854 in place of 0.7854 in (1), 
and so on. 

tt is customary to take S<iv = ISSOO Ihs. per square inch and 
Sm = 7600 lbs. per square inch for wrought-iron rivets in single 
ahear. 

We have then 

rf = S.12t for single shear; i .„, 

d = 1.06( for double shear, f ' ' 

jal Value of d.— Owing to risk of injury to the material in 
g the diameter of rivet must alu'ayn be at least aa targe aa 



1 . S708nd'S«m = ndtS«c . or d = - 
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the thickness of the thickest plate through which it passes^ and the 
diameter as given by (1), (2) or (3) must be chosen with reference to 
this restriction. The least allowable thickness of a plate is i inch. 
We should have then as a lower limit for double shear, d = \ inch. 
But rivets as small as this are rarely used. Usually ^ inch is the 
least diameter allowable. A common practical rule is 

d = lit + ^, ^^^ 

where d is the diameter of rivet, and t the thickness of the plate in 
inches. When this rule gives d greater thaji (1), (2) or (3), we use 
it; otherwise we use (1), (2) or (3), unless considerations of pitch, as 
given in what follows, prevent. 

Pitch of Rivets. — The area of plate between two rivets is (p— d)t; 
and if Sw is the working unit stress of tension or compression for 
the plates, and Swb the working imit stresp for shear, we have for 
equal stren^h: 

for single shear or lap joint 

(p-d)tSw = '^Su>,, or p = df 1 + 0.7854^V- 

for double shear or butt joint 

ip-djtSw^'^Su:,, or p = dfl + 1.5708^y 

Since Sws and Sw are nearly equal, we have practically, if A is 
the area of cross-section of a rivet, 
for single shear 

p = dfl + 0.7854^) = ^ + T' 

for double shear }■ (6) 

p = d(l + 1.5708^] =d + 

The plate section is reduced by punching from pt between two 
rivets to (p — d)t, so that in the case of a tension jomt ttie strength 
is reduced in the ratio 

p-d 1 1 

^ — or 



2A 

t ' 



P 1 + i!- 1+^^ 



7rd nd 

We see at once that for a given thickness t a large rivet gives a 
large pitch and less reduction in strength than a small rivet. Small 
rivets allow a less pitch at a sacrifice of strength. But the less the 
pitch the tighter the joint. When strength rather than tightness is 
desired, as in bridges and parts of buildings and machines, we should 
then use a large rivet. When tightness is essential, as in steam- 
boilers, we should use a small rivet with a sacrifice of strength. 

Practical Restrictions, — Owing to risk of injury to the material 
in punching and liability to tear out, rivets are not allowed a pitch 
of less titan 3 diameters^ or, if this distance is less then 3 inches, as 
it usually is, less than 3 inches. Rivets should not he spaced farther 
apart than 6 inches in any case, or, when the plate is in compres- 
sion, 16 times the thickness of the thinnest outside plate. This last is 
to guard against buckling of the outside plate between rivets. With 
these restrictions we niay apply (5). 

Number of Rivets.— Guiaea by the preceding restrictions and 
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plee, we can select in any case a suitable eize of rivet. This done, 
B can easiJj determine the uumber required. 

■ A rivet is considered as failing either by shearing across or by 
ing. In any case, then, the diameter being chosen, we must 
e sucn a number as shall give security against these two methods 
K failure. choosinK the greater number. In general the number to 
^jBBist crushing will be more than enough to resist shear. Still we 
- should try for both. The bearing ai-ea of a rivet is the projection 
of the hole upon the diameter, or dt. 

The allowable compressive stress is about 12500 lbs. per square 
inch- The allowable shear is taken at 7500 lbs. per square incn for 
sinffle shear. 

In the followingTable we have given the safe shearingand bearing 
resistance for rivets of different sizes and for different thicknesses 
of plate. Having chosen, then, the size of rivet, an inspection of 
the Table will give its resistance. The stress to be resisted being 
known, the number to resist this stress either by bearing or shear- 
ing is easily determined. The greatest of these two numbers is 
taken, with enough over in any case to complete the row or rows. 
As most practical cases are double shear, the greatest number will 
usually be determined by the bearing resistance. 

Distance from End to E'dge.— The distance between the end and 
edge of any plate and the centre of rivet-hole, or between rows, is 
fixed by practice at never leas than IJ inches, and when practicable 
it should De at least 2 diameters for riveta over i inch diameter. 

Jointe in Compreasion.—The size and number of rivets are deter- 
mined for joints in compression precisely as for joints in tension, 
I be cause the joints are not considered as in contact and hence the 
H|$Teta must transmit the stress in either case. 
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Investigation and Designing of Beams. — From page 284 we 
must have for safety, as regards shearing, at every pomt of abeam 

SiC»A^-Vxy (I) 

where A is the area of vertical cross-section at any point, Sum is the 
working unit stress for shear and Vx is the vertical i^earine for ^e 
at any point, or the algebraic sum of all the vertical external forces 
between any point ana the left end. 
From page 288 we have 

^==FJfc (II) 

where Sf is the unit stress within the elastic limit in the most 
remote fibre of any cross-section at a distance v from the neutral 
axis, / is the moment of inertia of that cross-section with refer- 
ence to the neutral axis, Mx is the bending moment at that cross- 
section of all the external forces on either side between the cross- 
section and either end, the minus sign being taken for forces on 

the left and the plus sign for forces on the right, and ^^ is 

the resisting moment at the cross-section of the fibres belonging io 
the left-hand portion of the beam. If then this comes out minus 
we have compression in the bottom fibres, and if it comes out plus, 
we have tension in the bottom fibres. 
We have also, from page 288, 

-^=TjJfr (Ill) 

where Sr is the coeflScient of rupture, or the breaking unit stress in 
the most remote fibre at the dangerous section, and Mr is the bend- 
ing moment at that section. 

From (III), if Sr is known, we can find in any case the breaking 
weight. Average values of Sr are given in the Table page 290. 

When experiments upon Sr are lacking we may use a mean 
value between the ultimate tensile and compressive strength for 
ivppn^ximate calculations. If we divide the breaking weight by 
tho factor of safety (page 291), we obtain the allowable or working 

bVi>m (II) we can find the load for any value of Sf within the 
^liistio limit & (paee 290). If we put for Sf the working unit stress 
v^- vivvgt* 292), we also obtain the working load. 

\Vo oan lUso find from (II) the shape for uniform strength. The 
Mlowiiu? iNWies will make plain the application of these equations. 

Omi« 1, Cantilever Beam — Load W at the Free End. — Let I be 
Ih^ l^i\|?th of the beam and x the distance from the fi-ee end of any 
v^y^ ^**H^tion through the point C of the neutral pZane (page 286). 

¥t^<^u tho Uniding moment at that point is 

ACr = + Wx, or AG = — Wx, 

^V\>v\lu\$ iw» tho weight Wis on the left or right of the point P. 

iu Nwx tM^^i*J«* then we have from (II), for the resisting moment 
yvC iW At^r^ belonging to the left-hand portion of the beam AC, 

V 
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where I is the moment of inertia of the crossHsection at C, and St is 
the stress in the most remote fibre of that cross-section at the ais* 
tance v from the neutral axis. The minus sign denotes that we 
have compression in the lower fibre in both cases, as shown in the 
figure. 



« — 05- 



w 




B 



— o 




We have then, without reference to direction of rotation, 



Sf = 



Wvx 



or 



vx 



(1> 



(2) 



From (2) we can find in any case the load IF which will cause a 
given stress Sf in the most remote fibre of any cross-section at any 
distance x from the free end. 

Ftom (1) we can find the stress Sf for any given load W, 

In any case we have only to substitute the value of r, x and /. 

1. Breaking Weight — Constant Crosa-eection, — Rupture will 
occur at that section for which S/ is the greatest. 

If / is constant, v is constant and we see from (1) that Sr wiU be 
greatest when x=L The dangerous section is then at uie fixed 
end. We have then from (III), page 298, 



Sr£ 

V 



= - Wl, 



where the minus sign denotes, as before, compression in the lotoer 
fibres and Sr is the coefficient of rupture. We have then, without 
reference to direction of rotation, for the breaking weight 



vl 



(3) 



If, for instance, the beam is rectangular in cross-section of 

1 h 

breadth 6 and height ^, then (page 278) / = rg^/i', ^^a* ^^'^ ^^ 
breaking weight is 

If the beam is triangular in cross-section of horizontal base b 

bh* 2 

and height ^, then (page 271) I = ^-, v = -^, and the breaking 

weight is 



TF= 



Srbh' 
241 
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In the same way we can find the breaking weight for any form 
of cross-section by substituting in (3) the value of / and v. The 
value of Sr can be taken from our Table page 290 for approximate 
determinations. We see that the strength of a beam is oirectly as 
the breadth and as the square of the height, and inversely as the 
length. 

2. Shape for Uniform Strength. — Let the crossHsection vary so 
that I is the moment of inertia of any cross-section at the distance 
X from the free end, and L the moment of inertia of the cross- 
section at the fixed end. 

Then from (1) the imit stress in the most remote fibre of any 
cross-section is 

o Wvx 

where, v is the distance of that fibre from the neutral axis. 

For the most remote fibre of the end cross-section we have then 

Sf = J ' , where Vi is the distance of that fibre fi:om the neutral 

axis. 

Now for uniform strength the outer fibre stress must he the same 

at every cross-section. We have then for the condition of uniform 

strength 

Wvx Wvil vx Vil 

_^=._, or -^ = _ (4) 

If, for instance, the beam is rectangular in cross-section at every 
point, the breadth and height at the fixed end &i and ^i , and at 
any point h and h, we have (page 278) 

and hence, from (4), we have for the condition of uniform strength 

x I 

bh'^bth? ^^^ 

Now if the height is constant, h = hi, and we have for the 
breadth at any point distant x from the free end 

b = ^jx (6) 

The breadth then varies as the ordinate to a straight line from 
bi at the fixed end to zero, theoretically, at the free end. Practi- 
cally the breadth cannot be zero at the free end, but must have a 
value 6o such that the area A = bohi at the free end may resist the 
shear. 

We have then from (I), page 284, bohi at least equal to -^- , or we 

Sw8 

must have 6o at least equal to 

W 




bo = 



hiSr 



\os 



Substituting this value of 6o for b in 
(6), we find that the cross-section must 
be constant for a distance x^ from the 
free end at least equal to 

Wl 

Xt = , 

hibiStot 
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For any value of x greater than Xo the breadth is given by equa- 
tion (6). 

If the breadth is constant, & = &i , and we have from (5), for the 
height at any point distant x from the free end, 



I 



(7) 



The height then varies as the ordinate to a parabola from &i at 
the fixed end to zero, theoretically, at the free end. Here, again, 
we must have the height at the free 
end practically at least equal to 

^0 ^ 



6./Sf, 



w§ 



Substituting this for h in (7), we 
find that the cross-section must be 
constant for a distance Xo from the 
free end at least equal to 

WH 

Xo = 




hi'ti^S" 



tea 



For any value of x greater than a?» the height is given by equa- 
tion (7). 

If both b and h vary, but the cross-section at every point is rect- 
angular, we have 



bi : hi :: b: hf or b = 
Substituting these in (5), we have 



bJi 

hr 



h = 



hib 
bx 



^" = T^' ^• = T-^- 



(8) 



The height and breadth vary then as the ordinates to a cubic 
parabola from hi and bi at the fixed end to zero, theoretically, at 

the free end. The area at any point 
is then, from (8), 




bh = hxbi |/^. 



The area A at the free end should 
be at least, from (I), page 284, 

W 
A, = bJi9 = -^ . 

The cross-section should therefore be constant and equal to 

W 
boho = -— at least, for a distance Xc from the free end given by 

StOM _ _ 

Wl J~ w 



hibiSi 



tea 



.6.S 



w» 



For any value of x greater than Xo the height and breadth are 
given by (8). Inserting the value of Xo in (8), we obtain ho and &o at 
the free end. 

In a similar way we can find the shape for uniform strength for 
any other form of cross-section, by substituting in (4) the values of 
I,iifV and vu 
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Case 2. Cantileyer Beam— -Load per Unit of Length w Uniformly 
Distribnted.— The total load on the whole beam is TT = w/. The 

load over an jr distance x from 
the free end is trx, and we can 
take it acting at its centre of 

mass or at x from the free 

end. 

We have then for the bend- 
ing moment at any point dis- 
tant X from the free end 



h— ..—/.— ~~.^ 



AliiiiiiniiiiiiiiiipiTTTTn 




wx 



iimmiimiiiiiiiirTTTrTnTi 



B 



CJ 




iKr= + 



wa^ 



or Mx= — 



tca^ 



2 ' -• ~* 2 

according as the load wx is on the left or right of the point. 

In both cases, then, we have from (II), for the resisting moment 
of the fibres belonging to the left-hand portion of the beam AC, 

The minus sign denotes that we have compression in the lower 
fibres. 

We have then, without reference to direction of rotation. 



^/= 



wvor 



or 



2SfI 

tax = -^ — 
vx 



(1) 



(2) 



From (2) we can find the load which will cause a ^ven stress S/ 
in the most remote fibre of any cross-section at a distance x from 
the free end. From (1) we can find the stress S/ for any given load 
wx. In any case we have only to substitute the value of /, x 
and d. 

1. Breaking Weight — Constant Cross-section. — Rupture will occur 
at that section for which Sr is greatest. If / is constant, d is con- 
stant, and we see from (1) tnat §/ will be greatest when x = I. The 
dangerous section is then at the fixed end. We have then from 
(III), page 298, 

Sri _ wP 

V "" ~2' 

where the minus sign denotes, as before, compression in the lower 
fibres, and Sr is the coefficient of rupture. We have then, without 
reference to direction of rotation, for the breaking weight 

^^'^ (3) 



W:=wl = 



vl 



or twice as much as for the same beam iviih the same load W at the 
free end (page 299). 

If, for instance, the beam is rectangular in cross-section, of 

breadth b and height h, then (page 278) I = ^^^*» ^ = « » ^^^ *^® 

1« 2 

breaking weight is 

W^tvl^—j-, 
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If the beam is triangular in crossHsection, of horizontal base b 

bh* 2 

and height h, then (page 273) / = -— -, t; = -hy and the breaking 

36 3 



weight is 



W=wl — 



121 



In the same way we can find the bre€iking weight for any form 
of cross-section by substituting in (3) the values of /and v, 

2. Shape for Uniform Strength.— Let I he the moment of inertia 
at any cross-section and L the moment of inertia at the fixed end, 
the distance of the outer fibre being v and Vu Then for uniform 
strength we must have S/ at the end equal to S/ at any cross-sec- 
tion, or, from (1), 



"W 21. ' 
For rectangular cross-section 



or 



VQ(? ViP 



Ix 



(4) 



L=^b.hx\ r. = |; 



and hence 

bh' "■ 6,^i*' 
For constant height h=:hi and 



(5) 



(6) 



The breadth then varies as the ordinate to a parabola. From 
equation (I), page 284, we must have for 
the breadth Oo at the distance Xo from 
the free end 

V}Xo 



6.= 



hiSws 




Substituting this in (6), we find that ' 
the cross-section must be constant for the distance Xt from the free 
end at least equal to 

_ wP 

bihiSwt 
and the breadth at the free end is then 



6.= 



b^h^'S' 



w» 



For any value of x greater than xc the breadth is given by (6). 
For constant breadth & = &i in (5) and 



h^^^x. 



(7) 




From equation (I), page 284, we 
have for the height ^o at the dis- 
tance 0^0 from the free end 



^0 = 



wx^ 



biSwa 

Substituting this in (7), we find 
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that in order to resist shear we must have the end cross-section 
Ai = bihi at least equal to 

Ai = bihi = -^ — . 

If then the end cross-section is safe for shear, every cross-sec- 
tion is safe, and for any value of x the height is given by (7). 

The height varies then as the ordinate to a straight line, from ^i 
at the fixed end to zero at the free end. 

If both b and h vary, we have for rectangular cross-section at 

every point 

, , , , , bih , hib 

Oi : hi : : o : hj or 6 = -=-- , n = -j— . 

hi Oi 

Substituting in (5), we have for the height and breadth at any 
point 

h' = ^x\ 6' = ^^V (8) 

From equation <I), page 284, we must 
have at least 

bo%o* = -: 




S*' 



wt 



Hence, from (8), the cross-section 
must be constant and equal to &o^o = ^ — at least, for a distance Xo 
from the free end given by 

Xo = 



bi'hi^S" 



W8 



For any value of x greater than Xo the height and breadth are 
given by (8). Inserting the value of Xo in (8), we obtain ^o and bo at 
the free end. 

In a similar way we can find the shape for uniform strength for 
any other form of cross-section by substituting in (4) the values of 
J, i 1 , t; and Vi. 

Case 3. Beam Loaded with W Between the Supports. — Let I be 
the length of the beam, Zi the dis- w^, wz^ 

tance of TF from the left end and ^i — r Rt— 7- 
Z7 from the right end. J, ^ ,^ 

Then the left reaction Ri = -7—*. t-i"^ * *i ! 

/ A+ ' 1 ' 4b 

For any point distant x from the [• — ^r-*K ^s »j 

left end we have for the bending 1 

moment (page 285), ^ 

when X < «i, Mx= j—x = —-j — - — ; 

when a >^,, Mx=- ^x -i- W{x - g,) = - ^^^(|" .g>. 

In each case, then, we have for the resisting moment, from (IT), 
page 288, 
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The plus sign denotes tension in the lower fibres. 

From (1) and (2) we can find in any case the load W which 
placed at any Riven point will cause a ^iven stress Sf in the most 
remote fibre of any cross-section at a distance x from the left end, 
or we can find the stress Sf for any given TT. In any case we have 
only to substitute the value of I, v and x, 

1. Breaking Weight — Constant Cro88'8ection.—We see from (1) 
and (2) that for constant / and v, S/ is greatest when x <Zi for 
the greatest value ot x or x = Zi y and when x> Zi for the least 
veJue of xoTx = Zi. The dangerous section is then at the weight. 
We have then from (III), page 288, 

Sri ^ Wza, ^j. w=^^ (3) 

r I ' vziZt 

Wz% 
or the same as for a cantilever beam of length Zi with a load — =~ 

at the free end (page 299). 

AU the results of page 299 hold, then, in this case if we put l = Zi 

and W = — y-^. For the load at the middle of the beam W = — ;-, 
I vl 

or four times as great as for a cantilever beam of the same length 

similarly loaded. 

2. Shape for Uniform Strength — .The shape for uniform strength, 

in any case, is for each portion of the beam Zi and Z9 , precisely the 

same as for a cantilever beam of length Zi or Zt witn the weight 

Wzi Wzi 

—J- or — ^ at the free end, instead of W (page 300). 

Case 4. Beam Loaded with w Uniformly Distribnted.— The reac- 
tion at each end is — . „^. ^i ^ _^ 

For any point distant x from the t f * 

left end the oending moment is . 

AJ i!i""""" i'i ' ; iim iii ii lll l llll llllM| [iq^B 
-, Wl . WX* 1VX.J . • * •* 

l&=-ya; + -y- = - ^{l - X). 

The resisting moment is from (II), page 288, for the fibres belong- 
ing to the left-hand portion of the beam. 

The plus sign denotes tension in the lower fibres. 
We have then 

^ tfWXJl - X) ,^. 

2SfI ,o. 

^^ = 5(rr^) ^^^ 

1. Breaking Weight-Oonstant Cross-section.— We see from (1) 
that for constant land d, Sf is greatest when a? = (Z — a:) or a? = g-. 

The dangerous section is then at the middle of the span. We have 
then from (III), page 288, 

— = -g., or W=wl = —^ (3) 
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or eight times as much as for a cantilever beam with the same load 
W at the free end (page 299). 

2. Shape for Uniform Strength. — Let /be the moment of inertia 
at any cross-section distant x from the left end, and /i at the middle 
of span, the distances of the outer fibre being t; and Vu Then, from 
(1), lor uniform strength 

%OVX(]L — X) __ UWiP VXJl — X) _ ViP ,. 

21 " 81,' ^^ I "IL' • • • W 

For rectangular cross-section 



12 ' 2 ' 12 ' 2 

and hence 

x(l — a?) __ 



For constant height h = hi and 



(5) 



6=^x(/-a:) (6) 

The breadth then varies as the ordinate to a parabola, as on page 
303, and the end cross-section must have a constant breadth 

, wl / ^ wl 

Oo = 



hiSwi 
for a distance from the left end 



A 4bihiStc$) 



"^'"V'^ssiOi^j)' 



For any value of x greater than a?o the breadth is given by (6). 

In the same way we can find the shape for uniform strength 
when the breadth is constant, or when both b and h vary and the 
cross-section is rectangular, as on page 304. Or, by substituting in 
(4) the values of /, /i . v and Vi , we can find the shape for uniform 
strength for any form of cross-section. 

Theory of Pins and Eyebars.— The bearing resistance of a pin 
should equal the greatest pressure upon it due to any plate through 
which it passes. 

Bearing. — If d is the diameter of pin, t the thickness of any plate 
through which it passes, then dt is the bearine area. Let Sice be 
the working unit stress for compression, then atSipc is the beai4ng 
resistance of the pin. This should equal the stress transmitted by 
the plate, or 

dtSioc = stress. 

We may take Sjcc at 6. 25 tons. The stress transmitted is always 
known. For a transmitted stress of one ton the required bearing 
area is then 

dt = — , 
6.25 ' 

and hence we have 

t 1 

lineal hearing on pin per ton of stress = ^ ^^ . . . . (1) 

6.25a 
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From (1), having given the diameter d, we can find the corre- 
— .iponding lineal bearing or thickness of plate for every ton of trans- 
linitted stresB. We have only to multiply this by the number of 
Ftons transmitted stress in any case to find the requisite thiukaess of 
rtibe plate. 

f Diameter of Pin.— Let t be the thickness of plate or eyebar, and 
A its depth, then th is the area of croas-soction of plate or eyebar. 
If Sat is the working unit stress for tension, then ihS^t is the tnuie- 
mitted stress. Now if d is the diameter of the pin, and the thickness 
of the eyebar Iwad is equal to the thickness of the biir, we have fd 
LSor the oearing area of pin. and td^„K for its bearing resistance. 
■ 'We must have, then, for equal strength 

idSu,c = tkSu,i, or d = ^ft. 

Hence the least diameter of 



The diameter of pin may need to be greater than this, but it 
Bcannot be less, unless the thickness of eyelmr head is made greater 
I than the thickness of the bar itself. 

When this is the case, if ti is the thickness of the bar and ( the 
hickness of the head, we have for the least diameter of pin 

tdS«K = t'hSu,! , or rf ^ "^ '> (3) 

I -and for the thickness of head 



The pin is a round beam subjected to flexure. The size of pin as 
thus determined is greater than the diameter required for safe 
bearing or shearing. For a beam we have (page 28S) 



Lwhere r is the radius of the pin and S/ is the unit strese in the 
niter fibre, and I = —. Hence 

»-==f-' '« 

where JKnax is the maximum bending moment, The usual value 
■for Sr is IfiOOO lbs. per square inch for iron and 20OOO lbs. per square 
■inch for steel. 

■ We have ihen. in any case, to find the maximum bending rao- 
Iment Mr, and then, from (5), we can find d. 

% Haximom Bending Moment. — In general for any pin. we must 

IroHolve the stress in every bar through which the pin parses into its 

Ivertical and horizontal "components. The stress in each bar is 

Mnsidered os acting along the centre line or axis, e.nd hence the 

Mint of application of each vertical and horizontal component is at 

the centre of the bearing of the corresponding bar. 



T 



r 
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Let Mh be the Tnayiinuni bendingmoment of aU the horizontal 
and Mv of all the vertical forces. Then the resultant TnaTimnin 
f p p bending moment is 

ill Mmax = V^h^T'Mv^ 

From (5) we then find the diameter d of the 

p pin- 
^ J Let the parallel horizontal or vertical 

\ components on one side of the centre of pin 

* be Fi, Fty Ft, F*, etc., the odd indices 

Fly F»y etc., acting in one direction, and the 

even indices Fi,F\, etc. , acting in the other. 

Let Zi be the distance between centres of 



T bearing Fi and Ft , h the distance between 

F, f^ Fg -^» ^^^ ^* I etc. We can now easily find the 

maximum moment by trial. 

Thus the moment at Ft is Fih. Add to this {Fx — F^U and we 
have the moment at Ft, Add again {Fi — F« + Ft)lt and we have 
the moment at F* , and so on. T^e greatest of all these is the mo- 
ment required. 

Since all the forces Fi, Ft ^ Ft, etc., on one side are equal to all 
on the other, Ft, F^^ Ft, etc., they reduce to a couple on each side 
of centre of the pin, and hence the moment at any point P beyond 
the last force, as i^o , is constant. We have then only to find the 
greatest moment Mh or Mv by trial as directed. 

Practical Sizes for Pins.— Pins are furnished in sizes differing by 
i inch, and all sizes are an even number of sixteenths. A pin must 
always be ordered at least one sixteenth larger than the hole it is to 
fit. in order that it may be turned down to fit. We must then itdd 
j\ inch to the calculated size, and if this gives an even number of 
sixteenths it can be ordered ; if not, add yV more. 

Thus if the size of a pin is 4f inches by calculation, it should be 
ordered at least ^V^^ ; but since only even sixteenths are furnished, 
we should order 4i and turn down to fit the hole. 

Torsion. — Torsion occurs when the external forces acting upon 
a body tend to twist it, so that each section turns on the next ad- 
jacent section about a common 
axis at right angles to the plane of +F| 
section. 

Let a horizontal shaft of length 
I be fixed at one end, and let a 
force couple -{- F, — F act at the __p 
free end whose moment about the 
axis AC is Fp. 

The shaft will be twisted about 
the axis AC so that any radial line as aC moves to bC through the 
angle aCb = 0. 

If the elastic limit is not exceeded, any longitudinal plane aBAC 
before twisting remains plane after, as bBAC, and when the couple 
4- F, — F is removed the line bC returns to its original position aC. 
Also the angle aCb is proportional to F and to the distance AC = I 
of the cross-section from the fixed end. Thus if is the angle aCb 
at the distance / from the fixed end, the angle aiCibi at the distance 

X from the fixed end is ^0. If the elastic limit is exceeded, this 

proportionality does not hold, the line bC does not return to its 
original position when the couple + F, — F is removed, and if the 
twist is great enough we have rupture. 
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These facts are but a restatement of the general esperimental 

of page 273. 

Neutral Axis. —Consider the shaft to be made up of an indefinitely 
tat number of parallel Sbres, Since within the elastic limit stress 
proportional to strain, as one cross-section of the shaft turns 
_ibout the axis and slides upon the adjacent cross -section, the strain 
and therefore the shearing stress on each fibre of a cross-section is 
proportional to ita diataiicit front tiie axia AC. For the fibre at the 
axis AC there is then no shuaring stress. The axis AC is then the 
aeutral axis. (Compare page ijt46.l 

Position of the Ileatral Axis. — Let a be the crosS'Section of any 
fibre, and S. the unit shearing stress within the elastic limit for 
Uiat fibre in any cross-section most Tenuitefrmn tite neutral axis at 
the distance o. Then the shearing stress for the most remote fibre 
in any cross-section at the distance v is Sia, and for any other fibre 

The sura of all 



', it is - 



•aboi 
«he 



that cross-section, at the distance i- 
flbre stresses of any section in au; straight line per- 
pendicular to the axis is then —^Sra. 

But the sum of the external forces + F, —Fib zero, 
hence for equilibrium we must have Sar — 0. 

Therefore the neutraJ axis AC mutt pass throiiyh tfte — a 
centre of >na«s of the, croes-aectiotis. (Compare page 2S7,) 
' Twisting Homent and Resisting Uoment.— All the external forces 
^ ang upon the shaft reduce to a couple + F. — F, as shown in the 
figure, whose moment /^ with reference to the neutral axis is the 
twisting moment Mi. This moment is the same at every point of 
the neutral axis AC, and therefore tends to make each cross-section 
turn on its adjacent cross-section nearest the fixed end, about the 
axis AC, so that there must be for equilibrium between every two 
cross-sections an equal and opposite resisting moment due to the 
shearing stress between these two cross-sections. 

Since for any croas-section the shearing stress for any fibre at a 

distance r from the neutral axis is -S^a, the moment of that stress 



lut the neutral axis is — ar', and the sum of the moments of all 

'the stresses for any cross-section about the axis, or the resisting 

moment, is then — -Sai". 

For equilibrium this is balanced by the twisting moment Aft. 
But Sar^ is the polar moment of inertia J, of the eroas-aection 
■"With reference to the axis through the centre of nmss (page 871). 
We have then for equilibrium, without reference to direction of 
rotation, 

^=«i. (I) 

^bera & is the unit shearing stress within the limit of elasticity in 
itie moat remote fibre of any cross-section at the distance v Qromthe 
ieutral axis, I, is the polar moment of inertia of the cross-section 
irith reference to that axis, which always passes through ita centre 
It mnuas, and Mi is the twisting moment. 

The student should note the analogy of this equation with that 
r flexure of beams, page 2SS. 
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From (I) we can find Mt for any given & when Iz and v are 
known and the elastic limit is not exceeded. 

Coefficient of Rnptnre. — Equation (I) holds within the elastic limit. 
The value of S» computed by means of (1) from experiments carried 
to the point of, rupture we call the 

Coefficient of Rupture for Torsion. — It is found by experiment to 
agree closely with the ultimate sheciring strength as given in our 
Table page 290. 

We have then for rupture 

^=Mt, (U) 

where Sr is the shearing unit stress in the most remote fibre of that 
cross-section where rupture occurs, or the dangerous cross-section. 

This is evidently the cross-section for which -^ is a minimum^ 

since Mt is the same for every cross-section. 

From (II) we can find Mt for Sr , Ix and v given, at the i>oint of 
rupture. 

Coefficient of Elasticity for Shearing Determined by Torsion. — Let 
the length of shaft be I and let the angle of torsion or the angle of 
twist of the end cross-section be 9 and the twisting moment Mt. 
Then within the limit of elasticity the strain of the outer fibre for 
the end cross-section is do and the strain per unit of length is 

8 = -j-. The unit shearing stress of the outer fibre of the end cross- 

section is &. Then from page 281, since the coefficient of elasticity 
is the ratio of the unit stress to the imit strain, 



E= ^^ = 



8 vd ' 

where v is the distance of the outer fibre of the end cross-section 
from the neutral axis. 

If we substitute for & its value from (I), we have 

E=^^, aiD 

from which E can be computed if the other quantities are known 
and the elastic limit is not exceeded. 
Inversely we have 

= Mt. (IV) 



EBIz 



I 

From (IV ) we can find Mt for any given 0, when Ey Iz and I arc 
given and the elastic limit is not exceeded. 

Work of Torsion. —If is the angle of torsion for any cross-section, 
the strain of any fibre in that cross-section at a distance r from the 

neutral axis is r0, and the stress for that fibre is — Ssa. The work 

V 

of the fibre is then one half the product of the stress and strain 

(page 281), or ^ar". The work of all the fibres is then ^Sar"; 

or, since Sar^ = Iz. we have from (IV) and (I), for the work, 

rjn^^ OSJz _ MtS ^ EIz^ ^ MtH ^ 

2v 2 21 2EIm ^^ 
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Transmisaion of Power by Shafts.— Work is the product of a force 
by the distance through which it acta. Power is ratti of work. A 
horse-power is 3300(J ft. -lbs. of work per minute. If a shaft makes n 
revolutions per minute and the twisting force is F with a lever-arm 
p, then ifp X M is the distance and 'i'^npF is the work per minute, 
I and the horsepower is, if jj is in inches, 

^Bvh< 
1 pou 



33000 X 13' 



(VI) 



BM%Fp = Mt= '—. Hence 

^ nnSJz 

198000m' 

where n is the number of revolutions per minute, H the horse- 

I power transmitted, h and v must be taken in iocbes and St in 

pounds per square inch. 

Combined Streases-^We have thus far considered stresses of 
pure tension, compression and shear, alcio flexure and torsion. But 
we may have tension or compression combined with flexure, afi when 
a beam is in direct longitudinal tension or compression and at the 
same time supports a load. We may also have tension or compres- 



sion combined with shear, ae when a shaft is in direct longitudinal 
. mpression or tension and at the same time in torsion, we 
I also liave torsion and flexure combined. 



ft 



compression or tension and at the same time in torsion. We may 
" Iso liave torsion and flexure combined. 

Combined Tension and Flexure.^For flexure alone we have, page 

where .S/ is the unit stress in the extreme outer fibre in any cross- 
section at the distance r from the neutral axis. If this cross-section 
is also in direct tension, then the tensile fibre stresses due to flexure 
will be increased and tiie compressive fibre stresses due to flexure 
will be dinoinished. The neutral aais is then no longer at the centre 
of mass of the cross-section; and if we consider the deflection, a 
strict discussion leads to results of great complexity. 

If, however, we neglect the deflection, and let T l)e the direct 

tension over the area A. then — is the unit stress of direct tension. 

A 
In the extreme outer tensile fibre, then, the total unit stress is 

If Smax is the maximum unit stress, we tinve then at the cross- 
section where S/ + -- is a maximum 

*-^^-J <■' 

where Mx is the bending moment at that cross-section of area Afar 
which S/ + -7 is a tnaximiim, T is the direct tension, S/ is the unit 

stress due to flexure in the extreme outer tensile fibre of that cross- 
^ aection at ibe distance v from the neutral axis. 
From (1) we have 
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APPLICATI0K8 OP STATIOB. 



[chap. IL, 



If we put for Jits value Ak*, where k is the radius of gyration 

T 
of the cross-section of area A, for which S/ •¥ -j-isa maximum^ we 

have, putting Smax = the working unit stress 8uh 



Svjk* Sw 



(?) 



From (1) we can find in any case the maximum unit stress in 
the extreme outer fibre on the tensile side. fVom (3) we can find 
the area of cross-section by taking for Sw its value as found on 
page 291, by dividing the ultimate strength by the f^tor of safety, 
or as found by the method of page 292. 

Combined Compression and jPleznre. — This case is the same as 
the preceding, except that we must put the direct compression C in 

§lace of T and take for Sio the working stress for compression. If 
exure is to be apprehended, we must take ^S^ as given on pa^ 291. 
Combined Tension and Shear. — If a body whose cross-secuon at 
any point is A is subjected to a direct tension 7, the direct unit 

T 
tensile stress is ^ = -^. Suppose at the same time a direct vertical 

or 

shear Sy then the unit shearing stress is a = -r- 



4*Sfc 



-i-Sfd 



-86-* 



••+«* 




+S,tf 



••+86 



Take any element of breadth 6, height h and unit thickness. 
Then we have acting on this element the tensile stresses + th, — thy 
and the shearing stresses + sh, — sh. The two equal and opposite 
stresses + th, — th hold each other in equilibrium. The couple 
+ sh, — ah can only be held in eauilibrium by the opposite couple 
+ sh, — sh. Let d oe the diagonal, and « the angle of the diagonal 
with the side h. Then we have the components parallel to the 
diagonal forming the combined shearing stresses + Ssd, — s^d, and 
the components perpendicular to the diagonal forming the com- 
bined tensile streescs + Std, — Sfd. 

For equilibrium we have then 

+ Sisd — th cos a — sh cos a + ah sin a = ; 
+ Sfd — th sin a — sh sin a — ah cos a = 0. 

Since we have sin a =—, cos a = ^ , dividing these equations 

a a 

by d, we obtain 

a8 = t sin a cos a + « cos' a — s sin" a = - sin 2a + « cos 2a ; 

A) 

at =t sin* a + 2« sin a cos a = — — — cos 2a + a sin 2a. 
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From these equations, by placing the first differential coefficient 
equal to zero, we hare, when «• is a maximum, 

t t 2s 

tan 2a = ~, sin 2a =s — cos 2a = 



when «^ is a maximum, 

tan 2a =:--—, sin2a = , cos 2a = 



Therefore we have 

max«« =y «• + j; (1) 



« = U/-'' 



max«* = 5 + i/ «* + 7- (3) 



Equation (1) gives the unit shearing stress when we have the 
direct unit tensue stress t and unit shearing stress v combined. 
Equation (2) gives the unit tensile stress when we have the direct 
tensile stress t and unit shearing stress v combined. 

Combined Compression and Shear. — Let the direct unit compres- 
sive stress be c, and the direct unit shearing stress be 8. Then, just 
as before, we have for the combined unit shearing stress 

«. = i/«' + J, (1) 

and for the combined unit compressive stress 



«C = o~ + 



/^i (2) 



Combined Fleznre and Torsion. — Let S/ be the ^atest unit stress 
for flexure as given by equation (II), page 288, viz., 

and Ss the unit shearing stress for torsion as given by equation (I), 
page 309, viz., 

a MtV 
o» = — =— . 
Iz 

Then, as we have just seen, we have for the combined unit 
stresses of shear and compression or tension 






Streit Due to Temperature. — We have from equation (3), page 
281, 

E ' 

where A. is the strain produced by the unit stress ^9 in a bar of 
length Z, the coefficient of elasticity being E. 
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If a bar is constrained so that it cannot change in length and 
then exposed to change of temperature, a unit stress will oe pro- 
duced equal to that which would cause a strain equal to the change 
of length of the unconstrained bar under the same change of tem- 
perature. 

Thus if 6 is the coefficient of linear eznansion for one degree of 
temperature, t the number of degrees of cnange of temperature and 
I the original length, the change of length of an imconstrained bar 

is A. = etl. The strain per unit of length is then y = et. The coef- 
ficient of linear expansion ^ = n is then the strain per unit of length 

per degree. 

If the bar is constrained so that it cannot change its length, we 
then have a unit stress 

8 = ^ = Eet, 

which is independent of the length I, The total stress, if the area is 
A, is then 

AS = AEet 

We give the following average values of the coefficient of linear 
expansion e for one degree Fahrenheit : 

Brick and stone e = 0.0000060 

Cast iron e = 0.0000062 

Wrought iron € = 0.0000067 

Steel 6 = 0.0000065 



EXAMPLES. 

(1) A wrought-iron tie-rod, 30 ft long and 4 aq. in, in area of 
cro88'8ection, %8 8vbjected to 40000 lbs. tension. Find the unit stress. 
If the coefficient of elasticity is 30000000 lbs. per square inch^find the 
elongation. 

Ans. Unit stress = 10000 lbs. per square inch. Elongation = 0.01 ft. 

(2) An iron bar 10 ft. long has a strain of 0,012 ft, under a unit 
stress of 25000 lbs. per square inch. Find the coefficient of elasticity, 

Ans. E = 20838333 lbs. per square inch. 

(3) A rectangular timber tie is 12 inches deep and 40 ft, long. If 
E = 1200000 lbs. per square inch^ find the thickness so that the 
elongation under a pull of 270000 lbs. may not exceed 1,2 inches. 

Ans. Thickness =7.5 in. 

(4) A wrought-iron tie-rod 142 ft. long and 4 sq, in. area is sub- 
jected to a stress of 80000 lbs. If E = 30000000 lbs. per square inch, 
find the elongation, 

Ans. Elongation = 1.136 in. 

(5) The length of a cast-iron pillar is diminished from 20 ft. to 
19.97 ft. under a given load. Find the unit stress of compression, 
E being 17000000 lbs, per square inch, 

Ans. Unit stress = 25500 lbs. per square inch. 



^^B CB. 

^^B Fahr. Taking the coefficient of expannion at 1).00(I4JOG944, find ttie 
^^^■.jsrutsure upon tlie bloaca when the %emperatm ''' ' 
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^-section has ; 
a temperature of 6 

■■ -XMHJOGgM. ^nd (J 
t 100 Fahr., eup- 
(ftefe fa no flexure. 
Ana. Pressare = O.W)055553 ffi If ff = 30000000 lbs. per square inch, 
lSflOe.6 Ibe, 



(7) Tft« rfead toad o/ a bridge ia 5 (o*w and the live load 10 tons 
Uperpan«l. the eorrespondlng factors of safety being ^ and 6. Find 
withe combined factor of safety. 

(8) The dead load upon a short hollow caet-iron pillar, with a 
I reetangtdar area of 21) eti. in-, is 50 tons. If the compreasion is 
> not to exceed 0.0015 of the length, find the greatest live load, E being 

17000000 lbs. per square hick. 

Aub, Live load = 410UO0 tbs. = 205 Uuis. 



(») A steel suspcTision rod i . ._ _ , 
I lbs. of roadway and 3000 lbs. of live load. Its length 



4 S50a 
/(. and 



L seetionat area arte half square inch. Find the gross load and the 
I extension of the rod, E ftetng 35000000 Ibe. per square inch. 

r Am. lirora load = 65U0 lbs. Extenaiou 0.133 im-li. 

(10) A beam 40 ft. long carries a load of 20000 lbs. Find the 
shearing force at IB ft. from one end, and also the maximum bend- 
ing moment : ia) lehen the beara is supported at the ends arui liKtded 
in the middle; Ibi when it ia supported at the ends and loaded 

I vniformlji: (c) when it is fixed at one end and loaded at the other; 
I id) when it is fixed at one end and loaded uniformly. 

Ana. (a) Shear = 10000 lbs., max. moment = 300000 ft.-lbs. at middle: 
16) Shear = 2500 IbB.. max. monmiir. = 104MX)0 ft,.ll>s. at middle; 
(e) Shear = 20000 lbs., mas. moment = 800000 ft.-lbs. at end; , 

id) Shear = T.TOO lbs., max. moment = 400000 ft.-lbs. at end. 
Draw the diagrams for shear and bending moment in each case. 

(11) A beam 20 ft. long rests on tun supports and carries a 
I load of 10 tons at S ft. from one end. Find the maximum trending 



37.5 ft. -tons at the weight. Draw the diagrams 



ftnoraent. 

Ana. Maximi. . 
Ifor shear and bending 

(12) Find the breadth and depth of the strongest rectangular 
Xteam which can tie cut from a cyhndrical log of diameter D 



Ans. Breadth = I) (/^. depth = D y | ■ 



(13) A round and a square beam are equal in length and equally 
loaded. Find the ratio of the diameter to the side of the square, so 
that the two beams may lie of equal strength. 

. Diameter „ '/"a" 

Am. - r.., - ■ = 2 i/ „'- ■ 

Side r Sir 

(14) Compare the relative strengths of a cylindrical beam and the 
^ttrongest rectangjtlar and square beams that can be cut from it. 

Strength of cvlindriral _ Oir v'B _ , ,„ 



Stmngctst rect&ngulai 

Strength of gylindriral 
it square 



3f y2 _ 
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(15) Compare the relative strengtltS of a solid square beam to 
that of the solid inscribed cylinder. 

Strength of square __ 16 __ - » 
Strength of cylinder "" Sjt "" 

(16) Compare the strength of a square beam tvith its sides vertical 
to that of the same beam with a diagonal vertical. 

Side vertical ,— . ..^ 

-AJIS. rr; ', -r-T = 4^2 = 1.414. 

Diagonal vertical 

(17) A beam of yellow pine, 14 inches wide, 15 inches de^, resting 
upon supports 10 ft. 9 in. apart, was just able to bear a weight ojr 
34 tons at the centre. What weiaht at the centre wUl a beam of 
the same material, 3 ft. 9 in. between the supports and 6 inches 
square bear f 

Ans. 8.86 tons. 

(18) Compare the strengths of two rectangular beams of equal 
length, the breadth and depth of one being respectively equal to the 
depth and breadth of the other. 

Ans. The strengths are directly as the breadths and inversely as the 
depths. 

(19) A cast-iron beam 4 inches square rests upon supports 6 ft. 
apart Find the breaking weight at the centre, taking Sr = 30000 
ws. per square inch. 

Ans. Breaking weight = 17777J lbs. 

(20) A yellow-pine beam, 14 inches unde, 16 inches deep, resting 
iwon supports 10 ft. 6 in. apart, broke down under a unifomUy- 
dtstribuied load of 60.97 tons. Find the coefficient of rupture Sr- 

Ans. Sr = 3658.2 lbs. per square inch. 

(21) A cast-iron rectangular beam rests upon supports 12 ft. 
apart and carries a weight of 2000 lbs. at the centre. If the breadth 
is one half tlie depth, find the sectional area so that the unit stress 
may nowhere exceed 4000 lbs. per square inch. 

Ans. Area = 18 sq. in., depth = 6 inches, breadth = 3 inches. 

(22) A wrought-iron beam, 4 inches deep, J inch wide, fixed hori- 
zontally at one end, gave way when loaded unth 1568 lbs. at the free 
end, at a point 2 ft. 8 in. from the load. Find the coefficient of 
rupture Sr. 

Ans. 8r = 25088 lbs. per square inch. 

(23) A u^ought-iron beam 2 incites wide and 4 inches deep rests 
upon supports 12 ft. apart. Find the uniformly distributed load it 
will carry in addition to its oivn weight if Sr = 50000 lbs. per square 
inch and the factor of safety is 4. A bar of iroti 3 ft. long and one 
square inch in cross-section weighs 10 lbs. 

Ans. Load = 3384 lbs. 

(24) Find the length of a beam of ash 6 inches square which 
would break of its own weiaht when supported at tne ends, the 
weight of the timber being 30 los. per cubic foot and Sr = 7000 lbs. per 
square inch. 

Ans. Length = 149| ft. 

(26) A cast-iron cantilever beam 8 ft. long and 12 inches deep, 
centre to centre of the flanges, carries a uniformly-distributed load 
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f'dMami carrying s l>:i»i 1^ <3t tke mkidii^ \% cn3er ikiaa tJkf A*iii^pift- 
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**im» WW) Ift*- p?7- <'Xrf. Find iff b'yxtdth for ci fador <^ ^^^9 
^10. S^ 6«JHr l¥*y}ibi^ pfr tqwirt inch. 
Ami BrmnL = Vi ^^'^*5. 

(3lk A beam ofUr\gth I'iff., brtodik^in^.d^h^in.^ is supports 
2 ^ emds. find thf utli/orm load it tcilf safely sustain fiit a 
^**cfar of safety of -L S^ being S*>XO lbs. per A/uare inch. 

^^(3? A ttoaden beam of leng*h 1? ft. is supported at the ends. 
^id its breadth and depth io that it may safely sustain one ton 
^^formly distributed over its tchole length.yor the factor of safety 
^t ^ being 1500^:^ lbs. per square inch ana the depth 4 times the 
'^^^eadth, 

Ans. Breadth = 2.06 in.: depth = S.S2 in. 

(33i A wrought-iron beam 13 ft. long. 2 im. wide. 4 in. deep is 
^pported at the ends. The material tceighs } lb. per cubic inch, 
faking Sr at 54000 lbs., find the uniform load it will stistain. 

Answ Without the weijrh: of beam. l60lX> 11^ 
Orer the weiebt of beam. 157r2 U«. 




tic^tenn Us own vxight and 500 lbs. at the free end. 
Ana. Depth = 4.05 inches. 
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(35) Find the sectional area of a square beam of 12 ft. span which 
sustains a load of 300 lbs, at the centre and has at the same time a 
direct longitudinal tension of 2000 lbs,; the working unit stress being 
taken at 1000 lbs, per square inch. 

Ans. 4.18 inches square. 

(36) Find the sectional area of a square beam of 12 ft. span which 
sustains a load of 50 lbs, per foot uniformly distributed and has at 
the same tim£ a direct longitudinal tension of 2000 lbs.; the working 
unit stress being taken at 1000 lbs. per square inch. 

Ans. 4.18 inches square. 

(37) A beam of uniform cross-section A is inclined at the angle a 
to the horizontal and rests without slipping on two supports. The 
load is w per linear unit, uniformly distributed. Find the maanmum 
unit stress. 

Ans. This is the case of a roof -truss rafter at the bottom or at an inter- 
mediate panel, loaded by its own weight 
only. 

The vertical reaction at the top end 
is given by 

i?i cos a X i = toi X ni cos a, 
or 

The bending moment at any point 
distant x from the upper end is then 

Mx = "o-cos aXiB — wxX — s — • 

The unit stress in the outer fibre at the distance « from the neutral axis is 
then for any cross*section at a distance x from the upper end 

The direct compression at the distance x from the upper end is 

C7 = traj sm a — jr- sm a = — jr — {2x — i), 

to a 

The combined unit stress is then 

This 18 a maximum when a; = - H -. . 

2 ' An 

Hence the maximum unit stress is 

^j _ incl^ cos a Iw tan asin a 
^*^ - 87 "^ 2A*v • 

If there is an additional compression applied at the ends of 0, the mATim nTn 

unit stress is -j + /^ax. 

(38) The top rafter of a roof -truss of uniform cross-section A is 
inclined at the angle a to the horizontal. The load is w per linear 
unit uniformly distributed. Find the maximum unit stress. 
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Ana. The reaction at the top end Hin horizontal. We have then 



or 



H= -^ cot a. 

At any point x from the upper 
«nd the unit strees for flexure is then 



8f = 



(jK» sin or 5- cos a}v. 




The direct compression is C = ^cos a + tw; sin a. 
The combined unit stress is then 



5/+ 5 = 



vwcoa a 



21 



{lx-x^) + 



wl cot acoB a , iMJsina 



2A 



+ 



fin-. . • 1- I , /tana 
This IS a maximum when sc = - -4 — , 

2^ Av 
Hence the maximum unit stress is 

^ vwP cos a , t/^^cosec a , Iw tan a sin a 
Otdmx = ZTT 1 iTi 1 



8/ 



2A 



2A*v 



If there is an additional compression applied at the ends of C, the maximum 

unit stress is -r + Smnx* 
A 

(39) A wooden beam 10 inches tvide, 9 inches deep and 8 ft. long 
carries a uniform load of 500 lbs, per linear foot and is subjected to 
a longitudinal compression of 40000 lbs. Pind the maoeimum unit 
stress. 

Ans. 800 lbs. per square inch. 

(40) If the beam in Example (39) forms one of the panels of the 
rafter of a roof -truss of 40 ft. span and 15 ft. high, find the maximum 
unit stress. 

Ans. Let b = breadth, h = height of cross-section. 

h 1 

Then « = ^, A = bh, 1= jk^h^, and we have, from Example (87), 

,^ , 40000 , ZfJoPcosa , to tan a sin a 
maximum unit stress = -rn 1 ttt: 1 



bh 



4bh* 



12b 



500 



In the present case w = -r^-. i = 96, 6 = 10, A = 9, sin a = 0.6, cos ar= 0.8, 
tan a = 0.75. Hence 

maximum unit stress = 729 lbs. per square inch. 

(41) A rivet J inch in diameter is subjected to a tension of 2000 
lbs. and at the sam/e time to a shear of 8000 lbs. Find the combined 
mcLximum tensile and shearing unit stresses and the angles they 
make with the axis of the rivet. 

Ans. Maximum shearing unit stress = 7155 pounds per square inch, making 
an angle of 9° 18' with the axis of the rivet. 

Maximum tensile unit stress = 9420 pounds per square inch, making an 
angle of 54" dS' with the axis of the rivet. 
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(42) A circular shaft 2 ft. long is ttvisted through an angle of 7 
degrees by a couple of ± 200 Ihs. voith a lever-arm of 6 inches. Find 
the anqle for a shaft of the same size and material 4 ft. long when 
tunstea by a couple of 500 lbs. with a lever-arm of 18 inches. 

Ans. 105 degrees. 

(43) A circular shaft when twisted by a couple of ±90 lbs. with a 
lever-arm of 27 inches has a unit shearing stress of 2000 lbs, per 
square inch. If the same shaft is twisted by a couple of ± 4^ lbs. 
with a lever-arm of 57 inches, what is the unit shearing stress f 

Ans. 1877 poands per square inch. . 

(44) An iron shaft 5 ft. long and 2 inches diameter is twisted 
through an angle of 7 degrees by a cotmle of ± 5000 lbs, with a lever- 
arm of 6 inches, and on the removal of the couple springs back to its 
original position. Find the value of Efor shearing. 

Ans. 9390000 poands per square inch. 

(45) What is the couple which acting with a lever-arm of 12 inches 
will twist asunder a steel shaft 1.4 inches diameter, the coefficient of 
rupture by torsion being 75000 lbs. per square inch. 

Ans. ± 1683 poands. 

(46) Compare the strength of a square shaft with that of a circular 
shaft of equal area. 

Ans. -^ — . 
o 

(47) Find the combined unit stresses for a tarought-iron shaft 3 
inches diameter and 12 feet long, resting on bearings at each end, 
which transmits 40 horse-power while making 120 revolutions per 
minute, upon which a load of 800 pounds is brought by a belt and 
pulley at the middle. 

Ans. The unit stress for flexure is 

8f = —J- = —J = 10800 lbs. per square inch. 

The unit stress for torsion is 

_ 198000(fg .nnniKo • v 

Sa = J = 4000 lbs. per square inch. 

The maximum combined unit stresses are then : 



for tension or compression, 54004- 1^4000" + 5400* = 12100 lb8.per square inch; 
for shear 6700 lbs. per square inch, 

(48) A vertical shaft weighing ivith its loads 6000 lbs. is sulj^fected 
to a ttvisting moment by a force of 300 pounds acting unth a lever- 
arm of 4 feet. If the shaft is of wrought iron 4 feet long and 2 inches 
in diameter, find its maocimum unit stress, provided the shaft is so 
supported that it cannot bend sideways. 

Ans. Compressive unit stress = 10170 lbs. per square inch. 
Shearing *' '* = 9215 '• *' 

(49) Find the diameter of a short vertical steel shaft to carry a 
load of 6000 lbs. when twisted by a force of 300 lbs. unth a leverage 
of \ft., taking unit stress for shear at 7000 lbs. and for compression 
at 10000 lbs. per square inch. 

Ans. About 2.5 inches. 



t«are inch, JinA the factor of safety. 
aub. The nnjl ptesBure is 0.434 X 300 = 180.2 lbs. per square iacL. Heaco 
130.3 X 12 
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(BO) A vast-iron uxtter-pipe 12 inches diameter and 5 in. thick ia 
* r a head of MO ft. taking tite ultimate strength at 20000 Iba. 
s inch, find the " ' ' '- 



tlie 
^ a fa< 



iaisJj= - 



3X- 



= 1230 lbs. per equue Incli. The faotor ol 



telj Ifl theft —- = Bboul 18. 



(51) Fiiid the lhii:krtais of a c<at'iron pipe 18 inches diameter for 
afaelorofmfelyofW. faking the ultimate strength at ^XQi) Iba. per 
sqttare inch and thi head of water 300 /ee(. 

Ana. 0.580 inch, 

(52) A wronght-iron pipe, 4.5 inches internal diameter, iveigha 
12.5 pounds per linear foot. What pressure can it carry u-ith a 
factor of safety of b, taking the ultimate strength 55000 lbs. per 
square inch t 

Ans, A bar of wrought irou one square inch in cross -sectioii and 3 ft. long 
weighs 10 Ibd. lience the area of the pipe metal is 12.5 X nr = 3' 75 squt 



Jpehcs. The thickness is then { 
_2X5500W„,„„ 



■ Hxr ' 



J Inch. 



lbs. per square inch. 

_ (53) A boiler ia to be made of wrought-iron platea 5 inch thick, 
W-tmUed by single lap-joints. Find the size ana pitch of rivets. If 
l,tA« boilffir ia 30 inchis in diameter and carries a pressure of 100 &8. 
mper square inch above the atmo^here. find tlie factor of safety, tak- 
Mtvf the ultimate strength at 55000 Itis. per square inch. 
¥ Ana. From (4), page 2Bfl, we have J-in. rivets. But from (3), page 265, we 
Vbave {•!□. This avte would be chosen for ordluar? construction wotk. In this 
we wish Blight joint, and tliereforeaseasmallrivet at sacriSce of strength. 
IS take then t-in. rivets. Then from (5), page 296, we find the pitch ) in. 
It this violatTR the practical restriction that rivets shouJd not have a less pitcit 
an thtee diameters. We take the pilch then S inches. The pressure on a 
■knKth euual lo the pitch is 30 x 2 X 100 = (JOOO lbs. If .9 is the unit stress, 
;^5. Hence fi = 



- = 11040 lbs. per 



Hie resisting stress ie 

9 inch. The factor of safety is then about 5, If this is 

we should use a less pitch or a lar^^r rivet. A larger rivet would not be 

ight enough. For a less pitch the holes must be drilled and not punched. 

(S4j Required to unite two i-inoh plates by a bntt Joint u'ith tivo 
jover-platen ; the stress to be trananiilted being 40000 lbs. and the 
Jiinit working stress lOOOo lbs. per square inch. 

Ann. The area of the pistes must them be 4 square inches net I! the joint is 

1 tension, i/rom if in compression. The oover-plaies can be each i inch thick. 

296. gives for diameter of rivcl d = H inch. This is 

- - „ 1 by (3), page 296, therefore we take it. Prom our Table 

'e have for the resistance to shear of a )l-inch rivet S690 Iba, The 

kfrels are in double shear in a butt joint, beoce we require = about 5 

BflTetd. The bearing 

. _, 40«m 
r beariBB -^^,- 



il\^."v>^": 



I 



from our Table i 
= about 8 rivets. This, then, i 



5080 lbs. We require then 
the Qumber we should ds». 
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For the pitch we have from (5), pa^e 296, 2.887 inches. This is less than 
8 inches. We therefore take the pit<3i 8 inches. We most have at least li 
inches for distance from end and edge (page 297). 

If the plates are Si inches wide, we must then have three rows of rivets, three 
in the first and last and two in the middle on each side of the joint. The cover- 
plates must then he 10 inches long. The stadent can now sketch the cover- 
plates with the rivet-holes properly spaced. 

(55) A plate girder is 17 feet long and 27 inches deep. The uni- 
formly-distrihvied load is 55,000 lbs. The thickneea of the web is i 
inch and of the flange angles A inch. Find the size, number and 
spacing of the rivets to unite the web and flanges. 

Ans. From (4), page 296, we have d ^ I inch. This is less than the size 
given by (3), page 295. We take the rivets then | inch diameter. 

If we neglect the web, the stress of compression in the upper flange or of 
tension in the lower, at any point distant x feet from the end, is given oy 



55000:1;/ 



('-«) 



4.5 

If we take ^c = 0, 2.5 ft., 5 ft., 8.5 ft., we have the stress at these 

points = 0, 26063 lbs., 43137 lbs, 51944 lbs. 

We have then for the first division of 2.5 ft. the horizontal stress 26062 lbs., 
or 13 tons, to be taken by the rivets. 

In the second division of 2.5 ft. we have 43187 — 26062 = 17075 lbs., or 
8.5 tons; and in the third division of 8.5 ft. we have 51944 - 48187 = 8807 
lbs. , or 4.4 tons, to be taken by the rivets. 

For the shear at any point distant x feet from the end we have 

55000 / __ 2«\ 
2 K 17 j- 

If we take a; = 0, 2.5 ft., 5 ft., 8.5 ft., we have the shear 

at these points, = 27500 lbs., 19400 lbs., 11300 lbs.. 0. 

We have then for the first division of 2.5 ft. the shear 27500 — 19400 = 
8100 lbs. , or 4 tons, to be taken by the rivets. 

In the second division of 2.5 ft. we have 19400 - 11300 = 8100 lbs., or 4 
tons; and in the third division of 8.5 ft. we have 11300 lbs., or 5.65 tons, to be 
taken by the rivets. 

Hence the comHTied shear (page 318) in the first division of 2.5 feet is 



</ 



4« + ^ = 7.68 tons = 15260 lbs. 



In the second division of 2.5 ft.. 



|/4« + 



?^ =6.9 tons =11800 lbs. 



In the third division of 8.5 ft.. 



/ 



5.65« -f ^ = 6 tons = 12000 lbs. 



The bearing resistance of a seven-eighths inch rivet is, from our Table 

paire 297. 2730 lbs. We require then for bearing, in the first 2.5 feet, 

lS£) 11800 

-^^ = 6 rivets, in the next 2.5 ft., ^j^^^ = 5 rivets, in the third division of 

o e *^ 12000 ^ . . 
^•^ •' 2780" =^'*^®^- 

We most not pitch the rivets less than 8 inches or more than 6 inches (page 
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206). A pitch of 4 inches for the first 2.5 ft. , then 5 inches for the next 2.5 
ti, and then 6 inches to the middle will therefore give more rivets than are 



(66) A pin 3 inches diameter paasee through the toeb of a channel 
bar three fifths of an inch thick. The transmitted stress is 55500 
lbs. Find the thickness of re-enforcing plate necessary to give 
sufficient bearing ou the pin. 

Abb. The thickness for each ton (page 806 (b)) is 

1 1 



6.25d - 6.25 X 8 



= 0.0588 inch. 



For 55500 Ihs. = 27.75 tons we should have a thickness of 0.0588 X 27.75 
= 1.48 inches. 

o 

The channel web is only — = 0.6 inch thick. In order to have the proper 

o 

thickness for safe bearing on the pin, we must then increase the thickness bj 
1.48 — 0.6 = 0.88 inch. Two re-enforcing plates on each side of the web, 
each 0.44 inch thick or about -^ inch each, will then give the required thick- 
ness. 

(67) If the depth of an eyebar is 10 inches, find the least diameter 
of pin which can be used without having the thickness of the head 
greater than that of the bar. 

Ans. (Page 807 (e).) d = 7i inches. 

(68) A bar 8 in, by { in. has a pin 4f inches diameter parsing 
through it. Find the thickness of bar head. 

Ans. The least diameter without having the head thicker than bar is 6 
inches. As the pin is less than this, the head must be thicker than the bar 
and equal to 

^=ld = 4x48f =^^"^<^^^«» 

(69) In a panel of a bridge truss we have at each end of the pin 
two eydKirs on one side, 4 in. by 1^ in., and on the other side one 
eyebar 4 in. by l^V *^- Also one tie on each side of centre of pin 
1^ in. thick. The tie is pcLcked close to the vertical post, which con- 
sists of two channels ofi-in. thickness. The bars are packed snug. 
The vertical compression in the half post is 40000 lbs. The working 
unit stress of the bars is 10000 lbs. per square inch. Find the size of 
pin required. 

Ans. We have here on one side acting horizontally 

^, = ^, = 4 X lA X 10000 = 47500 lbs., 
and on the other side 

^. = 4 X lA X 10000 = 57500 lbs. 

The horizontal component of the tie-stress is 

iP* = 2 X 47500 - 57500 = 57500 lbs. 

The distances are 

'. = ^ = g-(l A + lA) = lA inches; 
U = i(lA + lA) + g = »i inches. 
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We have then at Ft the moment FiU = 47600 X Ift = 82844 inch-lbs.; 

at Ft we have 62844 + (Fi - j^,)^ = 49219 inch-lbs.; 
at F4, we have 49219 + (Fx - J^. + 1^- = 188594 inch-lbs. 

The maTlmnm horisontal bending moment is then 

Mh = 188G94 inchlbe. = 66.797 inch-tons. 

The vertical compression in post is 40000 lbs. Its lever-ann is 



■ |(iA + g)=lA. 



Hence 

Mv = 40000 X lA = 48750 inch-lbs. = 24.875 inch-tona. 

The resultant maximum bending moment is then 
Ifmax = VMh^ + M^ = V66.8« + 24.4> = 71.11 inch-tons = 142220 inch-lba. 

We have then for size of pin about 4| inches diameter, or 4f commercial 

8 
size. The least allowable diameter is jA = 8 inches. Hence the bearing is^ 

abundant. /. 



V ■»' 



CHAPTER m. 



APPUCATIONS OF STATICS— THEORY OF FLEXtJEE. 



«HAiroK OP esATE ( 



KQUATION I. DBrLBCTION AND BREAKINQ 
DR?T,BCTION OP A PRAlfED STBCCTTTRB. DEFI.EC- 
ND DY THE PItlNCIPLX OK WORE. FOKMtTLAB FOB 



Change of Shape of Kentral Axis of a Beam. — Let a beam be I 
^ detl<H;ted from its original slraigbt line by exteraal forces, as shown in tbe 
figure. 

Let the two sections -ICami BD be conseculive plane seotiona parallel 
before flexure and remaining plane after. 

Let tbe length of the neutral axis of the 
beara na = 3, then tbe indeGnitely small 
distance ba — ds. Let be the angle AOn, 
Thea dtp is the angle BOA. 

If the deflection is small, we can take 
na = s equal to «, and alt = ds equal to dx. 

Let the bending moment at the point a 
of tbe neutral axis of the beam of the ei- 
ternal /orces be Mx . let S/ be the stress in 
the most remote fibre of any cross-section 
AC at the distance v from the neutral 
axis of the erosa-section at a, and / be the 
moment of inertia of the cross-section AC 
witb reference to the neutral axis of the 
eroBs-section at a. 

Then, as proved page 288 (a), the reMst- 
iDf moment of tbe fibre stresses at the 




croaa-sectioa ACia 






af£_ 



=Fi&. 



<l) 



where we take the minus sign if we take Mx for all external forces on the 
left of AC. and tbe plus sign if we take Mt for all external forces on tht 
right of AC. If iheu Mi comes oat minus, it indicate.s compression in the 
bottom fibrea as in the figure; if plus, tension in the bottom fibres. 

Now the strain in tbu most remote fib 4 at the distance v from the 
neutral axis, we see from Ibe figure. Is '■d<P, and the uait strain is then 



*d^ 



or, ainoe we can take dat for da, --z—. The unit stress in this fibre is 



= TMx (2) 
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Sf. Since the coeflacient of elasticity E is equal to the unit stress divided 
by the unit strain (page 281), we have 

E=-^, or /8>=— - — . 
yd4> das 

dx 

Hence we haye 

Eld0 

dx 

But we see from the figure that -^ equals the tangent of the angle <f>, 

dx 

Since the deflection is very small, we can take the tangent as equal to the 

arc, and hence = — . Therefore d(f> = -3^, and hence, from (2), 
' dx dx 

EIpi = TMx (8) 

CLX 

From similar triangles we also have yd4> ir iids: p, where p is the 
radius of curvature at a. Since we can take cto for cfo, we have -- = — 

OM p 

Hence, from (2), 

— = Tlfc (4) 

P 

We have then 

^A^?L^eA=^m.. (1) 

V p cte* ^ ' 

These are the fundamental equations of the theory of flexure. 

The first of these equations, (1), we have already deduced in the pre- 
ceding chapter, page 288, and have used it to fiud breaking weight and 
shape for uniform strength for ordinary cases of beams (page 299). From 
(4) we can find in any case the radius of curvature of the beam at any 
point. From (3) we can find the deflection at any point of a beam. Equa- 
tion (3) is then the differential equation of the curve of deflection. 

Thus by the application of one or the other of equations (I) all ques- 
tions of flexure can be solved. 

Assumptions of the Theory. — The assumptions upon which the 
theory of flexure as expressed by equations (I) rests should be clearly 
recognized. Thus we have assumed : 

1st. That the deflection is very small, so that we can put x for *, dx 

for ds, -^ for 0. 
ax 

2d. That a section plane before flexure remains plane after flexure. 

8d. That the elastic limit is not exceeded. 

4th. That the coefficient of elasticity E is constant. 

Upon these assumptions the theory rests. Comparison of its results 
with the results of experindent shows that within the elastic limit the 
theory is reliable. 

Application of Equations (I).— The first of equations (I), 

we have already seen how to apply in the preceding chapter. 
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The second of equations (1), 



needs do special esplanatioa. 
The third of equations (Ij, 



requires a little general eiplj 
plications. 



In equation (1), EI- 
that is, the algebraii 



is the resialing Tnomertt at anj 




I 



of the momenta of the fibre forces ii 
at any point with reference to the neutral axis of tbut cross-section. 
The«e fibre forces are always considered as belonging to that portion of the 
beam on the left of the cross-section. The bending inmnent, or the alge- 
braic sum of the moments of all the external forces either on the right or 
left of the croaa-section at any point, is denoted by Mx. We always con- 
sider a moment positive when it tends to cause counter clockwise rotation, 
and negative when it tends to cause clockwise rotation. In any case, then, 
we can write the algebraic sum denoted by Jfi with the proper sign for 
each t«rm, whether we take Mt for all forces on the left or on the right. 
We then use in (1) the minus sign when Hx is taken tor all forces on the 
Hft, and the plus sign when Mx is taken for all forces on the right, of the 
cnwa-fiection at any point. 

Thns, for esample, take a beam AB of length 21, resting on the support 
Cat its centre, with a lo»d VCat euch end. The upward reaction is then 
2W. Let ACB represent the slightly 
deflected neutral axis of the beam. 

For any point P' of the neutral 
axis of the beam distant x from the 
left end A we hare, taking the alge- 
braic sum of the moments of all ez- 
teroal forces on t/te ^ft of P', 



Mi= . 



Wx, 




where the pins sign indicates counter-cloekwiae rotation. If, however, wo 
ts^e the ^gebraio snm of the moments of all eiterual forces on the right 
of P', we have Mx= — fV(l ■+ I— x) + 3 W(l — j>) = — Wx, where the 
minns sign denotes clockwiso rotation. In the first case we nse in (I) the 
minus sign, in the second case we use in (1) the plus sign. We therefore , 
write /or both cases, as we evidently ought to, 



EI' 



jPy_ 



- Wx. 



Again, take any point P distant x from the right end B. Here w« 
have for the algebraic snm of the moments of all eil«mal forces on tha \ 
kflotP 

Mi= W(l -i-l — x^ — ^Wil — x)^ -fWa, 

I and for the algebraic sum of the moments of all external forces on the , 
J right of PvK have Jf, = — Wx. In the first case we use in {]) theminna , 
F aign, in the second case we use in (If the plus sign. We therefore again 
I imt6 for both caaea 

Eiii = -w,. 

dixf 
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We obtam then in any given case the same expression from (1) for 
J^J^, or the resisting moment of the fibre foroes of the beam on the left 

of P, no matter where we take P, and no matter whether we take M» for 
all forces on the left or right of P. 

The minus sign for Wx in the present case denotes compression in the 
lower fibre. If the sign had come out pins, it would denote tension in the 
lower fibre, because in each case the sign gives the direction of rotation of 
the fibre moments of the beam on left of the section. This is in accord 

with the principle of the Differential Calculus that -^ is minus or plus 

according as a curve is concave downwards or upwards. In the present 
case the curve of deflection is concave downwards. 

The vertical shearing force at any section (page 388) is the algebraic 
sum of all the vertical forces on the kft of that section. At any cross* 
section whose abscissa is x the bending moment is Mx and the vertical 
shear is Vx. At the next consecutive section the moment is 

Mx 4- dMx = JMi T Vxdx, or ^^ = T Vx. 

ax 

Hence from (1) we have 

'■^''^'-'- c) 

where the minus sign is taken when dx is negative and the plus sign when 
dx is positive. 

If we put - — = 0, we obtain the value of x for which Mx is a maxi- 
dx 

mum or a minimum. Hence the bending moment is either a maximum or 

a minimum at the point where the shear is zero. 

If we integrate (1), we obtain 



dy / 



'^ + o»°*- 



When a; = 0, ;^ is the tangent t of the angle which the tangent to the 



curve at the origin makes with the axis of X, Hence Const. = t and 

dy . ^ / Mx^x 



-£ 



dx /. EI 



(8) 



If we put — = = or, from (1), Mx = 0, we obtain the value of x for 
dor 

which ^ is a maximum or a minimum. Hence the tangent to the curve has 
dx 

either its maximum era minimum inclination at the point where the bend- 
ing moment Mx is zero. 

If we integrate (3), we obtain 



/dx I - 
Jo 



y=:txT I dx I „j. + Const. 
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For « = 0, y is the deflection y^ at the origin. Hence Oonat =: y^ and 

MxdcB 



y = te + y, 






JSI 



(4) 



dy _ 



If we pnt -/^ = 0, we obtain the value of x for which y is a maximum 
dx 

or a minimum. Hence the deflection is either a maximum or a minimum at 

the point where the tangent to the curve is horizontaL 

Let US now apply these principles to special cases. 

Case 1. Cantuever Beam— -Fixed Horizontally at One End— Load 
TFat the Other End. — We have already seen how to find the breaking 
weight and shape for uniform strength in this case (page 299). It remains 
to find the deflection. 

(a) Defection— Uniform GroBS-seciion.— Let the vbeam of length AB 
s= Z be fixed horizontallv at one end B and carry the load W at the other 
end A. Take the origin at the end D before 
deflection, and let x be the distance to any 
cross-section at P. 

We have then for the bending moment at 
any point P of the neutral axis, taking moments 
on the left of P as in the figure, JCb = + Wx, 
Hence, from (I), page 826, 

-Afx = EI^ = - Wx 
da? 




(1) 



If the cross-section is constant, /is constant. We have then, by inte- 
grating (1), 

iPj^ = _^ + C. (2) 

dx 2 



Integrating (2), we have 



i?/y=~il^ + C,a;+ (7,. 



(8) 



The curve APB must pass through B, and the tangent at B must be 

horizontal. Hence we must have y = OfoTx = lin (3) and -J^ =0 for x 

dx 

dv W2^ 

= Hn (2). If then we make ;^ = anda; = Zin (2), we have (7i = + -^. 

dx 2 



If we make y =r and x = l in (8), we have C« = — 



WP 



Substituting 



these values of the constants of integration in (2) and (8), we have 



Ely = - ^(21 4- m - x)\ 



(4) 
(5) 



Equation (4) gives the tangent of the angle which the tangent to the 
curve at any point makes with the horizontal. Equation (5) gives the 
deflection y for any point P of the neutral axis distant x from the free end. 
The maximum deflection ^ is evidently at the free end. Making, then, 
= in (5), we have for the maximum deflection 
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The minus sign shows that the deflection A = AD is downwards or 
below the horizontal through the origin 2>. From (6) we can find the 
deflection for any form of cross-section, according to the value of /. Thus 

for rectangular cross-section of breadth 5 and height A, i = ~M* (page 
277) and 

"" EhhT 

[The student should solve this case taking the origin at B^ C and A. 
He should also draw the figure with the load TF at the right end and take 
the ori^ at A^ B, C and i>.l 

(6) Deflection — ^Beam of uniform Strength. — If the beam is of uni- 
form strength, / is no longer constant. Suppose, for instance, a rectangular 
cross-section, the breadth and depth at the fixed end being 6i and hu 
Then for constant height we have (page 300) for the breadth 6 at any point 

sc \ on 

distant x from the free end 6 = 6i--. Hence /= —hxhi\, and from (1) 

we have 

da? Mihi* ^ * 

Integrating this we have 

dv 12 Wlx 

i^-m^*"" »> 

Making ^ =0 for « = i in (2), we have d = _ ^ , ; and makingy = 
for 25 = 2 in (3), we have (7, = — , Hence 

MiOiili 
dy 12WI „ 

^=-EW^^-''^ <'^> 

The greatest deflection is at the free end and equal to 



^ = -.^w ^'> 

Q 

or — times as much as for beam of constant cross-section. 
2 

If we take the cross-section rectangular and the breadth constant, we 

have (page 301) for the height h at any point distant x from the free end 

h = ^i|/|. Hence / = ~^«^»*y^» ^^^ 

^ d^y \2Wl^l 

Integrating twice and determining the constants of integration as 
before, we obtain 

da EbAx*^^ '' 
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y = - 



8WZ 



-(? — 8to + 2aJi^), 



For the greatest deflectioQ at the free end we have 

. SWP 

^ = — 



Ebihi*' 
or twice as mnch as for beam of constant cross-section. 

For similar rectangular cross-sections we have (page 801) 5 = i/-i- , 

h = i/^. Hence / = i- 6iA.»^i/? , and 



Integrating twice and determining the constants of integration as before, 
we have 

For the greatest deflection at the free end we have 
or nine fifths as much as for beam of constant cross-section. 

2 1 

The volume of the beam in the first case is -, in the second case — 

8' 2 

IP 

and in the third case — of the Yolume of a rectangular beam of uniform 

eross-section. Hence the deflection at the end for a rectangular beam of 
uniform strength is proportional to the volume of the beam. 

Case 2. Cantilever Beam — ^Fixed Horizontidly at one End — Load 
XTniformly Distributed. — Here again we have already found the breaking 
weight and shape for uniform strength (page 802). It remains to find the 
deflection. 

(a) Deflection— Uniform Cross-section.— Let t£7 be the load per unit of 
length uniformly distributed, I the length AB 
of the beam, and take the origin at the end D 
before deflection. 

Since we can take the load wx as acting 

at its centre of mass or at a distance -- from 

to 

P, we have for the moment at P 




and from (1), page 826, 



Mx = tvx X - = — --, 
2 2 






(1) 
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If the cross-section is constant, /is constant We haye then by inte- 
grating (1) 

JPJ^»_!^+C.; (2) 

JEZy = -^ + CiaJ+Gi (8) 

The cnrre AFB must pass through B, and the tangent at B must be 

horizontal Hence we have y = for a; = 2 in (2) and -Jf ^Otorx = l in 

ax 

wP wP 

(8). The constants are then Ci = -f -->Ct as — >- and 

6 8 

^^|=?<^-'»^' (*) 

JKry=-^(»*-4Z»aj + 8«*) (5) 

The maximum deflection is at the free end and equal to 

wP WP 



2f = 



BET "" SEI 



o 

if we put the load tol = IT, or only - as great as for an equal load at the 

end. 

[The student should note this case, taking the origin at B, 0, and A, 
He should also draw the figure with the fixed end on left and take the 
origin at A, B, C and D.] 

(6) Deflection— Beam of Uniform Streng:th. — For uniform stren^h 
/is not constant. If we take the cross-section rectangular, the breadth 
and depth at the fixed end being hi and hx , we have (page 308) for con- 
stant height for the breadth h at any point distant x from the free end 

5 = 6i— . Hence /= -—^^ and 



-ji&=^= 



6wP 



Integrating this twice and determining the constants of integration as 
before, we have 

dy __ 6wP y _ 
dx "" EbJi/ ^' 

3W^^ /7 ^M 

The deflection at the end is then 

ZwP 



^ = - 



EhJi,*' 



or 24 times as much as for the same beam of constant cross-section. In 
the same way we can find the deflection for breadth constant and for 
similar cross-sections. 
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Case 3. Horisontal Beam Loaded with W between the Supports- 
Constant Cross-section. — Let 2 



be the length of the beam, Si the ygg-i^^ 



distance of W from the left end, 

and take the origin at the left end. 

(For breaking weight see page 805.) 

The reaction at the left end is 

— ^, and we have from (I), 

page 836, for any point P of the 
neutral axis distant x from the left 
end, 




when x<Bi 
when x> gi 






If the cross-section is constant, /is constant. 
Integrating (1), we obtain 

tOTXKZ. EI^ = -^^ ^4-C. 

Integrating (3), we obtain 



(1) 



(2) 



for<»>ft Blp-^Wza-'^-^Ct. 

dx 



21 



(8) 



(4) 



Integrating again, we obtain from (8) 



for x< gi Ely = 



Wa^ Wzxo? 



and from (4) 



for x> Zx Ely = 



6 62 

2 62 



+ Ci« + Ci, 



4- C«aj + C. . 



(6) 



(6) 



The curve APB must pass through A and B^ and each portion AP and 
PB must have a common tangent and deflection at P. Hence we must 

have y = for a; = in (6) and a; = 2 in (6). Also when a? = ^i , —^ in 

ax 

(8) must equal ~ in (4), and y in (5) must equal y in (6). 

If then we make a? = and y = in (5), we find C% = 0. 
If we make x=il and y = in (6), we obtain 

If we make x^Zi in (8) and (4) and place the two values of 
equal, we have 



dy 
dx 



Ci^Ct = 



Wzi' 



If we make a; = ;?i in (6) and (6) and place the two values of y equal, 
we have 

(C, - Ct)gi - c* = ^. 



6 


"""• 


• 


(T) 


• 


(8) 


• 


(») 
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Hence we find, for the constants of integration, 

^ Wzi* Wzil Wzi* ^ Wzil Wzi* ^ _ ^ ^ Wzx^ 
Ci = -2 3 j^, C. = 3 ^, C7._0, C74- 

Substituting these, we obtain 

dx 62 
toxxKZx Ely =z^^LZJl}?^(rj^ ^ 2lzx + ;^,t). . . 

for x>zx Ely = ^^i^^ZL^(a;« - 2to 4- ^i'). . . . (10) 

If we make a; = 2ri in (9) or (10), we have for the deflection ^w at the 
load 

"^""^^^^EIT' 
where Z\ and ;?* are the distances of the load from the right and left ends. 

The deflection at the load is evidently a maximum when 2ri = 2r, = - , that 

« 

is, when the load is at the middle of the span. In this case the tangent 

at the middle is horizontal. When the load is not at the centre of the 

span, the maximum deflection will evidently be at the same point C in the 

figure between the load and the farthest erid. 

Let the distance of this point from the left end be m. If then Zi is less 

than -, m is greater than Zu If Zi is greater than -, m is less than Zi. If 
2 2 

then we put -^ in (8) equal to zero, we have for the distance m from the 
dx 

left end to the point C at which the deflection is a maximum, 

when ^i < o 7n = Z - yz^^^ "" ^O^* (^1) 

If we put -^ in (7) equal to zero, we flnd for the value of x which 
makes the deflection a maximum. 



when -8^1 > o ^ = yo (^^ " ^»)^» (^^) 

The distance l — m from the right end in this case is the same as the 
distance from the left end in the first case, if Zx in (12) is taken equal to z% 
in (11). 

If we substitute the value of m in (12) in the place of x in (9), or the 
value of m in (11) in the place of x in (10), we have for the maximum 
deflection, 

when^.>i ^ = -i?^l|g^l^iI(2rrF.); . . (18) 

when^.<i ^ = _ !!^!g|^> ,/8^(8rrio. . . (14) 
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If the load Wia at the middle of the span, 2ri = ;?« = •-, and from (7) 
and (9) we have for any point between the left end and the centre 

<=t('-4-)> »'> 



'^'^{"-^ 



(16) 



The maTimnni deflection is at the centre and eqnal to 

Wl* 



2f = - 



48Er 



(17) 



or only r- as much as for a beam of the same length fixed at one end and 

loaded at the other. 

Case 4« Horizontal Beam — Uniformly Distributed Load — Constant 
Cross-section. — Let w be the load per unit of length uniformly distributed. 
Take the origin at the left end A, 

Then the reaction at each end is 

---; and since we can take the load lox 

as acting at its centre of mass or at a 

distance of - from any point P of the 

neutral axis, we have for the bending 
moment at that point 

-- wl , X 




Hence, from (I), page 326, 



da? 



(1) 



If the cross-section is constant, / is constant. For a; = we must have 

y = 0, and for a? = -- we must have ^^ — 0, since the curve passes through 

3 ax 

A and B and the tangent is horizontal at the centre C. Determining the 

constants of integration by these conditions, we have, by integrating (1), 






Integrating (2), we have 



JWy = 



wla? wa? wPx 



12 



24 



24 



(2) 



(8) 



I 



The maximum deflection J occurs at the centre for « = — ; hence 

2 



^ = - 



6tol* 
884227' 



4)1 only -— of a beam of the same length fixed at one end and uniformly 

12o 

loaded. (For breaking weight see page 305.) 
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Case 6. Horisontal Beam Supported at Ends — Constant Cross- 
section— With Two Squal Symmetrically Placed loads.— Let the 

beam AB of length I support two loads 
W, W placed at equal distances f, s from 
the ends. 

The reaction at each support is the* 
^ W, and the maximam moment is at the 
centre and eanal to We, 

For the areaking weigJUj then, we 
have 

Sri 




Wz^ 



where 8r is the coefficient of rapture (page 288). 
We have from (I), page 826, 



or TF= — , 



t0TX<g — Jfc = EI^, = Wx: 



tor x> 



^Mx^EI^^Wz. 



(1) 



(2) 



If the cross-section is constant, / is constant. Since the curve passes 
through A and B and is horizontal at the centre, we have y = for ^ = 



and ^ = for a? =r - . Hence, integrating (1), we have 



fora.<^ El^^^^rCu 

dx 2 



(8) 



Integrating (2), we have 



fora?>^ ^/-^ = Wzx-- ^^^ 

dx 



Integrating again, we obtain from (8), 

tor X <z 
and from (4), 



2 



Ely = -^ + C^x, 



(4) 



f or a; > « 



Ely = -— + C7„ 



(5) 



(6) 



When a; = i7, --^ in (8) and (4) must be equal. Hence we have 
dx 

^ Wz" Wzl 

Also, when a; = t , j^ in (5) and (6) must be equal. Hence we have 

TTe* 



C7.= 



6 



Substituting these values of the constants of integration, we have 

for « < « EI^ = ^(iB* - Zf + 2'); ... 

dx 2 

JB7/y = -^(a5"-8&4-8«^; . . . . 
6 



(7) 
(8) 
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for « > « EI% = J^(2« - 0, 



Ely = ^(8a^ - 8to + O- 





(9) 
(10) 



-'" The maximam deflection is at the centre and equal to 

If the loads are uniformly distrilrated over the distance t% — ci,, instead 

of being concentrated, we can put 

wda VI place of TF. Equation (11) ^* '^ 

thegi becomes 







I-^ z^ — 1\ 



If we integrate this between the limits z% and ei, we haye for the 
deflection at the centre 



^ = - 4^3^(^' - «»•) - 2(«»' - ^»*)] 



(12) 



If the load covers the whole beam, es = — , si = 0, and we have 

2 



^ = - 



5tfZ' 



384^/' 
as already found. 

Case 6. Horizontal Beam Fixed at one End and Supported at the 

Other — Constant Cross-section — 
Concentrated Load. — Let l be the 
length of the beam, zi the distance 
of the load W from the supported 
end, z% from the fixed end. Take 
the origin at the fixed end and let 
Bx be the reaction at the supported 
end A, 

Then from (I), page 826, we 
have 




^"^i'*T 



for « > «, — -Ztfi = i^J-^ = 5i(Z- «); 



fOTX<8t 



a3r 



(1) 

(2) 



For constant cross-section /is constant. Integrating (1), we have 



fOTX> 9% 



.EI-f-=Iiilx- ^ 
ax 2 



4- C. 



(3) 



Integrating (2), we have 

foraj<f. jyi^ = i?,Zx^:?^"-Ff.x4-^+C7.. 

ax 2 2 

Integrating again, we obtain from (8), 

foraf>i. EIy=?^^^ +Cxx+Ct. . 



(4) 



(6) 
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and from (4) 

f or « < ea 

^ "2 6 2~" "T" + t/.« + t/4. . . . (6) 

The curve APB most pass through A and ^, have a horizontal tangent 

at B^ and each portion from A Ui W and IT to ^ must have a common 

tangent and deflection at the load W. 

dy 
Hence we must have y = for a; = in (6) and a; = / in (5). Also ■— 

= for a; = in (4); and when x^Zx^-^ in (8) must equal ~ in (4), 

a>x ax 

and y in (5) must equal y in (6). 

If then we make a; = and -^ = in (4), we have ft = 0; and if we 

dx 

make x = and y = in (6), we have d = 0. If we make x = I and y = 

in (5), we have 

c, + c.i=-^. 

dy 
If we make a; = o^ in (8) and (4) and place the two values of -^ equal, 

we have 

C. —. 

If we make a; = Zt in (5) and (6) and place the two values of y equals 
we have 

CiZt + C»= rr-. 



We have then 



Wz^ ^ ^ Wz 



a 



a= + -^ and JB, = -^^(Si - Zi). 
Substituting these values, we have 

fora;>e, ^/^ = ^[(2te- a;")(8Z - e,)- 2^; ... (7) 

for a; < a, JS?/^ = ^[2,«(2Z - a;)(3Z - «,) - 2Z»(2«, - a?)] ; . (8) 

for aj > e, JSIy = ^[(3^ - a;»)(3Z - «,) - 2Z«(3a; - «,)]; (9) 

for a; < «, ^/y = :^[^*Vl - aJ)(3i - «t) - 2Z»(80, - a?)]. (10) 

If we make a; = «, in (9) or (10), we have for the deflection Jw at the 
load 

where «, is the distance of the load from the fixed end. This deflection at 
the load is a maximum when 2% = 1(2 — |/2). 

If ea is greater than this, the maximum deflection will be at some point 
C in the figure between the load and the fixed end. If ft is less than this. 



(11) 
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the point C will be between the load and the supported end. Let the dis- 
tance of this point from the fixed end be m. If then we put -~-- in (7) and (8) 

equal to zero, we have for the distance mfrom t?ie fixed end to the point 
C at which the deflection is a maximum, 

when «, < Z(2 - V2 ) m = l-li/^f^; 

whene,>Z(a-4^) «» = -i^g^ (12) 

If we substitute these values of m in the place of x in (9) and (10), we 
have for the maximum deflection 

whene. < Z(2- 4/2) ^ = - ^(^ ^ ^W ^f^'^ ' 

when..>Z(2-f^) j^_^^^V-^m-^)\, . 

These values of J are themselves a maximum and equal when 

«, = i(2 - |/2 ) = 0.58575Z. 

The greatest possible deflection is then at the load when the load is at 
a distance of about 0.586/ from the fixed end. 
This greatest possible deflection is 

_ 47094 m ' 

"" 4800000^/ ' 

47 
or only about — — ■ as much as for a beam supported at both ends. 

If the load is at the middle of the span, we have JRi = _ TT, instead of 

16 

r- IF as it would be for a beam supported at the ends; and since in this case 
*« = g-Z < Z(2 — i^), we have, from (11) and (13), the maximum deflection 

a 

at a distance from the fixed end x = rr^j and equal to 



(18) 



(14) 



J = - 



11 



.— I 



48 |/5^J 
or only — =r as much as for beam supported at the ends. 

There is evidently a point between the load and the fixed end for which 
the moment is zero. 

This is the poirU of inflection. At this point the curve changes from 
concave to convex. If we put equation (2) equal to zero, and insert the 
value of R\ , we obtain for the distance of the point of inflection from the 
fixed end 

^ _ ^,(2/ - g,) 

"^ = 2^ + 2^,-*,' <^^ 

o 

If the load is at the centre of the span, this becomes ^, 
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Breaking: Weifirht. — Rupture will occur where the moment is greatest, 
that is, either at the load or at the fixed end. 

The moment at the load is, from the figure page 897, 

— Ititi = ItiZ% — Sil, 

The moment at the fixed end is 

Wgt - Bil 

Now W is always greater than JRi , and hence Wz% is greater than RiSt. 
The moment is therefore greatest at the fixed end. 

Inserting the value of i^i , we have for the moment at the fixed end 

where Sr is the coefficient of rupture and v the distance of the most remote 
fibre from the neutral axis. Hence the breaking weight in general is 

^=t«.(2Z-^)(Z-e,) ^^^> 

The moment at the fixed end is a maximum for 



= ^/l_|/|)=0.422W. 



This maxitium moment at the fixed end is then 

Wl ^8rl 

84/3 « ' 
and the least breaking weight is then 



W= 



vl 



or 



3i/3 



= 1.3 times as great as for beam supported at the ends. 



If the load is at the centre of the span, zt = ^l and the breaking 



weight is 



ir-l?M 



or } as much as for beam supported at the ends. 

Case 7. Horizontal Beam — Fixed at One End and Supported at the 
Other — Constant Cross-section — Load Uniformly Distributed. — Let I 
be the length of the beam, take the origin at the fixed end, and let Bi be 
the reaction at the supported end and w the load per unit of length. 

Then from (I), page 326, we have, since we can take the load w(l — x 

as acting at its centre of mass, or at a 

I — X 
distance — - — from P, 
2 ' 

For constant cross-section / is con- 
stant. 

Since the curve passes through A and 
B and the tangent is horizon^ at B, 

we must have y = when a? = and x = l, and -^ = when a? = 0. 

*' ax 




w(l—x) 
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The ooxmtantB of integration aie therefore zero, and we have by into 
grating (1) 

Blf^RJ^^S^^'^^'^^'^ (2) 

da 2 2 2 

Integrating (2), we obtain 

Ely = — 7— + —- -— . ... (8) 

'^ 2 6 4 6 24 

Since f or a; = 2, y = 0, we have from (8) 

instead of -wl as it would be for a beam supported at the ends. 
Inserting this value of Ei in (2) and (8), we have 

-»/^=-^(6P-15te + 8««); (4) 

-K^y=-^0 -«)(«- 2a?) (5) 

Putting (4) equal to zero, we have for the distance of the point C from 
the fixed end at which the deflection is a maximum 

^^16_-j^^ or m = 0.6785Z. 

The maximum deflection itself is then 

89 + 551^38 wl' 



J = - 



16* BI 



If we put (1) ec[ual to zero, and insert the value of £i, we have for the 
distance of the point of inflection from the fixed end 

4 

Breaking Wei^rht.— If we insert the value of Ei in (1), we have for 
the moment at any point 

- Jfc= - — + — (5i — 4aj). 

This is a maximum when a; = 0. The maximum moment is then — 

8 
at the fixed end. We have then 



wP 
8 


Sri 


wl = 


8/8r/ 



or the breaking weight 

Q 

or ^ as great as for the same load in the centre, and just the same as for 
beam of same length and load supported at the ends. 
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Case 8. Horizontal Beam Fixed at Both Ends — ^Constant Cross- 
section — Concentrated Load. — Let I be the length of beam, d the dis- 
tance of the load W from the left end, zt from the right end. Take the 
origin at the left end and let Bi be the reaction at the left end. 




The left end must be fixed by a conple + F, - JP whose moment Mi is 
the same at every point of the beam. 
Then from (1) page 826, we have 



for X <Zi 



for x> ei 



— Mx = EI ——- = RiX — Ml ; 

ax 

-Mx = -^/^ = Rix - W{x - zx) - Ml. 



(1) 
(3) 



For constant cross-section / is constant. 
Integrating (1), we have 

iorx<Zr EI% =:?^ ^ M,x •{• Ou 

ax 2 



(8) 



Integrating (2), we have 

for x> zi EI-^ = 

dx 2 



Wx^ 



+ WziX — MiX + C%, . 



(4> 



Integrating again, we obtain from (3) 



for X <zi Ely = 

and from (4) 

for x> Zi Ely = 



R^X* MiX^ 



6 

RxX* 
6 



2 
6 



+ ClX + Cty 



(5) 



WZxOl? MxQ^ 



+ C^x + (74. (6) 



The curve AFB must pass through A and B^ the tangent must be hori- 
zontal at A and 5, and each portion from A to the load and from B to the 
load must have a common tangent and deflection at the load. Hence we 
must have y = for a; = in (5) and x-=l in (6). Also we must have 

-~ = for a; = in (3) and a; = Z in (4); and when x = ziy -Jf-m (3) must 
O/X ax 

equal J' in (4), and y in (5) must equal y in (6). 

CLX 

We have then, making a; = in (3) and (5), C7i = and C% = 0. Making 
x = Zi in (3) and (4) and equating them, we have C% = . Making 



x — Zi'm (5) and (6) and equating, we have C7« = 



6 



Making x^l and 



y = in (6) and inserting the values of (7, and (74, we obtain 
SJfiP = 8FP«, - 8TF7e,» + i?iZ» - FP + Wzx\ 
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Making a? = I and ^ = in (4) and inaerting the value of (7, we have 

2Ifil =2Wlzi- Wzi* + i?iP - WV. 
Eliminating Mi and Bi from these equations, we obtain 

i« ' ^ p ; 

Substituting these values of Ei and Jf, and also the values of the con- 
stants of integration in equations (8) to (6), we have 

foraj<«. ^^%=-^[(^^'^'.)x-2zd']; (7) 

foraj>«, ^/^ = J[(3«i + ««)etV - Z-Ca: -«»)«- 22ii,»te] ; . (8) 

foraj<«, Ely =z ^^[psi + z;)x - deil]; (9) 

for x>ti Ely = ^[(3«i + ««)2«'a;« - P{x — Zi)* - HtiZ^Ut^'], . (lO) 



If we make a; = ei in (9) or (10), we have for the deflection ^w at the 
load 

31* EI ' 



^to= — 



where «i and Zt are the distances of the load from the right and left ends. 

The deflection at the load is evidently a maximum when ci = e* = — , or 

when the load is at the middle of the span. If the load is not at the centre 
of the span, the maximum deflection will be at some point C in the 
figure between the load and the farthest end. Let the distance of this 

point from the left end be m. If then ci is greater than —, tn is less than 

7a 

zi ; and if fTi is less than --, m is greater than'^ri. If then we put ^ in 

2 ax 

(7) and (8) equal to zero, we have for the distance m from the left end to 

the point C at which the deflection is a maximum, 

when..>- m=^^-^, (11) 

when..<i «» = 8i^ (12) 

If we substitute these values of m in the place of x in (9) and (10), we 
have for tiie maximum deflection 

v ^ A 2WziW 
when..>- ^ = - 3(3,.^,,).^^ ; (18) 

when^.<- ^ = - 8(8.. + ..)'g/ ' <"^ 
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These values of A are themselves a maximum and eqaal when 
2x — z%r=z -. The greatest possible deflection is then at the load when the 

load is in the centre and equal to 

192iZ'/ 

or only one fourth as much as for a beam supported at both ends. 

If we put (1) and (2) equal to zero, we nave for the distanoes of the 
oints of inflection 



0? = 



Zxl 



If the load is at the centre, we have 



and x-=- 



2z%l 



a?t +«i 



(15) 



4 



8 



and « = 7 2. 
4 



Breaking: Weight. — We easily find the greatest moment to be at the 
end nearest the load and equal to 

WZiZ^ _SrI 

where Zi is the distance from the load to the nearest end. 
Hence the breaking weight in general is 

8rlP 



W= 



V2iZ%*' 



(16) 



The moment at the nearest end is a maximum for Zi = -2, and the least 

8 ' 



breaking weight is then 



27 



W= 



278rl 
4vl ' 



or -- times as great as for a beam supported at the ends. 
16 

If the load is at the centre, we have 

S8rl 



IF = 



vl ' 



or twice as much as for a beam supported at the end. 

Case 9. Horizontal Beam Fixed at Both Ends — Constant Cross- 
section — Load Uniformly Distributed. — Let / be the length of beam, tv 




the load per unit of length, and take the origin at the left end. The reac- 

tvl 
tion at each end is evidently — . The ends must be fixed by the moments 

Ml , Mt, We have then from (I), page 326, 

das' a 2 



(1) 
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For constant oross-seotion /is constant. Since for x=:0.y and -^ are 

dx 

zero, we haye, integrating (1), 



B4- = ^-^-M^i. . . 
{2a; 4 6 



(2) 



and integrating (2), 






Eor « ss ^ -^ = 0, and we have from (2) and (1) 
dx 

Sub^titnting the value of Mx in (2) and (8), we have 



(4) 



EIy=-'^l-xY (5) 

Putting (4) equal to zero, we have for the point C at which the deflec- 
tion is a maximum, m = --. The maximum deflection is then 

' 2 

SUEr 

or only one fifth as much as for the same beam supported at the ends. 

If we put (1) equ£d to zero, we find for the distismces of the points of 
inflection from the origin 

II I . I 

iB = r: =, « = ::- + 



2 2i^' 2 2V? 

or a; = 0.2118Z and x = 0.7887Z. 

Breaking: Wei^rht.— The greatest moment is at the fixed ends. Hence 

wV _ Sri 
12 "" tJ ' 
and the breaking weight is 

12/8rJ 



U)l=i 



vl 



or — as much as for beam supported at the ends. 

Deflection of a Framed Structure. — Let a framed structure as shown 
in the figure be acted upon by the loads IFi , Fi , TTs , applied at the 
apices 6, dy /, and by the reactions Ri 
and Rt&t A and B, 

Let the deflection J at any apex c, 
loaded or unloaded, be required. 

Suppose a load w of any convenient 
amount placed at that apex. Let the ^ 
cross-section of any member, as a5, bo a, 
its length 2, and its stress due to the 

total loading, including Wj be 8, Then its unit stress is - ; and since £ is 

a 
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equal to unit stress divided by unit strain (page 281), its unit strain is ^-^ 

and its entire strain due to the total loading, including u^, is -,-, 

Now let 8 be the stress in the same member ah^ due to w considered as 
acting alone. Then, since work = -- stress x strain, we have for the work 

7a 

on that member due to w alone, 



2aE 
The work on all the members due to t£; is then 



881 

2aE ' 



But HJ is the 



deflection at c, this work must be equal to — =:. We have then 



"2" 



sSl 
2aB' 



or -^ = 



B 



sSl 
teas' 



We can thus find the deflection at any apex c, loaded or unloaded. 

^—. 8 

Whatever value we assume for U7, the ratio — for any member will be the 

w 

same, since the stress increases with the load. It is therefore convenient 

to take w unity. 

Example. — Suppose a girder consisting oftmo inclined rafters Ah and 

BCy 5 ft, tong, and ttoo vertical ties bfand ce, 4tft, long; an upper chord 

be, 5 ft, long, aud a loioer tie consisting of Af, fe and eB, Z ft, ^5 ft, and 

8 ft. long respectively. Let there he a diagonal hrace fc whose length is 

Q.Aft. The loads at f and e are TF, = 5 tons, Wt = 10 tons. Find the 

deflection at e, taking E = 12500 tons per square inch and the area of crosS" 

section of each member as given in tlie following Table. 

Ans. We easily find (page IO6, Example (4)) the stress 8 in tons in each 

member due to the total loading, 
also the stress 8 in tons in eacn 
member due to one ton at €, as given 
in the Table, ( — ) signifying com- 
pression and (-[-) tension. 

The columns for — =-, and — are 

wE a 

then easily filled out. Multiplying 

these for each member and adding, 

we find the defiection at c, 2^ = 

0.1627 inches. 

In the same way we could find the deflection at / by supposing i/? = 1 ton 

at /and placing the corresponding stresses in the fifth column, and the corre- 

sponding values of — in the eighth. 

Observe that in such case 8 for the member r^ would be (-f) or tension, and 

— would be (— ), while all other values of — would be (-f ). Care should 
a a 

therefore be taken in any case to observe the signs in columns 4, 5 and 8 

The stresses 8 due to total loading are, strictly speaking, 8lifi;htly changed 
by the change of shape. This can, however, be disregarded without percepti- 
ble error, as the defiection in all practical cases is very small. When it is not, 
a second approximation can be made by finding 8 and S for the new shape. The 
strain due to bending of compressed members is also neglected. The coefficient 
of elasticity E is assumed constant. All pins, if any, at the apices are presumed 
to fit tight, and all adjustable members, if any, to be properly adjusted. 

A girder after erection may then be tested by calculating the deflection at 




Wi- 5Tons 



Ws- 10 Tons 
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the centre for a given loading and comparing with the actual deflection for this 
loading. 

A good agreement is thus a test of the close fit of all pins, of the proper 
adjustment of all adjustable members, of the agreement of the lengths and 
the areas of members with those called for bj the design, of the constant value 



Mem- 
ber. 



Ah 
he 
cB 
Be 

<r 

V 

ee 



Leoffth 

in 
inches. 



60 
60 
60 
86 
60 
86 
48 
48 
76.84 



B 
in tons 

per 

square 

ineli. 



13500 
12500 
12500 
12500 
12500 
12500 
12500 
12500 
12500 



a 

intone. 



- 7.954 

- 4.777 
-10.795 
+ 6.477 
+ 6.481 
H- 4.777 
+ 6.368 
+ 8.636 

- 2.182 



in tons. 



Area 

of 
Cross- 
section 

a 
in sq in. 



- .341 

- .2045 

- .9091 
+ .5454 
+ .5454 
+ .2045 
+ .2727 
+1.00 

- .4366 



1.85 

1.00 

1.85 

1.5 

1.5 

1.5 

2.0 

2.0 

0.75 



I 
wE 



SI 38 



T2T 
TT67r 

tHt 

T2600 



8a 
a 



+1.46616 
+ .97689 
+5.30472 
+2.355037 
+2.356491 
+ .651264 
+ .867595 
+4.318 
+1.270215 



in inches. 



0.0371 



^0.0979 



V0.0277 






^ = 0.1627 inch. 

of E and its proper assumption as to magnitude, and finally of the fact that the 
limit ofekutidty is not exceeded by tJie loading. 

It IS evident that when so manj. conditions must concur, a discrepancy be- 
tween the observed and the calculated deflection has little practical significance. 
The last- mentioned fact, that the limit of elasticity is not exceeded, is the most 
important, and this is proved, not by clo8e ag^ement between the actual and 
the calculated deflections, but by the fact that the deflection is found to remain 
constant under repeated applications of the loading after the structure has at- 
tained its permanent set from the first application. Calculations of deflection 
are then of little value as a means of testing framed structures. 

Deflection of Beams found by the Same Principle. — We can 
make use of the same principle of work in tiudiug the deflection of beams. 

Thus let APCB be the curve of the neutral axis of a deflected beam 
and let the tangent to the curve at the point C bo horizontal. Take the 
origin at any point ly in the horizontal through C, Let 2^1 , ^i be tlie or- 
dinates of the point A at which curvature begins^ the portion A' A, if any, 
being straight and tangent to the curve ACB at A, Let m be the distance 
of the point C from the origin, and let x, y be the ordinatcs of any point P 
of the curve. Let the moment at P of all the outer forces left or right of 
P be Mx. We can replace the moment Mx by the couple whose forces 

— ^ and -H — ^ act at A and P respectively. The force H — 

X"^ Zi X -^ Zi X — 2\ 

at P is the stress which resists deflection at P. Since work is equal to 
i stress x strain (page 281), the work of overcoming this resistance is 

^, ^ — • Since y is positive above and negative below the horizontal lyC 

and Mx is positive when counter-clockwiBe, if we take Mx with a minus 
sign on the left of P and a plus sign on the right of P we shall always 
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Mx Mx 



2{X — Zi) ' ' X — zi X — Zx 

act at P and A strains the fibres above and below P in the cross-section 
at P. We have then 



Ma^ 



i work of straining all 
+ I the fibres 



2{x zi) ^ cross-section 



aining all ) C 
\ in the > = s 
ion at P ) ( 



( total work on all 
the fibres between 
PandC 



\- 



(A) 



For any fibre of the cross-section at P at any distance v above or 
below the nentral axis the unit stress (page 826) is — jr— . Since B is 
equal to nnit stress divided by unit strain (page 281), the unit strain of the 




fibre is 






If a is the cross-section of the fibre and dx the distance to 



the next consecutive cross-section, then — ;^ is the stress, and "^^^ 



I ' EI 

is the strain of the fibre between two consecutive cross-sections. 

The strain of the fibre limited by the cross-sections at P and C is then 



f'i 



Mxvdx 

eT' 



and its work is 



~^T J^ ~ET~ = 'JepJx 



Since ^ar^ = /, the work of straining all the fibres in the cross-section 
at Pis 

J^x 

2EI. 



- / Mxdx, 



Again, the work of straining the fibre between two consecutive cross- 
sections is 

Mj^a MxVdx av^Mxdx 



2/ 



EI 



2EP 



Since 2arf = /, the total work on all the fibres between P and C 
is then 



ai/X"^'*'^- 
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We haye then, from statement (A), for any point P between A and C 

Mity 1 /^-. _ - Mx /•*»-, , 



Henoe 



T Mx(x — 2i)dx ^ {X ^ 2i)J T Mxdx. (J) 
Differentiating (I), we have 

^f = =^/**'^ 



(1) 



Differentating again. 



jp^S = =^ ^' 



which is the same as equation (I), page 326. 

If in (I) we make a; = zi , we have for the deflection at A 



Vi = YlJ "^ -^"^^ " ^*^' 



and from (\) for the tangent U of the angle A'Ajy which the tangent at A 
makes wim the horizontal 

tt = T I Mstdx. 

e/«j 

We have then for the deflection for any point of the straight portion A' A 

y = yi + (aj — Bi)ti = ^J T Mx{x — 2i)dx "^i^J ^ Mxdx, 

or 

T MaAix — zi)dx — (a; — ^r,) / qp Mxdx, II) 

In (I) and (II) Mx is always the moment at any point P of the curve 
between A^ where curvature begins, and (7, where the tangent is horizontal. 
The (— ) sign is taken when Mx is taken for all forces on the left, and the 
(+) sign for all forces on the right. 

The application of these equations will give us 
the same value for the deflection as already ob- 
tained. 

Take the case of the cantilever beam of uni- 
form cross-section fixed horizontally at one end, 
with load W at the other end. Here tn = Z, 
zx = 0, and for W on left of P, Jfc = -h Wx. 
From (I), then, 



Ely =z r ^ Wa?dx + x I Wxdx. 
%/x t/x 




Integrating, we have at once 
„, TTP Wx^ Wl^x xW* Tr^^_, ^_ ^ 
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which is the same as already found, page 829. If a? = 0, we obtain for 
the deflection A = DA at the end 




-Erj=- 



8 



Hence if we take the origin at A, we 
have 



iZ7y = -y^(3Z«a;-a^. 



(2) 



for X <Zx * 



Let the beam project beyond the load 
"FT so that the portion A! A is straight, 
and let the distance of IT from A*\^Zx, Here w = Z, and 

for TTon left of P Jf^; = W{x — Zx). 
Hence, from (II), 

Ely = / — ^^^ — ^lYdx + (a; — Zx) f W{x — Zx)dx ; 

Ely = - ^[jil - ^0* - 8(Z - ;?,)"(« - ^«)"|. 
If a? = 0, we obtain for the deflection A = BA' at the end 
EIA=^-^ r2(Z - ZxY + 8(/ - Zx)^z?L 

Hence if we take the origin at A'^ we have 

W{1 - z^^x 



for X < Zx Ely = 



(8) 



for x> Zx ' 



From (I) we have 

Ely = - -^pC^ - ^0* - 3(Z - ^'O'Ca; - Zx) + (x - Zxyl, 
Hence if we take the origin at A', we have 

for a; > 2'! Ely =^ -^^ 3(1 - Zx^x - {x '- Zx)*\ . . . (4) 

Let the beam be acted upon by a co le whose forces + ^, — -P act at 
A' and A respectively. Take the origin at 2>. 

The moment of a couple is the same at every point in its plane, and 
equal to Fz = Mi, We have then in ^p 

this case for any point JPon the right , 
of i>, Mx = Mx, and from (I), making ^ 

Zx = 0, VI = Z, 



Ely = / — MiODdx -{- X I Mxdx. 
Ely = s- + -^»^ ^T- 



If a; = 0, we obtain for the deflection A = DA 

EIA = - i^. 
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Hence if we take the origin at A^ we have 



Ely = Mdx — 



2 



-^(2Z-rr). . 



. (5) 



Let the beam be unifonnly loaded with w per unit of length, and take 
the origin at D, In this case we have for 

any point P on the right of -4., if = — o— • 
Hence from (I) taking m := I and Zi =: 0, 



Ely 






wix^dx 



+ X 






w 




EIy = ^^ (3/* - ^*x + ic*), 



tox 



which is the same as already found, page 832. 
If a; = 0, we obtain for the deflection ^ = DA, 



EI/J = - 



8 



Hence if we take the origin at A^ we have 



w 
29" 



^^y = ^ i^i'^ - ^y 



(6) 



By using these equations we can find the deflection for all other cases. 
Thus let a horizontal beam of uniform cross-section have the load W 

between the supports and take the origin 

^ I — ^ at A. The reaction at ^ is j — -. 

The deflection due to this reaction at 
any point between A and the point at 
which the tangent is horizontal we find 
from (2), by maJdng Issm and ir=s — 

W(l - zi) 




I 
QEIl 



{3m*x — a^. 



The deflection due to IT at any point between A and TTwhen zi <m 
we And from (8) by putting l = m: 

W(m — zi'^x 
2EI ' 

The deflection due to IT at any point between TTand C7 when zi <m 
we find from (4) by putting 2 = m : 



^^^^fn^z^yx^{x-z^y]. 



eEI 

WZx 

The deflection due to the reaction —p at B at any point between 



352 



APPUOATIOKS OF 8TATI0S. 



[chap. m.. 



and the right end when zi<mire find from (2) by patting 2 =s { — m, 
a; = 2 — a;, and W= r-* : 



-^[^l-fnyil-a»-(l-xyl 



We have then, when zi < m, 
for X <2x 

Ely = ^^ — i{Zm*x - a?*) + — ^^ — g — ' 



(7) 



^or x> Zx and < m 



(8) 



f or a? > m 

JS?^ = - ^*[3(Z - m)»(Z - a;) - (i - «)•] 

If we make x — minifi) and (9) and equate, we obtain 
when Zi<m m = l — y—(P — Zi^=l— y^i^l — Zt)ztf 



w 



which is the same as abready found, page 884. 

If we substitute this value of tn in 
^ ^l (7) and (8), we obtain equations (9) and 

z "2"a (10) » page 334. 

Let the beam sustain a uniformly- 
Q distributed load of w per unit of 
^ length. 

In this case M^ = — --x + — . 

2 2 

I 
From (I), if we make Zi = Oy m = -y 

2 

we have 




wx 



Ely 



f 



wla^dx ivafldx 



'f 



wlxdx wx^dx 
"2 V' 



_r 52t'Z* wla^ wl*x toa^ 
Ely = -j^ + 



128 



12 



24 



24 



If aj = 0, we obtain for the deflection J = DA 

5wl* 



EIJ = 



28 



Hence, if we take the origin at Ay we have 

wr — ^^ ^^ ^^^ 
^ ~ "12~ "'24 24"' 

which is the same as already found, page 885. 
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Let the beam be fixed horizontally at one end and supported at the 
other and sustain the load Wat the dis- 
tance 8i from the supported end A. 

Let R\ be the reaction at Ay and 
take the ori^ at the fixed end B, 

The deflection due to jSi at any point 
between A and B we find from (2), by ^ !^ 
making x^l-^x and W^ — i^i > ' 

The deflection due to TTat any point between A and TTwe find from 
(8) by putting x ^l^x: 

W(l - ZiYjl - X) 

2EI 

The deflection due to IF at any point between TTand B we find from 
(4) by putting x^l — xi 



•-^\_m-x)^ii^xY\ 




^\W - 2x)\l -X)^{l-X^ ^,)»]. 



6^/ 



We have then 
for x> gt 

for x<2t 



(10> 



B, 



^^y=-j[^^-'>^-^^-'^]+ 



Mz:£^Vizi^_^0_._..>.. (11) 



If we make 09 = in (11), y = 0, and we obtain 



which is the same as already found, page 888. 

raluo of i2i 
(9) and (10), page 888. 



If we substitute this yi 



in (10) find (11). we obtain equations 



Let the beam be fixed horizontally at one end and supported at the 

other and uniformlv loaded with 
the load w per unit of length. Take 
the origin at the fixed end B. 

The deflection due to Bi at any 
point P we flnd from (8) by making 
^« 2 — 2; and W=s^Ri: 

The deflection due to the distrib- 
uted load we flnd from (6) by making x = l^x: 




w 



Hence 



24327 



[4P(Z-a;)-(Z-ic)*]. 



^y«-:|'[8Z^Z-aj)-(Z-«)»]-H~[4W-«)-(^ -«)*]. . (12) 



6 



241 
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o 

For a? = in (12), y = 0, and we find 12, = -wl. 

8 

Substitnte this valne of JSi in (12) and we obtain equation (5), page 
841. 

Let the beam be fixed horizontally at both ends and have the load W 
at the distance Zi from the left end A, Then we have at A the reaction 
Ml and the moment Mu 




Take the origin at A. 

Then we have for the deflection due to Mi , from (5) 

For the deflection due to Ri we find from (2) by putting Tr= — JRi : 

For the deflection due to W at any point between A and W we find 
from (3) 

w(i ~ z^yx 

2EI 

For the deflection due to W at any point between W and B we find 
from (4) 



^U(l - ZiYx - (X - z^y]. 



6-EfL 



Hence, for x < Zi 



EIy=^^UPx^x*\+^(2l-x\ 



x] + 



W(i- ziyx 



■, . . . 



. (13) 



for x> Zi 



Ely = ^^Upx^A +^(2l^x\+^\jh^^ (14) 



Differentiating (13), we have 
for X <zi 

For x = l, y = in (14) and we obtain 



W(l - z,y 



(16) 



For a; = 0, ^ = in (15) and we obtain 
ax 
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From these two equations we find 

Jfi = — ^, 12. = :^ , 

which are the same as already found, page 843. 

If we substitute these values of A and Bi in (18) and (14), we obtain 
equations (9) and (10), page 843. 

Let the beam be fixed horizontally at both ends and be loaded uniformly 




with the load w per unit of length. Take the origin at A, Then for the 
deflection due to Mi we have from (5) 

(2Z— x). 



2EI 



wl 



For the deflection due to the reaction — at il we have from (2), put- 






wl 



iZT'x - x^. 



i2Er 

For the deflection due to the distributed load from (6), 

w 



24^/ 



(4Paj - a^). 



Hence 



Ely = - ^{ZPx -a^) + ^2l--x)+ ^i4^x - o^ , 

which is the same as equation (3), page 845. 

Formulas for Long Struts. — Let a long strut or vertical column of 
constant cross-section A sustain the load W, and let the deflected column 
be free to turn at both ends, as in the figure. Take 
the origin at the upper end A, and let a; be the 
vertical and y the horizontal co-ordinate of any 
point P of the elastic curve. 

Equation (I), page 326, holds for flexure, pro- 
vided (page 826) that the deflection is small, that a 
plane section before flexure remains plane after, 
that the elastic limit is not exceeded and that the 
coefficient of elasticity E is constant. 

The bending moment at the point Pis Mx = Wy. 
Hence from equation (I), page 326, 

Multiply both sides of this equation by 2dy 
and we have 
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Integrating, we have 



eM- = - TTy" + (7,. 



dv 

Let DO = ^ be the maximum deflection. Then when y^J^-^ is 

ax 

zero, and d = W^\ Hence, substituting this value of (7i , we have by 

inversion 




dx=A/E. 



dy 



W 4/J« - y- • 



Int^prating again, we have 



X 



./EI ' y , n 
= y -— ^ arc sm i- + t7,. 

WW /j 



When y = 0, a; is zero and therefore €% is zero. We have then for the 
equation of the elastic curve 



y = ^ sin a; y ^, 



Er 

which is the equation of a sinuroid. If the length AB of the column is l^ 
then when a; = 2, y is zero. Hence if n is 1, 2, 3, etc., we have 



^i/-J^=n;r, or W z= EI 

' EI 



n*ie* 



Since /= Ak^^ where A is the area and k the radius of gyration of the 
cross-section for the axis through its centre of mass at right angles to the 
plane of bending of the axis, we have 

W_^r^n^E^ 

A P ^^ 

This equation (E) is known as ^^ Euler^s formula ^^ for long struts. 
For n = 1, ti = 2, n = 3, we have the curves shown in the following 
figure. In the first case the curve is entirely on one side of the axis of Xy 



n-i 



n-a 



^c »-8 



B 



B 



B 



in the second case it crosses that axis at the centre, in the third case it 

1 2 

crosses at —I and —l. The greatest deflection evidently occurs for the 

3 3 

case where n = 1. Hence for a column with round ends we have theoreti- 
cally n = 1 in Euler's formula. 

A column with one end round and the other fixed is represented by 
the portion Ab in the second case, b being the fixed end. Here n = 2 and 
the length Ah is three fourths of the entire length. Hence for a column 
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vilh one end fixed and tbe other round we have tbeoretically n s — in 
Enler's formnla and 

A ~ AP ' 

A column with QsKl ends is Teprenenled by the portion no in the third 
case. Here n = 3 aud (lie length cc is three fourths of the entire length. 
Hence for a columa with fixed ends we have theoretioally n = - = 2 in 
Killer's formula and 



These ideal end conditions do not, however, exist in practice. The 
nearest approach to round ends is for pins at each end. In such case 
there is always friction. The nearest approach to a fiaod end is a square 
end abutting upon a rigid base. But since the fibres on the convex side 
are in tension, the end in this case is only imperfcetly fixed. 

Practical Values for n. ~ Brittle materials, each as stone, briek, 
cement, or hard cast steel, when they fail by crushing, crack and separate 
into pieces. Tough materials, nacb as wrought iron, rolled steel, timber, 
etc., when compressed fail by slow flowing of the material. The crushing 
load, then, for such materials is the load which produces permanent set. 
Wo therefore consider the ela.stiD limit iS^ as tbe " ultimate strength " in 
such cases. From many experiments carried to the point of failure n in 
Kuler's formula has been found to have the following values : 





'a? 


Si* 


■^".S" 


» 


4 


m 


4 



If then we use these values of n in Enler's formula (E), we obtain for 
I any value of t and k tlio so-called " crippling unit load," that is, the unit 

I \r 

[ load -— which makes the unit stress in the outer fibre of greatest stress 

^ ei^nal to the ela-ttic limit 8r when failure occurs. 

Lisiiting Length for Enler's Formnla. — l^et «& represent the cross- 
s>H;iionof area A at the centre of the column where the dellection is greatest. 
O the centre of mass of this cross-section. The plane of bending will 
always be parallel to the least radius of g)-ration of the cross-section. 
*«t p and V, be the distances parallel to the plane of bending of the axis. 
f the most remote fibres nn , b(/ from the centre C on the convex and 
For symmetrical cross- sections e = 



(oncavfl sides respectivelv. _ _. .^ _ 

Lot Be be the elastic liiuit and S/ the unit stress duo to bending ii 



I noBt remotfi fibre a 



1 thee 



[ side. We also hare a uniform t 



tbe 



IS of direct compression -r- over the entire cross-section due to the 
f load V. On the convex side Ihia unit stress for the most remote fibre ati' 
Is dimini8be<l by tbe unit titrea« S/ due to bending. On the concave a 
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this unit stress for the most remote fibre W is increased by the unit stress 
■^8f due to bending. 

As long as the length I of the column is less than a certain length Z, 
we see from the first figure that when —r- + -^8/ on the concave side 

W 
equals 8e , the elastic limit, 8/ on the convex side will be less than —r- and 

A 

we shall have compression at every point of the cross-section db. So long 

as this is the case Euler^s formula (£) does not apply. 

But now as the length / increases, we can evidently have a certain 





length L for which, when the unit stress on W equals the elastic limit 8e , 

8f , as shown in the second figure, shall be just equal to -r-. When this 

is the case there is no compression at a. For any length greater than Ly 
then, we shall have tension at a when the unit stress at 6 is equal to 8e. 

At or above the length Z, then, Euler^s formula applies. 

We have for this length the condition 






or 



A 



8e 



V 



But since Suler^s formula applies, we have also 

W 
Equating these two values of -r-, we have for the length L 

A 



ntcit 



Z = 



V8e 



a) 



Equation (L) gives then the limiting length above which we can use 
Euler^s formula CE), If the length I is less than Z, we cannot use Euler's 
formula, but must deduce some other formula for the '* crippling unit 
\o&dy The value of tc is always the least radius of gjrration of the cross- 
section. 

The Straight-line and Pajnibola Formulas. — We have seen that 

W 
for values of Z > Z we can find the crippling unit load -^ from Euler's 

formula (E) if we use the values of n given on page 857. 

7 TIT 

Let us take any origin and take x= as abscissa and y = — as- 
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ordinate. Then £nler*8 formnla is represented by the carve ^PF whose 
equation is 



y = 






(1) 



Only the portion PFot this curve 
can be used, the point P being 

given by a? = — and y = — -2 — . 

"" 1 + 5L 

V 

For ? < £ let theourve for the ideal 
column be AP. The ideal column 
is perfectly straight, peiiectly ho- 
mogeneous in aU Its parts, the load 
W accurately at the centre of cross- 
section, etc. No column is thus 
ideaUy perfect, and hence the actual 

values of -j~ ^ given by experiment are found distributed above and 

below AP over a considerable range. Evidently, then, a strictly rational 
formula for .AP would have no advantage over any convenient curve which 

passes through A and P so that OA = Se for 2 = 0, and y = ^ 




V 



W 



- f or 2 = Z, and has at P a common tangent with Euler's curve PB. 
Let us assume, then, for the curve AP 

y = /8c + 6a; + ca? 



(8) 

This curve passes through A so that OA=z Setorl — 0. It remains to 
determine 6 and c, so that the curve shall pass through P and have a com- 
mon tangent at P with Euler's curve. > 

If we make a; = — in (1) and (2) and equate, we have for the condition 

that the curve passes through P 



^ 6Z . cU nVEK* 



(8) 



If we differentiate (1) and (2) and equate -^ in both cases for x =: ^, 

ax K 



we have for the condition of a common tangent at P 

From (8) and (4) we obtain 

6 = ir- +- 



(4) 



e = 






I 



Substituting these values of 6 and c in (2), and putting a; = — and 
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W 
y = -^, we obtain for the crippling unit load 

We call equation (SP) the '^straight-line parabola'^ formula for long 
struts, because if Vi = 3o, the third term in the parenthesis disappears 
and the curve AP becomes a straight line, while if « = Vi , as is the ease 
for symmetrical cross-sections, the second term disappears and the curve 
AP becomes a parabola. 

We have thus for Vi = 2v the straight-line formula for crippling load, 

forZ<iand t7, =2t; ^=^^i-|.^j, (S) 



where L = 



V8t 



For 17 = «i or for synmietrical cross-sections we have the parabola for- 
mula for crippling load, 

forZ<X and 17 = ©, ^ = ^^1-.L^Y (P) 

, r ntcit i^2S 
where Jj = -^= — . 

The value of k- is always the least radius of gyration of the cross- 
section. 

Both equations (S) and (?) are well known, and (8) especially has come 
into very general use. We see that both are special cases of the general 
formula (SP) here given for the first time. 

Eankine-Gordon Formula. — From the figure page 358 we see that 
when I < Z we have 

V A 

If we assume that for lengths less than Z, 8/ increases approximately 
as the square of the length, we have 

8f:^::P:L\ or Sf=^,. 

Inserting this value of S/ in the preceding equation, we obtain for the 
crippling unit load 

tovKL ^=-Jl-== ?!L— . . . (H) 

We call equation (H) the ** hyperbola formula," because it is the equa- 
tion of an hyperbola. 

Equation (H) is usually given in the form 

If-" F^ (^^> 

where a is an experimental constant, and in this form it is known as the 
** Rankine-Gordon formula for long struts." We see that the experimental 
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constant a really depends npon the end conditions as giyen by n, npon 
the Talnes of v and Vi , and upon the ratio of the elastic limit 8e to the 
coefficient of elasticity E. We see also that (H) must not be used for l> L. 
The curve of (RG) or (H) passes through A (figure page 859), so that 
OA = iSe for 2 = 0, and also passes through P f or / = X, but it has not a 
common tangent at P, Still it gives good results, and in the form (RG) is 
widely used. Equation (H) is a more general form of the Rankine- Gordon 
formula here given for the first time. 

The value of k- is always the least radius of gyration. 

Eecapitnlation of Formulas for Long Stmts. — The straight-line 
formula (8) and the parabola formula (P) are well known and widely used. 
As we have seen, the^ are special cases of the general (SP) formula here 
given for the first time. The Rankine-Gk)rdon formula (RG) is also a 
special experimental form of the more general and rational hyperbola 
formula (H) here given for the first time. 

We recapitulate here for convenience of reference all these formulas 
for long struts. 

Let A be the constant area of cross-section, W the crippling load and 

therefore -j- the crippling unit load which makes the unit stress in the 

most compressed fibre just equal to the elastic limit >%. 

Let K be the least radius of gyration of the cross-section for the axis 
through its centre of mass of right angles to the plane of bending of the 
axis. 

Let V and vi be the distances parallel to the plane of bending of the 
most remote fibres, on the convex and concave sides respectively, m)m the 
centre of the cross-section. For symmetrical cross-sections v = Vu 

Let n be a number depending on the end conditions, as follows: 





Two Pin 
Ends. 


ODe Pin, 

One Flat 

End. 


w 

Two FlAt 
RndA. 


n 
nie 


4 
16 


5 

2V^ 
4.5 
20 


i4 

5 
25 



Then we have for the limiting length L above which Euler^s formula 
holds 



ntcn 



Z = 



A^i) 



E 



VSe 



(L) 



W 



Let I be the length of stmt. Then we have for the crippling unit load 
Euler's formula, 



when l> L 



W _ n*i^EK^ 



(E) 



If 2 < Z, we may use either the generalized Rankine-Gordon formula, 

W _ 8e ^ 8e 

A " 



when I < L 






1 + 



Vx8^_ ' 



(H) 
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or the formula (8P), 

A L (^ + ^»)-^ i^ + ^i)^J 
For t7i = 2t) formula (SP) becomes the *' straight-line " formula, 

whenZ<i :^ = ^[^i-||J 



(8P) 



(S> 



where Z = ^^^ tg^. 

For 9 = t^i or for symmetrical cross-sections formula (SP) becomes the 
'* parabola " formula, 

whenZ<Z ^ = ^ri-^J1, (P) 

where L = L= — . 

In all cases we must divide the crippling load by the factor of safety 
assumed (page 291), in order to obtain toe safe load; or we can replace 8e 
in formulas (P), (S) and (SP), and in the numerator of 6^, by the value of 
Sta as determined page 292. 

For the average values of Se and E given in our Table page 823, we 

obtain from (L) the following values of — . 





St 
LbB. per 
square in. 


B 

Lbs. per 

square in. 


E 

St 


r 

Value of — when v = »j. 




Two Pin 
Ends. 


One Pin, 

One Flat 

End. 


Tiro Flat 
Ends. 


Wrought iron. . . 

Steel 

Cast iron 

Timber 


25000 

40000 

60000 

3000 


25000000 
80000000 
15000000 
16000000 


1000 
760 
250 
500 


180 

160 

90 


200 
170 
100 


220 
190 
110 
160 



• 

4 



Wrought iron 
Steel 

Cast iron 

Timber 



Value of — ip generaL 



Two Pin Ends. 



109 4/1 + J 
684/1+^ 



One Pin, One 
Flat End. 



141 



122 



71 






Two Flat Ends. 



168 



136 



79 



112 






Id practice ^ is usaallj less than 100, bo tbat fonnula (B) or (HP) \ 
Ivors the rnug« of ordiDary practice, and we seldom have to use formula | 



EXAHPLEB. 

(1) A t'l/Hndrieal b«am 2 inches in diameter, SO inchet long and weigk- 
' ing i lb. per cubic inch deflects f f»c/i under a tveight of 8000 U)S. at th» 
I centra. Fiwl. E. 

Ans. B = WaanU ll>a. p«r Bqaare inch. 

(3) A rectangular beatn 5 ft. long. 8 inches tntde and 8 inchei deep U 1 
1 deflected -fs tncA by a weight of 3000 Iba. applied at the centre. JPirtd B. 

Ads. B = 20000000 lbs, per equkre incli. 

t8) A beam whose length is \^ft.. width 2 inche*, depth 12 inchea, and I 
( eo^ieima of elasticity \fimom<3 U)s. U deflected half aniitch by a weight [ 
. ot the centre. Find the weight, neglecting the weiglit of the beam. 

Adb. Weight = 1562 lbs. 

(4) An iron rectangular beatn whose length is 12 Jt., breadth H in,, 
coefficieta of elasticity 34000000 lbs. has a welgid uf lOOOO lbs. mspmded ' 
at the mitidle. Find the depth in order that the deflection may be ^^ (if \ 
the leitgth. 

Ana Depth = 8 8 in. 

(5) A rectangular uvoden beam 6 in. wide ajtd Baft, long is supported 
at the ends. The oo^ient of elasticity is E = 1800000 lbs. per sgvare 
indi. Theiteightttfaaibicfaotofthebeamia 60 lbs. Find the depth 
that tt may deflect one trtcfifrotn its own vmght. Bow deep must it be 
to de/?«( J J , <y' ((s lenyfA f 

Ans. Depth = 6.0 Incties; depth = 6.8 inches. 

(6) Required the depth of a rectangular beam which is supported at 
the ends and so loadetl at the middle tJtat the elongation of the lowest fibre 
shall equal ,^ of its original length. 

A.» D.p>h = ^/^'. 

(7) Required the radius of curvature at the middle point <\f a ipooden 
baam when I7ie toad is SOOO Uts., the length 10 ft., bwadth 4 inch i.dipth 
8 inches and E = lOOOOOO lbs. t 



\ 



(S) Lei the be<tm be of iron supported at the ends. Let the breadth be 
1 if*., depth 2 in., length 6 ft. and B= 25000000 lbs. Required the 
radius of curvature at the middle when the ileflection is \ inch. 

Ana. Radius = 8840 Incliea. 

(B) If abeam 6 ft. Umg, 1} inches wide and 4 inches deep is tup- 
parted at the emts and loadfl at the centre so as to pnxluce a defleclism 
of i incA, find l/ie greatest inch stress on the fibres, taking E = 35000000 
B>s. per square Inch. Also find Ute loot!. 

Ans. Stress = flOAO.I tin. per square inch; 

Loul = inm ihs. 

(10) Sbr the same beam, if the greatest fibre stress U UWO per square 
inch, firul the greate.it deflcetitm. 
D^UfctJou = 0.103 intihea. 
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(11) A rectangular oak beam 1 foot deep and i foot toide and 15 ft,* 
long ia fixed TiorizontaUy at one end and is free at the other end. Let 
Gie weight of the beam be 54 pounds per cubic foot. Suppose it sustains 
a uniform load of VS^ pounds per foot extending over A feet of the beam, 
beginning at 5 feet from the fixed end. Also a weight of 100 pounds 
placed at 11 feet from the fixed end. Let E = 2000000 lbs. per square 
inch. Find the deflection at the free end. 

Ans. Deflection due to weight of beam = 0.17086 inch; 
•* " " unifonnload =0.12627 " 

" ** " the weight =0.0684 " 

Total deflection = 0.86558 inch. 

(12) If the same beam is loaded uHthfive equal weights of 100 Jhs. each 
at intervals of 8 feet^ what is the deflection at the free end and at the third 
loaded point from the fixed end f 

Ans. Total deflection at free end = 0.27 inch. 

*• third point = 0.12556 inch. 

(18) Same beam supported at the ends. Find the central deflection due 
to its oum weight. 

Ans. Deflection = 0.001488 ft. 

(14) A beam of pine weighing 40 lbs. per cubic foot, 18i inches deep, 
15 incites unde^ 12i ft. long, is supported at the ends and Juis a weight of 
17985 lbs. placed at 48 iw^esfrom one end. Find the deflection at centre 
and point of application cf the weight when E = 1680000 lbs. per square 
inch. 

Ans. Deflection at centre due to weight of beam = 0.0032 inch. 

** " '* "weight added =0.078617'* 

*' "48 in. " " weight of beam = 0.0027 ** 

** "48" " " weight added =0.07185 " 

(15) A wrought-iron 16-inch I beam, tchose moment of inertia is 691 
in inches, has a length of 30 feet. E = 24000000 lbs. per square inch. 
If supported at the ends and a uniform load of 75 lbs. per inch of length 
covers the first 10 feet, find the deflection at the end of Sie load. 

Ans. Deflection = 0.23444 inch. 

Find the deflection at the centre of the beam. 
Ans. Deflection = 0.24421 inch. 

Find the deflection 10 feet from the unloaded end. 
Ans. Deflection = 0.19537 inch. 

Where is tlie point of greatest deflection and wTiat is the greatest deflec- 
tion f 

Ans. At 13.1676 feet. Greatest deflection = 0.24847 inch. 

If the weight of the beam itself is 5.573 lbs. per inchof length, flnd the 
deflection at the centre. 

Ans. Deflection = 0.07349 inch. 

If the satne 10- foot load is moved along to the centre, flnd the deflection 
at the centre. 

Ans. Deflection = 0.50063 inch. 

If the uniform load (\f 75 lbs. per inch covers the whole span, what is 
the central deflection f 

Ans. Deflection = 0.98905 inch. 
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Iftlie same beam is half loaded with 75 pounds per inchy what is the 
deflection at the centre f What is the maximum deflection f and at what 
point isitf 

Ans. Deflection = 0.494525 inch. Max. deflection = 0.49856 inch. 
Within the loaded portion at 14.48 inches from centre. 

Xf the same beam Tias three weights of 4500 lbs, eachy placed at inter- 
vcUs cf 60 incites beginning at one end, wTiat is the deflection at t?ie 
centre f 

Ans. Deflection = 0.6154 inch. 

Xf there are eight weights each equal to 8000 Ihs. at intervals of 40 
inches, what is the central deflection f 

Ans. Deflection = 0.07926 inch. 

(16) Suppose the same beam as in (15) to be fljxed hoHzordaXly at both 
ends and loaded uniformly with 75 Vbs, per inch. What is tJie defl^ion 
at 10 feet from either end ? At the centre f 

Ans. Deflection = 0.1563 inch; at centre = 0.19781 inch. 

(17) Jf oidy one end isfixed, the other supported, what is the deflection 
at 10 feet f at centre f at 20 feet f What is the maximum deflection f 
Where is it f 

Ans. Deflection at 10 feet = 0.89074 inch; at centre = 0.39568 inch; at 20 
feet = 0.27352 inch. 
Maximum deflection = 0.41018 ** 
At 151.7524 inches from supported end. 

(18) 8ame beam as (15) fixed horisorUdlly at both ends, with a con- 
centrated load of 27000 lbs. If the load is at the centre, what is the defla- 
tion at half way between the centre and either end f What is central 
deflection f Where are the points of inflection f 

Ans. Deflection = 0.19781 inch; central deflection = 08.9562 inch. 
At 90 inches from each end. 

If the load is 1.^ feet from the left end, wliere and what is the maxi- 
mum deflection t 

Ans. Maximum deflection =0.2186 inch; at 12 feet from left end. 

If only the right end is fixed and the other supported, and the load of 
27000 Vbs, is at tlie centre, what are the deflections at the quarter points f 
The centre f What is the maximum deflection f 

Ans. At the quarter points deflection = 0.5816, 0.8091 inch. 

Central deflection = 0.69284 inch; maximum deflection = 0.70782 inch. 



kXl a/ - from supported ends. 



(19) Same beam as (15) fixed horizontally at both ends has three 
weights of 4500 lbs, each placed at intervals of 60 indies, beginning at the 
Uft end. Find the central deflection, 

Ans. Deflection = 0.18187 inch. 

If tux) other equal weights cf 4500 lbs, are added at the same interval 
of 60 inches, find the central deflection due to these last ttvo weights. 

Ans. Deflection =. 0.06594 inch. 

Suppose the fifth weight removed, wTiat is the deflection at the fourth 
tveight f at the third and second weights f 

Ans. Fourth-weight deflection = 0.13748 inch ; 
Third- " " =0.18072 ** 

Second- " ** =01458 " 
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W?icU are the end moments due to these four tveigTUsf and where are 
the points of contrary flexure f 

Ans. ifi =: + 750000 inchpoonds; Jf« = - 600000 inch-poundB; 
74.806 and 275.294 inches. 

(20) Let t?ie ratio -cf the length I of a strut to the least radius of 

K 

gyration k of its cross-section A he - = 100. Let t?ie cross-section be 

symmetrical. If the elastic limit is 8e = 30000 lbs. per square iwih and 

tlie coefficient of elasticity is E = 27000000 lbs, per square inch^ find the 

W 
crippling unit load —^ for two pin ends^ for one pin and one fial end 

and for twoflM ends, 

T 

Ans. The limiting ratio — is 170, 190, 212 for two pin ends, one pin and 

one flat end, and two flat ends respectively. We therefore use either (Gordon's 
formula or the formula (SP). 

By Gordon's formula we have, since v = Vi, 

W 30000 

A " 10000 ' 



and substituting the value of n*7t*, we have 

-^ = 22270. 23490, 24550 lbs. per square inch 

for two pin ends, one pin and one flat end, and two flat ends respectively. 
By the formula (SP) we have 



^-aoooofi JW0«11 



Hence 

-^ = 24810, 25860, 26670 lbs. per square inch 

for two pin ends, one pin and one flat end, and two flat ends respectively. 

We must divide the crippling load by the assumed factor of safety (page 
291) for the working load. Thus if the factor of safety is taken at 4, we have 
from Gordon's formula 5567, 5870, 6137 lbs. per square inch, or from formula 
(SP) 6200, 6465,. 6667 lbs. per square inch. 

Again, from page 292, we obtain for repeated stress, if there is no steady 
stress, 8iv = 7500, and putting this for Se in formula (SP) and in the numerator 
of Gordon's formula, we obtain the same results as before for a factor of safety 
of 4. 

If the steady stress is not zero but equal to the total stress, we have 8w = 
15000, and using this for 8e we get the same results as if we had taken a factor 
of safety of 2. 

For other ratios of steady to total stress we get the same results as if we 
had taken a factor of safety between 2 and 4. 
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APPLICATIONS OF STATICS-THEORY OP FLEXURE- 
CONTINUOUS GIRDER 



COlITINUOnS GIRDEB — COin>inONB OF BQXJILIBRnTH. EQUATION OF THB 
CTTBYE OF DBFLECTION. THBORBM OF THBSB M0MBNT8. DETBRSONA- 
TION OF THB MOMENT AT ANT BUFFOBT. BBCAFITULATION— OBNBBAL 
FOBMULAS. 



ContinnoiM Oirder. — ^A beam or girder which rest upon more than 
two supports is called a continuous beam or girder. When a beam rests 
upon two supports only, a weight placed anywhere upon it causes press- 
ures or reactions at the two supports which may be at once determined by 
the law of the lever. That is, the reactions are inversely as the segments 
of the span or either side of the weight. But when the beam is continuous 
over more than two supports this law no longer holds. 

Conditions of Equilibrium. — Let In be the length of the nth span of 
a continuous beam, counting from the left-end support, so that n is the 
number of the support on the left and n + 1 is the number of the support 
on the right. Take a point o vertically above the nth support as origin, 
and the horizontal through o as the axis of abscissas. Let there be a load 
Wn in this span ^ at a distance Zn from the left end. Let the reaction at 
the left end or nth support due to this load be Rn » and at the right end or 
n + 1th support R'n + 1. 



o 



^^hL 



lO .^^ 



Hn R» 




!»•»! 



Let P be any point of the neutral axis of the beam at a distance as from 
the left end, x being altvays greater than Bn » bo that the point P is always 
on tfie right of Wn. 

Now if the girder is continuous over any number of supports, we have 
on the Uft of the support n a moment Mn, and on the right of the support 
n + 1 a moment ifn 4-1. These moments, yx&i as in Case 8, page 842, are 
due to a couple at each end replacing the action of the other spans. The 
moment of a couple is the same at every point of its plane. 

867 
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The necessary conditions of equilibrinm for the span In are then : 
1st. The algebraic sum of all tne horizontal forces must be zero. There 
are in this case no horizontal forces and therefore this condition is ful- 
filled. 

2d. The algebraic sum of all the vertical forces must be zero. We haye 
therefore 

Rn+Ii^'n+l=Wn. (1) 

8d. The algebraic sum of the moments of aU the forces about any point 
P must be zero. Denoting by Mn the moment an the l^ of the support 
n, and by Mx the moment on the Uft of any point P, we have 

Mn-Rf^ + Wn(x - «») - ife= 0, 
or 

ife= +if»-i2'n»+ TTnCiT-^rn) (2) 

If in this equation we make x^ln^ Mx becomes the moment JTti+i on 
the leift of the support n + 1, and we have 

Jfn + l --^Mn- Rnln + Wn(ln - ^n) (3) 

If we put the ratio -~ = On) we obtain from (8) for the reaction Rn at 

In 

the left support due to TFn, in terms of the moments Mn and ifn+i an 
ihe l^ of supports n and n + 1, 

i2,,= :^LZ^^!±l + W;(l-a«) (4) 

From this equation and (1) we have for the reaction R*n + 1 at the sup* 
port 71 + 1 due to Wn 

ij"„+, = :^Lt»-=^ + ir»a„ (6) 

The total reaction Rn at any support n is evidently equal to the sum 
of the reactions Rn and R'n just on the right and left. 

We have from (5), for a load TTn - 1 in the preceding span In-u 

T>'» Mn — Mn — 1 .-^ , . 

22 n = J + IVn _ lOn - 1, (6) 

hi— 1 

where Mn and Mn - 1 are the moments an the left of the supports n — 1 
and n. 

The total reaction at the nth support is then 

Rn=R'n-\-Rn (7) 

If there are any number of concentrated loads, we have only to put 



n + l 
? Wn\ 



2 Mi(l- On) and 2Wn-\an-\y 

n n — I 



in place of TFn(l — an) and Wn-iOn-x in (4) and (6). 

If, instead of concentrated loads, we have a uniform load Wn-\ per 
unit of length over the span In - 1 and Wn per unit of length over the span 
Int we have Wn-\dzn^\ , or Wn^\ln-\d€L in place of Wn~\ and Wndzn^ or 
wnlndu in place of TTn. If we make this substitution, we have 

/*! 1 /*! 1 

J Wn^xln-iada^ ^U^n-l^n-l and J^ Wnln(l — a)da = ^tOnlii, 

in place of Fk-iOn-i and Fn(l — On)* 
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We have then in all eases, in general, for the reactions Rn and R'n, 
right and left of any support n, 



•»n= 7- + Vn t 

J?" — Jfn — ^n-1 ... 

xC n — 7 + S' n — 1> 



(D 



where ifn-i, ifn and 2^,14.] are the moments on tTie ^ft of supports 
w — 1, n and n + 1. 
JFbr concentrated loads 

n n — 1 

and /or uniform loading 

1 1 

From equations (I) we can then find in any case the reactions R'n^ 
Rn just to left and right of any support n, provided we know the moments 
on the left of supports 7» — 1, n and n + 1. Ck>unter-clockwise moments 
are positive ana upward reactions are positive. If there is no load in the 
span Ifiy qn\& zero. If there is no load in the span ^~i , ^n-i is zero. 

Equation of the Curve of Deflection. — We can now easily deduce 
the equation of the curve of deflection for a continuous beam for constant 
moment cf inertia of cross-section /. 

The differential equation of the curve of deflection is (page 826), taking 
moments on the left of any point, 

Jjtl :s — Jar 

where E is the coefllcient of elasticity, / is the constant moment of inertia 
of the cross-section, and we take the minus sign for moments on the left 
of the point P. 

Inserting the value of Mx from (2), we have 

da? EI 

We can integrate this expression between the limits « = and x, upon 
the condition that x is always greater than Zn , that is, the point considered 
cUways on tfu right of the weight. When, therefore, a? = 0, (a? — «») must 
be zero. We must therefore take the integral of Wn{x — ^n) simultaneously 
between the limits ^ = en and x^ or treat {x — ;7n) as a variable which 
becomes zero when aj = 0. 

We have then, integrating once, 

dx "■ 2EI ^ ^' 

where for a; = the constant of integration = -~ for ^ = 0, or equals 

dx 

the tangent tn of the angle which the tangent at the support n to the curve 

makes with the horizontal. Hence 

55-^ wi ^®^ 
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If we take the origin at a distance hn above the support n (see figure 
page 367) and integrate again, the constant of integration for a; = will 
be — Tin, and we have 



y=-'?ln+tnX^ 






(9) 



which is the general equation of the curve of deflection. 

If in this we make x^ln^y becomes —hn-^A. If we also put the ratio 

— of the distance of the weight from the left end of span to the length of 
span, equal to On , so that -^ = on , and insert for Rn its value as given 

In 

by (4), we have from (9) 

tn = - ^•*"\""^ + A^l^Mnln+Mn-^ \ln - T^n^n^2On-3an•+an•)].[10] 



In 



^Et 



We see, therefore, that the equation of the curve of deflection (9) is 
completely determined when we know Mn and Mn + 1 , the moments at the 
left of the two supports of the loaded span. 

Theorem of Three Moments. — These moments are readily found by 
the application of the * theorem of three moments^* which we shall now 
deduce. 

Consider two consecutive spans ln-\ and In over the consecutive supports 
n — 1, n and n + 1. The equation of the curve of deflection between Wn 




»»« 



and the n + 1th support is given by (9), and the tangent of the angle which 
the curve makes with the horizontal is given by (8). 

If in (8) we substitute for Rn its value as given by (4), and for tn its 

value from (10), and make at the same time a; = ^ , then -^ in (8) becomes 

ax 

^n+i or the tangent at the n + 1th support, and we have 



^ + 1 = — 



hn + \ — hn 

In 



QEI 



[Mnln + 2Jfn+ lln - WnlnKOn - On^)]. [11] 



Equation (11) gives the tangent of the angle which the tangent to the 
curve of deflection at the n + 1th support makes with the horizontal. 

If we suppose a load Wn - 1 in the span ^ _ i at a distance an - iZn - 1 
from the left end, the origin being taken at 7n instead of at o, we can find 
from (11) the tangent tn at the right end by diminishing each of the sub- 
scripts by unity. Hence we can write at once, from (11), 

^ = _ ^-^"t _ ^ jrn.lin-.l + 2JWn.l- Wn^lPn^l(an.l-an^l*)U12) 
in-1 vJCI 
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But eauation (lO) gives us ^ for a load Tr» in the span In. Let both 
Wn-i and Wn act, then, and since there is a common tangent at n for the 
curve on each side ot support w, wp have, by equating (10) and (12), 

L ^-1 In J 

+ Wnln\2an - SOn* + On') + Fn-iP„_i(o„-i - a'n-l). . . (13) 

If there are any number of concentrated loads in each span In i and 
In, we have only to put 



n + i n 

2TrnV(3on-8a»« + an") and 2^n-lPn-l(an-l - aV-i) 
» n-1 

in place of the two last terms. 

If, instead of concentrated loads, we have a uniform load uxn-i per unit 
of length over the span Z»-i and Wn per unit of length over the span In 
we have Wn-idzn-i in place of Fn-i, and tond^n in place of Wn. Since 

the ratio — or —^ is denoted by a, we have cOn^i = «»-i, and aln = zn. 

We can then put Wn^^ln~tda in place of Fn-i, and t^i»da in place of 
TFfi. If we make this substitution, we have 



a=0 






We have then in general 

^n-lln-l + 2Mniln-l + In) + Mn+lln = Tn -¥ An + Bn-U • (H) 

where we have for the sake of convenience of notation 

Yn = e^/f^-^-^ + ^^H^l . 
L ^-1 ^ J 

for concentrated loads, 

An = ^VnW^an - SOn* + On*), Bn-l = ^^^n-l^i-l^On-l - aVl) ; 
n n-1 

for uniform loading, 

1 1 

An = -r-Wnln, Bn-l = 7-tt?n-l^n-l. 
4 4 

Equation (II) is the general form of the ** theorem of three moments ** 
for constant moment of inertia of cross-section. It gives the relation be- 
tween the moments at the l^ o/any three consecutive supports, n^-^l, n 
and n + 1 of a continuous girder in terms of the consecutive spans ^.i 
and In J the loading in those spans and the relative heights of the supports, 
provided the moment of inertia of the cross-section is constant. 

If the supports are all on the same level, the term Yn is zero and disap- 
pears. If there is no loading in the span Zn* the term An is zero and dis- 
appears. If there is no loading in the span In-u ^^^ ^^ ^^ Bn-i is zero and 
disappears. 

Determination of the Moment Mn at Any Support. — Let us 
number the supports 1, 2, 8, etc., beginning at the left. The correspond- 
ing spans are Ci , b , 2t , etc. Let the entire number of spans be s. Then 
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the last span is U , and the last support is « -I- 1. If the extreme ends are 
not fixed, but simply rest upon tne end supports, the moments Mi and 
Mg+i at the first and last support are zero. 

Case 1. Let us take any number of spans $, and let all the spans on the 
left of the nth support be loaded in any manner, and all the left supports 



c«»e.x. 





be at different levels, ^hile all spans on the right of the nth support are 
on level. Let the ends rest on the supports, so that Mi =0 and Ms-\-t^ 0. 
Let in general 



so that 



Yn = F^ n + Y^n* 



(15) 



In the present case Fn = 0, since supports n and n + 1 are on the 
same level. We have then by the successive application of the theorem of 
three moments the following equations, since Jfi and iff + 1 are zero : 

(C) 2Mt(li + ^) + Mtlt = Y^ + At+Bi; 

(c) M^h + 2Mt{lt +lt) + MJt = Yt + Af\- A; 

(C4) MnU + 2M,{h + U) + M,U = F* + il4 + Bt; 

etc.; 

(Cn-l) Jfii-2Zn-2 + 2ilfn-.l(Zn-2 + In-t) + Mnln^l 

(C») Mn-.iln-l + 2Jrn(^-l + W+Jfii + l^ = Y'n + Bn-i; 

(Cn + l) Mnln + 2Mn + l{ln + In + l) + ifn-f 2^ + 1 = 0; 

etc.; 

(C«-2) Mi-^a-Z + 2Mg^2(lt-Z + ^»-. 2) + Mg-ila-.2 = 0; 
(c«-i) if,-22«-2 + 2MB-.i{lt-2 + /«-l) + Mslg^i = 0; 
(c«) 36- li-i + 216(^,-1 + ?») = 0. 

The solution of these equations (15) can be best effected by the method 
of indeterminate coefficients. Thus we multiply the first equation by a 
number Cj , the second by a number c» , etc., the subscript corresponding 
always to that of M in the middle term. Having performed these multi- 
plications, add the resulting equations and arrange the terms according to 
the coefficients of 3fs , Jfs , etc. We thus obtain the equation 

[2ct{li + h) + CnltlMi + [(hit + 2c9{U + U) + cd9]Mt + etc.; 

+ [Cn-l^ -1 + Cn(Zn-l + In) + Cn-i-tlnWn + etc.; 

+ [c,-ih^i + 2c,{k^i + k)]M, 

= (T'n + Bn-l)OH+^(Tn+An-\-Bn-i)Cn. . . . (16) 

n— 1 
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In order, then, to determine M» we have only to impose snch conditions 
upon the mnkipliers c that all terms on the left except the last in equa- 
tion (16) shall be zero. We have then, assuming Ci s and oi es 1, 



Ct = — 2 



.^1+^ 



C4 = — 3C« — = C«r-, C» = — TOCa — 5 Ct=-, 



and generally for any multiplier c 



0» = — TdCn-l 7 Ci»-t] 



4.-1 



'Ai-i 



(17) 



These values of c make all terms zero on the left gI equation (16) except 
the lai^ and give us for the value of Mt 



J& = 






(18) 



Cf-it-1 + 20,(^-1 + Ig) 
From the law of the multipliers we have 

Cf-it-i + 2cd}»^\ + i) + c, + it = 0. 

Hence we may put in the d^iominator of (18) the equivalent expression 
— Cg^iU. 

Case 2. Let all the spans on the right of the nth support be loaded in 
any manner and all the right supports be at different levels, while fdl the 
spans on the left of the nth support are unloaded and all the left supports 
are on level As before ifi = and JG-f i = 0. 

Case 3. 



zr 



I A / A 



"zr 

n-i 



^n-x n 





a*i 



In the present case T\ = 0, since supports n and n — 1 are on leveL 
We have then by successive applications of the theorem of three moments 
the following equations: 



id.) 

(d.-i) 

(<i.-») 



2Mt(h + W + M*lt = 0; 
M,U + 2M,{U + U) + M,U = 0; 
MtU + 2Jf«(Za + U) + M,h = 0; 

etc.; 



(dg^n + 8) ifn-2«n-« + 2irn-i(^-S + i»-.i) + Jfn^-l = 0; 

((f,-» + 8) Mn-lln^l + 2Mn(ln^l + W + Jfii + 1^ = Fn + iln ; 

(ct_H + l) Jfii^ + 2Mn^l(ln + ^ + l) + JTn+rfrt + l 

= Fn+1 + -4*1 + 1 + Bn; 
etc.; 

(do if«-8/«-8 + 2ir,-s(Z,_8 + ^«-2) + iG-l2f-« 

= F,-8 + il,_8 + -ft-s; 

(cf.) Jr«-9^«-2 + 2M,-.i(h.2 + i-l) + JTA-l 

= F,-i + il,-i + A-«; 

(A) Iff-ifc-i + 2M^h^t + W = r, + ilf + A-1. 



(19) 



374 APPLICATIONS OF STATICS. [CHAP. IV. 

If we multiply the last of equations (19) bv a number dt, the last but 
one by dt, the nth by cfc-n+2, etc., add the resulting equations and 
arrange the terms according to the coefficients of If%, If 9, etc., we obtain 

[2d,(^«-l+W + dnlB-ilMg + [dtlt-i+2dt(li^2 + 2f-i)+ (f«Z,-.2]-Wi-l + etc.; 

+ [dt-n-\-iln + 2(^-1 + Zn)d«-n + a + C^-n + 8^-lWn + ©tc.; 
+ [dt-zlt + 2dt^i(h + It) + <Wi]Jf. + [d«-A + 2dt{li + lt)]M^ 

= (Tn + An)d,-n-\-2 + 2(Yn + iln + J5n-l)*-n-f «. . (20) 

n-rl 

In order to determine M% we have only to impose such conditions upon 
the multipliers d that all terms on the left except the last in equation (20) 
shall be zero. We have then, assuming di = 0, dt = l, 

*«-l *«-2 M-2 

and generally for any multiplier d, 

dn=- 2d», /'-"-;^ "^ ^"^^^ ^dn-^hzl^. . . (21) 

These values of d make all terms zero on the left of equation (20) 
except the last, and give us for the value of Mt 

n+l 
(F'n + il»)d,-.» + 2 + 2iYn +An'¥ Bn-i)dt^n + 9 

jf t-f 1 -^ ^22^ 

""•- d,^ilt + 2d,(k + li) • • V ^ 

From the law of the multipliers we have 

dt^ih + 2dg(lt + li) + dt + ih = 0. 

Hence we may put in the denominator of (22) the equivalent expres- 
sion — da^ ill. 

Now from equations (19) and from the values of c given by (17) we see 
at once by inspection that 

JTs = ctMt , M^ = c*Mt , etc., and generally Mm = Cmifs , 

and this holds good so long as mis less than n. 

We have then for the moment Mm at any support m on the left of the 
nth in the second case, 

f or m < n 

n + l 
Cmdt-n + 2(F'n + An) + CmSi^n + ^n + Bn-l)d» -n + S 

•^»» = :5^ — ; ^rm rr '3 5 • ^^^^ 

da-ih + 2d,(Zi + 1%) or — d« + ih 

Again, from equations (15) and from the values of d given by (21) we 
see at once by inspection that 

Ms^i = d$Maj lf«.2 = cfiiff, etc., and generally Jfm = ^«-m + 2JG, 

and this holds good so long as m is greater than n. 

We have then for the moment Mm at any support m on the right of 
the nth in the first case, 

f orni > n 

jf _. . !LJ (24> 

^ c,-it-i + 2c,(2,-i + Zi), or "Cs + il, 
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If we make in (21) and (17) n = « + 1 and then give different values to 
8 and compare the results, we see that in general c* + ih = dg + ilu The 
denominators in (22) and (23) are then the same. 

If we suppose Case 1 and Case 2 to exist simultaneously, we have the 
case of all spans loaded and all supports on different level. If then we 
make m = n in (23) and (24) and add these two equations, we have, since 
Y'n + T"n = Tn » for the moment Mn on the left of any support n 

n+l 
d9-n + 22'(Yn+ An + -Bn-.l)C» + Cn2(Yn+An+Bn-l)d,-.n+i 

Mn = ^ '-^ , an) 

where we can put for the denominator D any one of the equivalent values 
D = c«-it_i + 2c*(Z,-i + ^) = — c, + iZ, = — d, + til = dg-ih + Ma(li-\-lt). 

Equation (III) gives the moment with its proper sign on the left of any 
ttipport n. If we wish the moment on the right of any support n, we 
must change the sign for Mn as given by (III). 

Eecapitulation — (General Formulas. — ^We have then for the moment 
on the left of any support n of a continuous girder of constant moment of 
inertia of cross-section, for any loading and any levels of supports, 

n + l 
*-n-h8^(yn+ An + -B»-l)Cn + Cn2(yi» + iln+-Bn-l)C?«-n+8 

Mn^ 5^ -LI , (111) 

where we can put for D any one of the equivalent values 

D = c,-ii«-i+2c,(;«-i+W = — c«+ii, = -dH-i«i=<if-i^+2d,(«,+i,). (1) 

In this equation s is the number of spans. 



L ^-1 ^ J 



(2) 



where hn-\ ^ hn and Tin + 1 are the distances below any assumed level line 
of the three consecutive supports n — 1, n and n + l. 
For concentrated loads 

An = s'^nlvK^ - 3an* + an% -Bn-1 = ^Vn-iPn-lCOn-l - a«n-l), 
n H-1 

where Fii is a load in span In , and Wn-i a load in span In-i , and a is the 
ratio of the distance of any load from the left end of its span to the length 

Sfn 

of the span, or a = y-. 

tn 

For uniform loading 

An=^ Wnln\ Bn-l = j Wn-l^n-h 

where Wn and ton-i are the loads per unit of length over spans In and Zn.i. 
The numbers c are given by 

c, = 0, c, = 1, and for any other Cn=^- 2c»-i^^=^±^-c»-«^. (8) 

The numbers d are given by 

di = 0, (2fl = 1, and for any other *] 

dn = - 2dn^l "''%' "^ ^"^^^ - dnJ^::^ \ ' ' ' ' ^^^ 

fi-n+8 fi-n+9 I 
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For the reaotion just to the right of any support n we have 



21 ^** 



and jaflt to the left of any support n 






(I) 



where JTn-i, Jifii and Ifn + 1 are the moments <m t^ ^^ of supports n — 1» 
/i and n + 1. 

g'» = 2irn(l-an), fl^ n-l = S'Vn-lOw-i, .... (5) 
n n-1 

and /or un^orm loading 

«'n = gWiA», fl^'»-i = ^ Wn-i4»-i (6) 

For the total reaction at any support 

Bf,^B!n^B:'n, (7) 

Moments counter-clockwise are positive and reactions upwards are posi- 
tive. Equation (III) gives the moment with its proper sign (m the left of 
any support n. If we wish the moment on the right, we must change the 
sign for Mn as given by (III). 

Special Cases. — If the supports are all on level, equation (8) is zero 
and the F's disappear in equation (1). 

If the spans are all equal, we have 

Ci = 0, c = 1, c« = — 4, C4 = + 15, etc. ; ) 

di = 0, dt = l, cf, = — 4, ^4 = + 15, etc. ; ) * 

or the values of the &s and cTs are the same. They are alternately + and 
—, and each one is numericallg equal to four times the preceding minus 
the one next preceding. 

If we make U or U = 0, the beam is fixed horizontally at either the 
left or the right end. We must remember, however, that when we thus 
make Zi or U equal to zero, the value of s must still remain unchanged and 
the supports must be numbered as they were before the end spans were 
made zero. 

EXAMPLES. 

(1) il beam of one span of length I is fitted horizontally at the ends. 
Find the end moments and reactions for a load Wat a distance z = al 
from the left end. Also for a uniform load of wper unit of length over 
the span, 

Ans. Let there be three spans, h , h ^ h, and let li and U be zero. Then 
« = 3, and we have 

Ci = di = 0, Ca = d, = 1, Ct = dt = " 2. 

We have also F| = F4 = 0, Ai = A» =^ Bi = B9 = 0. Hence f orn = 2 we 
have in genera] from equation (111), page , for the moment Jfa on the left 
of the left end of the span 

jtj^ d»(r,-f^t.)c.4-g«(y» + ^»)<^« _ 8(Ft + ^i)- Tn-Bt ,.. 



CHAP. IT.] THEORY OF FLEXURB — ^EXAMPLES. S77 

For i» =: t we have for tlie momettt 1ft mi OU Ml of the riffht end, from 

<m), 

j{jr (A« endM we on lecel, j; = Fs = 0, and 

-"• - — 8^ — ' * = ST" ^^^ 

Inserting in (8) the yaluee of At and Bt for concentrated load, we have 
far eancenfrated load and endi level 

Jf, = +F«a-2a« + a»), Jf, = W7(a« - a»). 

These are precisely the same valaes, in different form, already found for 
the end moments in tms case on page 848, except that M9 is on the left instead 
of on the right. 

For the reaction at the left end we have from (I), page 869, 

and for the reaction at the right end 

B^"^^^L^+Waz=+W9a^^2<;fl). 

These are precisely the same valuee, in different form, already found for 
the end reactions in tms case, page 848. 

For untform load and ends level we have, inserting the values of At and Bt 
in (8), 

Rt' = +lid, Bt" = +liel. 

These are the same values as obtained <m page 845 for the ease, except that 
Jft is on the left instead of on the right. 
For uniform load and ends out of level, 

j^ 2Yt-'7t . ujp -. r.-2r, . u}P _, r« - r« . tot 

* = g + T2' *- 8r" + l2' -«^=— "? +8- 

How much must the ^ft end be lowered in order to make the Uft reaO' 
tion Rt equal to zero f 
Here we have 

Tt-Tt , uil _^ TT- ««P 

— ^j— +-3-=o, or r.-r. = --^. 

Since F« = — F* , we have 



7. = 6JM'[*J^1 = _ ^. 



Hence 

Ai — Aj = — 



24JSr 



Since B is always very large, we see that a very small lowering of the left 
support will make the left reaction zero. We have in this case 
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How much must the Uft end he lowered in order to make Ift = 1 
Here we have 

— g ''13=^' ^^ r, = -r,. 

Hence 



r, = 6i./[*LzJb-j=_ 





A. - *, - - ^^^j. 


. teJ . 


.iuA 



•^t = H — g" » -R»' ~ + gf' ■^" ~ "^ 8 ' 

(2) A beam of one span of length I is fixed horizontally at the rigJU 
end. Find the reactions and moment at the rigJit end for a load Wat a 
distance z = alfrom the left end. Also for a uniform load cfwper unit 
of length over the span. 

Ans. Let there be two spans U and U » and let ^ = 0. Then « = 2, and we 
have 

<j,=d, = 0, c, = ii, = l, d, = -2, A,-^=0, r,=0. 



^, = 5, = o. r, = 6JEirr^^5-^T 



Hence f orn = 2 we have in general from equation (III), page 875, for the 
moment jfaft on the left of the right end, 

^ Tt + Bx 
M, = g^— . 

We also have Mi = 0, Ifs = 0. Hence 

» ' — ^* + Bi , j,,,^ T% + Bi , 
ill— 2^5 t-qi, Mt — g^5 |-Ji. 

^^ ends are level. Fa = and 

J^ e(?7icen<rato(2 load, ends level, we have then 

Wl w w 

jr. = -^(a - a»). i?/=|:(2-.8a + o»), i^." = |:(3a - a«). 

i^(?r U7i(/brm ^ocf, ends level, we have 

ITott? muc/i mutf^ the l^ end he lowered in order to make tJie ^ft reac- 
tion Ri zero f 

Here we have 



r, + Bi 
Hence 



+ g/ = 0, or r,==6^/r^^i-y^J = -Pi + 2sr,'i«. 



A.-A, =:^^^, M, = q^'l, 12," = +(?»' + ?>". 



If the load is uniform, 
wl u _^ 
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If the load is concentrated, 

gr,' = W(l - a), qi" = Wa, Bi = ir?(a - a«), 

Sato much must the right end he lowered in order that the moment M% 
may he zero f 

Here we have 

Ii+^=0. or r. = 6Jf/[^i'] = - A. 

Hence 

Bil 

If the load is uniform, 

A, -A, = — gj^. i^, -if, =-. 

If the load is concentrated, 

;^,-A,=:- ^^J''^ 2?i' = TF(1 - a). i?,"=TFb. 

(8) i^nd ^^ general formulas for a continuous beam cftujo spans. 
Ans. Here « = 2, and we have from (III), page 875, 



^•=•4^+^] 



For concentrated loading, 

j/ = ^Tr,(l-a,), ^,"=2Tr,a,, ^,' = 2 TT.d - a,), g," = 5F;a,, 

For uniform loading. 

These formulas will solve any case of two spans. 

(4) A plate girder is continuous ot>er three supports^ i^i = 80/5., ^ = 
50/5., the supports heing aU on level. The uniform load per eoot in the 
first span isw\= 8000 Ibs.^ in the second w% = 850 Jbs, Find the moments 
and reactions. 

Ans. From the general formulas of Example (8), since all supports are on 
level, T% = 0, and we have 

lf.=0. Jf, = 0. M, = ^^-^. 
In the present case A% = * * , Bi = ' * . Hence 

4 4 

_ to, t.» + «..<.« _ 8000 X80»+ 880 X so* _ . ,„,^ 
* = 8«. + b) = 8(80 + 60) = + ^^^^ ft-J»*- 
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We have therefore 

5."=^ + ?^= + 51497.801b6.; 2?.' = ^^ + ^ = + 1SW8.44 lbs. 

Bt ^Bt^ + tU' ^+ 64145.8 lbs. 

How far must the second stipport he lowered in order that the moment 
M% may be tero f 

Since supports 1 and 8 remain on level, iki — At = Aa — ^. We have then 



r.=6J7[^i^+^!-^]. 



and 

If we take E= 24000000 lbs. per square inch, and if /= 58400 for dimen- 
sions in incheSp we have 

Ai — At = — 0.054 inch. 

Therefore a sinking of the second support of onlj about ^ 8 a of an inch is 
sufficient to make Mt zero. 

How far must the second support be lowered in order that the reaction 
on the second support may be zero f 

Here we have 

or 

M, = - '^t,'^!^fy = - 1007818.5 ft..lbs. 

From the general value of Jfa in Example (8), 

f«> ff« tci^i* . W«* , fli7>rr ^i — A> . Ai — A«n 
— WiliHt — viilxlt^ = —^ — h —J- + 0^/ — j^ 1 ^ • 

Hence, since Ai - A, = /^a - A, . i^ = 24000000, /= 58400, 

^^ - ^' = 24Am + W = " ^'^^ ''''^- 

Therefore a sinking of the second support of only about seven tenths of an 
inch is sufficient to convert the two spans into one long span. 

We see then that a continuous girder requires the supports to be invariable. 
We find in the present case 

i?/ = + 78593.75 lbs., i?," = + 28906.25 lbs., 

Bt" = + 11406.25 lbs., R,' = - 11406 25 lbs., 

iJ, = 5," + 22/ = 0. 

If the spans li and ^ are equal and tOi and tOt are equal, we have at once 
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At — A, = — , or the deflection at the centre of a span whoee length is 

2/, and Jf, = - ^ as should be. 

(6) Jf in the case of Examjple (4) we have a concentrated load Wi = 
90000 Jba, in the first span at a distance -li from the U^/t end, and a con- 

oentrated load W% = 18000 Jbs. ata distance -1%, find the moments and 

reactions. 

Ans. We haTe 

Bx = Wxlx\a, - a,«) = ^Fif,«. 

Then, from the general formnlas of Example (8), we have 

Jf, = + 224121.094 ft.-lbs., i?/ = + 60029.8 lbs. , 5," = + 4517.68 lbs., 
12,"= + 29970.7 lbs., i2,'= +18482.42 lbs., 12,= 12,"+ 12,'= + 48458.12 lbs. 

For the distance the second support must be lowered in order that Jf, may 
be zero we find 

A, — A, = — 0.1511 inch. 

For the distance the second support must be lowered in order that Bt may 
be zero we find 

Ai — A, = — 0.55 inch. 

(6) Let a learn of two equal spans Tiave a load Wi in the first span and 
W% in the second span^ each load being at the hiiddle of its span. Let the 

second support be lotoered by an amount A, — A, = — - — ' * ■. What 

are the moments^ shears and reactions f 

Ans. jf.=.(w. + Tr,4 b:^^-^^.b."== ^^^;^^\ 

, ViWx + Wt p,_ TF, + 17Tr, „ 18(Tr,+ F,) 
^- 82 »^»- 32 .^- 82 

(7) Let a beam of two spans h and U level supports have a load Wiota 
distance aU from t?ie ^ end of the first span. Find tlie reactions wTien 
t. = lj andU = nl. 

Ans. i?i'= 2(i^)t^^ + '*)-^^ + ^) + *'5' 

*" = -2;;(n^/«-«')' 22. = 12." + 12.'=5[a(l + 2n)-a«]. 
If the spans aie equal, n = 1 and 
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(8) Find tJu general farmtUas for a continuous beam of three spans, 
Ans. Here « = 3, and we have from (III), page 875, 

Jfcra=0, 3^4 = 0, jf,^ Mr, + A^ + Br)+T, + A, + B, 

-^• = JJ, • 

M •< (> 



Ct = - 8 



J, + J. 



r. = 6ie/[^ + ^^] . r. = ejer [^^^ + ^^] • 

For concentrated loads, 
qy! = 2 TFia - aO, <2i" = :S TTia, , ^,' = 2 Tr,(l - a,), g," = 2 F.a,, 

For uniform loading 

These formulas will solve any case of three spans. 

(9) Let a beam of three spans, level supports, have a load Wx at a dis^ 
tance ali from the left end of tTie first span. Find the reactions when 
li =lt =zl and U = nl, 

Ans. For convenience of notation let 

^ = 4 + 8n + 3n«. 
Then 

Rx' = ^[(1 - a)H - (a - a^2 4- 2n)] . i^," = ^[Ha + (a - a«X2 + 3n)], 
ft' = ^[(a- ««)( 8 + ly ft" = - ^[(a - a»)( 8 + ^)]. 
ft' = - ^a - a'jn, ft" = ^a- o»)n, 

ft = ft'' + ft'==^r5a + (a-a«)(5 + 3n+|)'l. 

ft = ft" + ft' = - ^Ua - a»)f8+ n +1^1. 

(10) A continuous beam of four equal spans, level supports, has tlie 
second span from the left covered unth a uniform load of w per unit of 
length. Find the moments and reactions. 

Ana Jr,=0, Jf. = + ^trP, M,=. + ^l^, M.^^^P.M.^O; 
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(11) ^nd ^A« moment and reaction at the second support /or a load 
Wat a distance al y¥om the left end qf the second span. 

Ans. Jf, = i(2aa - 46a' + lM)yn; It,' = ^56 - BSa - BTo' + 89a'). 

(13) Dedwse a/ormula/or the moment at the Uft of any supportofa 
oontitiuoue beam, level supports, whon the entire beam is covered vHth the 
unifitrm load viper unit qf length. 

Ans. Jf„ = - -fftn - '"[tP'-t + P»)rf. +(P'-» +P»-l)d.+...<i.'-H.')A ]~] 

when tlis numbeTS b axe given as IoUowh: 



>■■ + '.■ 



.A+i. 



>te., and In getunl 



f«-a + fa- 



-6ii-rj — . 



(13) In the preceding example let the spans be aU espial. 
An-. jr„ = -^^-^Ml -«.*»)-«. + 1(1- on + i)]- 

The tollowing Table gives tbe coeffleiente ot-\-teP tor uiy number of epuiB. 
The Roman nnmerala at the aidee indicate the number of spans, and the niun- 
bers In the spaces of each horizontal line give the momenta on the left of each 
snpport. 
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This Ttble maj MsUy be co&tluaed to any number of spMit. Tbos for any 
even Dumber of spuiB, as Tm for Bzample, the coeffldeota are obtained t^ 
mnltiplyine the fraction preceding In the same diagonal row, both nnmerator 
and denominator, by 2 and adding the numerator and denominator of the frac- 
tion preceding that Thus, 





15 X 2 + 11 
142 X » + 104 " 


41 


11 X2+ 8 
142 X 8 + 10* 


80 






12 X 2+ 9 
142 X a + 10* " 


88 


11 X 3 + 11 
" I«X8 + 10i' 


88 

= i»8 






11 + 4 
104+88 = 


.15 8+8 
"143' 104 + 88' 


11 

"iiy 


9+8 la 

104 + 88 ~ 143' 


iiti' 


12 
'143' 



I are all positive, ahowliig that Uie upper fibre is in tension 
over BTBry support. 

The momenta being known, the leactiouH can be found bj (I), page 053. 
We then obt^n the following Table. 




(14) Sine tTte formula for the moment at the Ifft of any support of a 
continuous beam, level supports, for load in any given span only. 

Ans. From (III), page 875, let r be the left support of the loaded span. 
Then 

J, di-n + gJrCr + Cndt-r + iBr 
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If the spans are all equal, 

e§-n + %AvCt + Cb-v + \BrCn 



iKn = 



D 



If the spans are all equal and the sjmui U- is uniformly loaded with the load 
to per unit of length, 



V 1 ..It r <?*-n-f2gr+C*-r-Hgn" l 
Mn = ^v>^ 1^ ^ ^J. 



(15) A cofUintiou3 beam of four equal spans, level supports, luis the 
second span from the left covered with a uniform load of w per unit of 
length. Find the moments on the left cf the supports and the reactions. 

11 12 A 

Ans. jr. = 0. Jf, = + ^p. Jr. = + ^p. jr. = - ^p. jr.=Oj 

(16) In the preceding case, wJuU is the moment on left and reaction on 
right of the second support for a concentrated load W placed at a distance 
al from the l^ end of the second span f 

Ans. Mt = ^(26a - 46a« + 18a»)F^, 

^' = ^(56 - 88a - 57a« + 8»a«). 

(17) A continuous learn of five spans, the centre and adjacent spans 
being 100 feet and tJie end spans each 75 feet long, has a uniform load 
over the second span. Find the moments on the ^ft of the supports, and 
Vie reaction on Vie right of tJie fourth support, 

(18) A continuous beam of four spans, h = 80, Zt = 100, 1$ = 60, U = 
40 feet, supports level, has a load of 10 tons in the second span, at a dis- 
tance of 40 feet from tTie left end. Find the moments on left of the sup- 
ports, and the reaction on tTie right of the second support. 

Ans. M, =0, lf« = ^(17a - 80.8a« + 18.9a») = + 82.01 ft. -tons. 
^* = ^Qo^''( 1.6a + 8a« - 4.6a») = + 88.77 ft-tens, 

M,= - ^^(1-^ + ««• - 4.6o^ = - 24.65 ft..tons, M, = 0, 

JB,' = + 6.9824 tons. 

(16) A beam continuous over seven spans has a load in every span. 
Find the moment on the Irft and reaction on rigM cf the fourth support 
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Ans. 
M, = -;^[(r. + A^ + Bt)ct + (F. +A. + Bt)ct + {T, + A^ + SO^O 

- ^[(r. + 4. + B.)d4 + (Y, + A, + S.)* + (F, + -4, + A)d,]. 
Jf. = - ;^[(F,+4,+B.)c,-KF,+4,+S.)«,-Kr4+il4+A)e.+<r.+-4.+ A)e.]; 

- JtK J'* + ^. + A)d. + ( r, + A + &)(i.]; 

»8*l 

(17) Xe< the supports in (16) 6c on level, all spans equal, I = SO feet, 
and only the first, third and sixth spans loaded unth a uniform load 
t/; = 2 to7isper unit of length, 

Ans. M^ = + 788.18 ft.-tons, if, = - 882.66 ft. -tons; 
iJ/ = + 14.63 tons. 

(18) Let the supports in (16) be on level, aU spans equal, I = SO feet, 
and only the secondy fifth and seventh spans loaded with a uniform load 
to = 2 tons per unit of length. 

Ans. if* = - 382.55 ft.-tons, if. = + 788.18 ft.-tons; 
R^' = - 14.63 tons. 

(19) Let the supports in (16) he on level, all spans equal, I = SO feet^ 
and a load W in the fourth span only at a distance alfrom the Itft end, 

1 K Wl 1 *\ Wl 

Ans. if4 = ^(97« - 168a« + 71a»), if. = ^(26a+ 45a« - 71a»); 
R,' = ll^C^la - 213a« + 142a») + W{1 - a). 

(20) /n (19) let a uniform load w per unit of length extend over thf 
whole beam, 

Ans. if4 = +^^. ^» =-^^^* ^*' = + ¥"• 

(21) Let the lyad in (20) be 4000 lbs. per ft, over the whole girder. How 
far must the fourth stipjxtrt be lowered in order that the moment at tlie 
fourth support may be zero ? 

Ans. ht - A4 - - Y895^ 

It E= 24000000 lbs. per square inch and /= 63400 for dimensions in 
inches, 7i» — /i4 = — 6.5 inches. 
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Acceleration — proportional to force, 2 ; mass and force, relation between, 4 ; of 

gravity above sea-level, 58. 
Action and reaction, 7. 
Adhesion, 187. 
Angle— of friction or repose, 188 ; of ruptnre, 258, 257 ; of stability of earth 

slope, 258. 
Apparent indetermination of stresses in framed structures, 187. 
Applications of statics, 228. 
Arch dam, 245, 295. 
Area — ^material, 19 ; moment of, 19 ; centre of mass of, 21 ; moment of inertia 

of, 270 ; radius of gyiation of, 272. . 
Assumptions of theory of flexure, 826. 
Astronomical unit of mass, 48. 
Attraction— of a homogeneous shell or sphere, 45 ; of a circular arc, 50 ; of a 

straight line, 50 ; of a circular ring, 51 ; of a circular disk, 51 ; of a cone, 

52 ; of a cylinder, 52. 
Axis — and plane of symmetry, 19 ; neutral, 286, 809 ; neutral of beam, change 

of shape of, 825. 
Axles — static friction for, 196. 

Batter— of wall, 228. 

Beams— conditions of equilibrium of, 282 ; designing of, 298 ; breaking weight 
of, 299 ; strength of, 299 ; change of shape of neutral axis of, 825 ; uni- 
form strength of, 880 ; deflection of, 829, 847 ; continuous, 867 ; reactions 
at supports of continuous, 868 ; moments at supports of continuous, 872 ; 
general formulas for continuous, 875. 

BencQng moment, 285. 

Body — material, 1 ; homogeneous, 10 ; equilibrium of, 77 ; equilibrium of, 
under parallel forces, 77 ; conditions of equilibrium of, 84 ; equilibrium of, 
on a curve or surface, 169 ; on a smooth curve or surface, 170 ; on a rough 
curve or surface, 188, 204. 

Breaking weight of beaniH 299. 

Centre of gravity, 17, 46. 

Centre of mass, 16 ; property of, 18, 75 ; determination of, 18 ; of material 
lines, 20 ; of areas, 21 ; of volumes, 26 ; determination of, by Calculus, 80. 

887 



388 INDEX. 

Centre of parallel co-planar forces, 78, 146. 

Chains, static friction for, 199. 

Change of shape of neatral axis of beams, 825. 

Choice of scales, 189. 

Closing line of equilibrium polygon, 145. 

Coefficient— of friction, 189 ; of static sliding friction, 190, 192 ; of elastic!^, 
280, 810 ; of cohesion of earth, 257 ; of resilience, 281 ; of rupture, 288 ; 
of rupture for torsion, 810. 

Cohesion, 187 ; of earth, coefficient of, 257. 

Columns, formulas for, 861. 

Combined — stresses, 311 ; compression and flexure, 812 ; compression and 
shear, 813 ; flexure and torsion, 818 ; tension and flexure, 311 ; tension 
and shear, 812. 

Composition and resolution^of forces, 58 ; of co-planar forces, 59 ; of moments, 
68 ; of couples, 73 ; of forces and couples, 82 ; of vnrenches, 91. 

Compression, 7 ; and flexure combined, 812 ; and shear combined, 818. 

Compressive— strength, ultimate, 289 ; stress, 7, 279. 

Concurring forces, 58 ; co-planar, resultant of, 59 ; conditions of equilibrium 
of, 61. 

Condition for single resultant force, 88. 

Conditions — of equilibrium in general, 84, 87 ; of equilibrium for concurring 
forces, 61 ; of equilibrium of a body under parallel forces, 77 ; of equi- 
librium for co-planar non-concurring forces, 99 ; of equilibrium for a beam, 
282. 

Cone of friction, 189. 

Conspiring forces, 58. 

Constant of gravitation, 47. 

Constrained equilibrium, smooth curve or surface, 169 ; rough curve or sur- 
face. 186. 

Construction, graphic, for centre of parallel forces, 146. 

Contact, rolling, stability in, 209. 

Continuous girder, 367 ; moments at supports of, 362 ; reactions at supports of, 
368 ; general formulas for, 375. 

Co-planar forces, 58 ; concurriug. resultant of, 59 ; non-concurring, 99 ; con- 
ditions of equilibrium of, 99 ; graphic construction for centre of, 146 ; 
application of equilibrium polygon to, 147. 

Cords and chains, static frictiou for, 199. 

Couples — moment of, 72 ; line representative of, 73 ; resolution and composition 
of, 73, 82 ; resultant couple and force for forces in space, 86. 

Crippling load for columns, 361. 

Criterion — for superfluous members in a framed structure, 103 ; for stable, 
unstable, neutral and indifferent equilibrium, 207. 

Curve of earth slope, 258. 

Curve or surface — reaction of, 169 ; smooth, constrained equilibrium on, 169 ; 
equilibrium of body on, 169 ; smooth, reaction of, 170 ; rough, constrained 
equilibrium on, 186 ; rough, reaction of, 187 ; rough, equilibrium of body 
on, 188, 204. 

Cylinders— strength of, 293. 

Dam, 228 ; gravity, 235. 240 ; arch, 245, 295. 

Deflection — of beams, 329, 347 ; of framed structures, 345. 

Density, 10; unit of, 10; mean, linear, surface, uniform, 10; mean, of earth, 

53. 
Designing of beams, 298. 
Diameter — of rivets, 295 ; of pins, 307. 
Displacement, virtual, 159. 
Dynamics, 2 ; dynamic equilibrium, 59. 
Dyne, 5. 

Earth, mean density of, 53 ; mass, equilibrium of, 256 ; mass, angle of rupture 
for, 257 ; cohesion, coefficient of, 257 ; slope, 228 ; slope, curve of, 258 ; 
slope, angle of stability of, 258. 

Economic section of high gravity dam, 240. 
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Elasticity— of materials, d70 ; laws of, 279 ; limit of, 280 ; ooefacient of, 280, 
810. 

Equilibrium, 57 ; djnamic or kinetic, 59 ; molar, molecular static, 68 ; condi- 
tions of, for concurring forces, 61 ; of rigid body, 77 ; of body acted upon 
by parallel forces, 77 ; of a rigid body, 77, 84, 87 ; conditions of, for co- 
planar non-concurring forces, 94 ; polygon, 145 ; polygon, properties of, 
147 ; of strings, 110 ; constrained, of body on a curve or surface, 169 ; on 
a rough curve or surface, 186, 188, 204 ; limiting, 189 ; stable, unstable, 
neutral, indifferent, criterion for, 207 ; of earth mass, 256 ; of a beam, 
conditions of, 282. 

Equivalent wrench, 89. 

Euler's formula for long struts, 856. 

External stress, 7, 279. 

Eyebars and pins, theory of, 306. 

Factor of safety, 290 ; for sliding, 286. 

Flexure— and tension combined, 811 ; and compression combined, 812 ; and 
torsion combined, 313 ; theory of, 825 ; assomptions of theory of, 326. 

Force, 2 ; criterion of action of, 3 ; proportional to acceleration, 2 ; mechanical 
illustration of, 3 ; uniform and variable, 3 ; mass and acceleration, relation 
between, 4 ; unit of, 5 ; dimensions of unit of, 5 ; gravitation unit of, 6 
compression, tensile and shearing, 7, 283 ; line representative of, 44, 57 
of gravitation, 44 ; moment of, 6? ; line representative of moment of, 67 
resultant, condition for single, SS ; polygon, 133, 145. 

Forces— concurring, conditions of equilibrium of, 61 ; non-concurring, parallel, 
67, 89 ; resolution and composition of moments of, 68 ; resultant of two 
non-concurring co-planar, 68 ; centre of parallel, 73 ; parallel, equilibrium 
of body acted upon by, 77 ; in space, resultant force and couple for, 86 ; 
co-planar, non-concurring, conditions of equilibrium for, 99; centre of 
parallel, graphic construction for, 146. 

Formulas — for long struts, 355, 361 ; for continuous girder, 875. 

Framed structures, 100 ; reactions of, 100 ; stresses m, 101 ; methods of solu- 
tion of, 154 ; deflection of, 345. 

Friction, 186, 187 ; angle of. 188 ; coefficient of, 189, 190, 192 ; cone of, 189 ; 
static sliding, laws of, 191 ; static, for pivots, 193 ; static, for axles, 196 ; 
static, for cords and chains, 199 ; static, rolling, 204 ; of masonry, 228. 

Oirder, continuous, 367 ; moments at supports of, 362 ; reactions at supports 

of, 368 ; general formulas for. 875. 
Gordon's formula for long struts, 360. 
Guldinus, theorem of, 29. 

Graphical construction for centre of parallel co-planar forces, 146. 
Graphical statics, 133. 

Gravitation unit of foTx^e, 6 ; constant of, 47 ; force of, 44. 
Gravity, centre of, 17, 46 ; acceleration of, 53 ; dam, 235 ; high gravity dam, 

240. 
Gyration, radius of, 272. 

High wall, 234 ; gravity dam, 240. 
Homogeneous body, 10. 

Ice pressure, 236. 

Indeterminate stresses in framed structures, 137. 

Indifferent equilibrium, 206 ; criterion for, 207. 

Inertia, 1 ; moment of, for areas, 270 

Internal stress, 279. 

Invariant, the, 91. 

Joints, masonry, stability of, 229 ; riveted, 294. 

Kinds of friction, 187. 
Kinetic equilibrium, 59. 
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Laws of elasticity, 279 ; of static sliding friction, 191. 

Limit of elasticity, 280. 

Limiting equilibrium, 189. 

Line, closing, of equilibrium polygon, 145. 

Line, material, 19 ; centre of mass of, 20. 

Line representative— of a force, 44, 51 ; of moment of a force, 67 ; of moment 

of a couple, 78. 
Linear density, 10. 
Load, crippling, for oolunms, 861. 
Long struts, formulas for, 855, 361. 
Low gravity dam, 285. 
Low wall, 284. 

Masonry— joint, stability of, 229 ; weight and friction of, 228. 

Mass, 8 ; astronomical unit of, 48 ; force and acceleration, relation between, 4; 
measurement of, 4 ; specific, 10 ; table of specific, 12 ; determination of 
specific, 11; moment of , 19. 

Mass, centre of, 16 ; determination of, 18 ; properties of, 18, 75 ; of lines, 20 ; 
of areas, 21 ; of volumes, 26 ; determination of, by Calculus, 80. 

Mass, earth — angle of rupture for, 257 ; equilibrium of, 256. 

Material point, 1 ; line, area, volume, 19. 

Materials, strength of, 270 ; elasticity of, 270 ; properties of, table for, 289. 

Measurement of mass, 4. 

Members, superfluous, in framed structures, 108 

Method of sections, 102. 

Methods of solution of framed structures, 154. 

Molar equilibrium, 58. 

Molecular equilibrium, 58. 

Moment — of mass, volume, area, 19 ; of a force, 67 ; composition and resolu- 
tion of moments, 68 ; of couple, 72 ; line representative of, 78 ; at supports 
of a continuous beam, 372 ; of inertia of an area, 270 ; bending, 285 ; 
resisting, 287 ; twisting, 309 ; theorem of three moments, 370. 

Neutral axis, 286, 309 ; of beam, change of shape of, 325. 

Neutral equilibrium, 206 ; criterion for, 207. 

Non-concurring forces, 67 ; co-planar, 99 ; conditions of equilibrium of, 99. 

Opposite forces, 58. 

Pappus and Quldinus, theorem of, 29. 

Parabola formula for long struts, 858. 

Parabola, how to draw, 158. 

Parallel forces, 67, 89 ; centre of, 73 ; equilibrium of body acted upon by, 77 ; 
co-planar, graphic construction for centre of, 146 ; application of equilib- 
rium polygon to, 147. 

Particle, 1. 

Pins— size of, 308 ; and eyebars, theory of, 806 ; diameter of, 807. 

Pipes and cylinders, strength of, 298. 

Pitch of rivets, 296. 

Pivots, static friction for, 193. 

Plane and axis of symmetry, 19. 

Point, material, 1. 

Pole, in force polygon, 145. 

Polygon, force, 133 ; pole of, 145 ; equilibrium, 145 ; application of equilib* 
rium, to parallel co-planar forces, 147 ; equilibrium, properties of, 147. 

Poundal, 5. 

Pressure— earth, 247 ; ice, 286 ; water, 235 ; wave, 236. 

Principle of virtual work, 160. 

Properties— of centre of mass 75 • of equilibrium polygon, 147 ; of materials^ 
table of, 289. 
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Padius of gyration, 272. 

Bankine-Gordon formula for long struts, 860. 

Reaction — and action, 7 ; of framed structures, 100 ; of curve or surface, 169 ; 

of smooth curve or surface, 170 ; of rough curve or surface, 187 ; at sup- 
ports of continuous girder, 368. 
Repose, angle of, 188. 
Representative, line— of force, 57 ; of moment of a force, 67 ; of moment of a 

couple, 73. 
Resisting moment, 287. 
Resilience, work and coefficient of, 281. 
Resolution and composition of forces, 58 ; of co-planar forces, 59 ; of moments, 

68 ; of forces and couples, 78, 82 ; of wrenches, 91. 
Resultant— of concurring co-planar forces, 59 ; non-concurring co-planar forces, 

68, 70 ; force and couple for forces in space, 86 ; force, condition for single, 

88 
Retaining walls. 228, 247 ; low, 284 ; high, 234 ; formulas for, 251. 
Rigid body, equilibrium of, 77. 
Rigidity of ropes, 202. 
Riveted joints, 294. 
Riveting, theory and practice of, 295. 
Rivets, diameter of, 295 ; number of, 296 ; pitch of, 296. 
Rolling— contact, stability in, 209 ; friction, 204. 
Ropes, rigidity of, 202. 
Rough curve or surface, constrained equilibrium on, 486, 188, 204 ; reaction of, 

187. 
Rupture, angle and surface of, 253 ; angle of, for earth mass, 257 ; coefficient 

of, 288 ; coefficient of, for torsion, 310. 

Safety, factor of, 290 ; factor of, for sliding, 236. 

Scales, choice of, 139. 

Section, economic, of high gravity gram, 240. 

Sections, method of, 102. 

Shape, of beams for uniform strength, 299. 

Shear, 7 ; and tension combined, 312 ; and compression combined, 818. 

Shearing force, 283 ; stress, 7, 279, 283. 

Single resultant force, condition for, 88. 

Size of pins, 308. 

Sliding— coefficient of static friction for, 190, 192 ; friction, laws of, 191 ; factor 

of safety for, 236. 
Slope, earth, 228 ; angle of stability of, 258 ; curve of, 258 ; stability of, 257. 
Smooth curve or surface, constrained equilibrium on, 169 ; reaction of, 170. 
Solution of framed structures, methods of, 154. 
Space, resultant force and couple for forces in, 86. 
Specific mass, 10 ; determination of, 11 ; table of, 12. 
Stability— in rolling contact, 209 ; of masonry joint, 229 ; of walls, 231 ; of 

earth slope, 257. 
Stable equilibrium, 206 ; criterion for, 207. 
Static equilibrium, 58. 
Static rolling friction, 204. 
Static slidinc: friction, 190 ; coefficient of, 192 ; laws of, 196 ; for axles, 196 ; 

for chords and chains, 199 ; for pivots, 193. 
Statics. 57 ; applications of, 228 ; graphical, 188. 
Straight-line formula for long struts, 358. 
Strain, 7 ; and stress, 279. 
Strength— of beams, 299 ; of materials, 270 ; of pipes and cylinders, 298 ; 

ultimate, 289. 
Stress, 7 ; crippling, for columns, 361 ; compressive, tensile and shearing, 279; 

shearing, 283 ; temperature, 313; unit jf , 291 ; variable working, 292; 

working, 290. 
Stress and strain, 279. 

Stress, combined, 311 ; in framed structures, .'.01 ; indeterminate, 187. 
Strings, equilibrium of, 110. 
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A TBXT-BOOK ON THE MECHAinCS OF MA- 
TEBIAIiS, 

And on Beams, Columns, and Shafts. By Prof. M. Merrlman. 
Fourth edition, revised and enlarged 8vo, cloth, $8 00 

** We cannot commend this book too hlo^h\y.^^— American Engineer. 
*' The well-earned reparation of the Aathor renders any comment on the 
qaality of the work saperflaoas/*— Van Nottrand'M MagcHne. 

MECHANICS OF ENGINEEBINQ. 

Comprising Statics and Dynamics of Solids, the Mechanics 
of the Materials of Construction or Strength and Elasticity of 
Beams, Columns, Shafts. Arches, eic, and the Principles of 
Hydraulics and Pneumatics with Applications. For the use of 
Technical Schools. By Prof. Irving P. Church, C.E., Cornell 
University 8vo, cloth, 6 00 

'^The work is very aba ndanllyllla^trated. and the information is^ren 
in a style which cannot fail to make the stndent thoronghly master ot the 
subject. Prof. Oharch may certainly be congratnlated npon compressing a 
vast amount of instruction into a very small space without in any de||;ree 
interfering with the necessary minateness of detail or deamesa of de8OTp> 
Hon."— London Indvstrial Review, 

MECHANICAL FBINCIPLES OF ENGINEEBING 
AND AHCHITECTIJBE. 

By Henry Mosely, M.A., F.R.S. From last London edition, 
with considerable additions by Prof. D. H. Mahan, LL.D ,of 
the U. S. Military Academy. 700 pages. With numerous 
cuts 8vo, cloth, 5 00 

MECHANICS OF ENGINEERING AND MACHINERY. 

By Dr. Julius Weisbach. Designed as a Text-book for Tech- 
nical SchoolB and Colleges, and for the use of Engineers, 
Draughtsmen, etc. Second edition, thoroughly revised and 
greatly enlarged, by Gustav Herrmann, Prof, at the Royal 
Polytechnic School, Aachen, Germany. Translated by J. F. 
Klein, D.E., Prot. of Mechanical Enjrineering, Lehigh Uni- 
versity, Pa. With numerous fine illustrations. Second edition. 

1 vol., 8vo, cloth, 5 00 

'* Weisbach it* a standard in all matter8 of Engineering and Mechanics, 
and his* teachingi* are accepted a« vovTecV—Mfc/ianical Emjineer. 

MECHANICS OF THE MACHINERY OF TRANS- 
MISSION. 

Being V(»l. III., Part I., Section II. of Mechanics of Engineering 
and Macliinerv, Bv Dr. Julius Weisbach. Edited bv Prof. 
(Justav Hcrnnann and translated by Prof. J. F. Klein, Lehigh 
University, Bethlehem, Pa 8vo, clotli, 5 00 

NOTES AND EXAMPLES IN MECHANICS. 

With an Appendix on the Graphical Statics of Mechanism. 
By Prof. I. P. Church, Cornell University. 13-5 pages, with 
blank pages for problems 8vo, cloth, 2 00 
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APPLIED MECHANICS AND BESISTANCS OF 
MATEBIALS. 

By Prof. G. Lanza. SliowiDg Strains on Beams as detennined 
by the Testing Machines of Watertown Arsenal and at the 
Massachusetts Institute of Technology. Practical and Theo- 
retical. Dfsigned for Engineers, Arcliitects, and Students. 
With hundreds of illustrations. Sixth edition, revist*d. 

1 vo1.,8vo, cloth, $7 50 

" The whole work i« a valuable contribnrion to the oahject of which it 
treats, and we can cordially recommend M,^*— London B'»iuUT. 

WEISBACH'S MECHANICS. HYDBAULICS AND 
HYDBAULIC MOTOBS. 

With numerous practical examples for the calculation and 
construction of Water- wheels, including Breast, Undershot, 
Back-pitch, Overshot Wheels, etc., as well as a special discus- 
sion of the various forms of Turbines. Translated from the 
fourth edition of Weisbach's Mechanics, by A. Jay Du Bois. 
Profusely illustrated. Second edition 8vo, cloth, 5 00 

WEISBACH'S MECHANICS. THEOBY OF STEAM- 
ENGINE. 

Translated from the fourth edition of Weisbach's Mechanics 
by A. Jay Du Bois. Containing notes giving practical examples 
of Stationary, Marine, and Locomotive £nffiiie8,Mhowing Amer- 
ican practice, by K. H. Buel. Numerous illustrations. Second 
edition 8vo, cloth, 5 00 

MECHANICS OF THE GIBDEB. 

A Treatise on Bridges and Roofs, in which the necessary and 
sufficient weight of the structure is calculated, not assumed, 
and the number of Panels and height of Girder that render the 
Bridge weight least for a ffiven Span, Live Load, and Wind 
Pressure are determined. By John D. Orehore, C.E. Illus- 
trated by over 100 engravin^rs, with tablen, etc 8vo. cloth, 5 00 

'*The work bears internal evidences of patient indastry and scholarly 
ability— is a valuable contribution to science and to the literature of 
Bridge building."— W. H. SKARLtss. C.E. 

KINEMATICS; OB, PBACTICAL MECHANISM. 

A Treatise on the Tranpmission and ModiKcation of Motion and 
the Construction of Mechanical Movements. For the use of 
Draughtsmen, Machinists, and Students of Mechanical En- 
gineering, in which the laws governing the motions and 
variouH parts of Mechanics, an affected by their forms and modes 
of connection are deduced by eimple geometrical reasoning, 
and their application is illustrated by accurately construct^ 
diagrams of the different mechanical combinations discussed. 
By Prof. Chas. W. MacCord. Fourth edition 8vo. cloth, 6 00 

** The work can be confldiMitly recommended to Draughtsmen, and alt who 
havt' occa-ion to de^i^n nmcuinorv, as* well «s to every earnest student of 
Mechanics, y()un<j or old."— /!;//<• H/ra/i MachinUt. 
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TREATISE ON" FRICTION" AND LOST WORK IN 
MACHINERY AND MHiL WORK. 

Containing an explanation of the Theory of Friction, and 
an accoant of the various Labricants in general oae, with a 
record of various experimenters to deduce the laws of Friction 
and Lubricated Surfaceti, etc. By Prof. Kobt. H. Thurston. 

Copiously illuBtrated. Fourth edition 8vo, cloth, $8 00 

*' It is not loo high praise to say that the present treatii^ is exhanstiTe 
and a complete review or the whole BTibjecV'— American Engineer. 

OAR LUBRICATION. 

Treating of Theoretical Relations, Coefficient of Friction, 
Bearing Metals, Methods of Lubrication, Journal-box Con- 
struction, Heated Journals, and the Cost of Lubrication. By 

W.E.Hall 12mo,cloth, 100 

** A very nsefal book on a snbiect upon which literature is very scarce. 
While the author gives full credit t«> Prof. Tharston and to Mr. Woodbury 
for their researches in thi» direction, he puts the various theories and re- 
suits of experiment in a very practical (<ha[)e and shorn of all but the 
plainest mathematical dress. The volume is evidt'ntly the work of a 

Sractical investigator, and is correspondingly yalnabtis.'^— Engineering 
Tews. 

A HISTORY OF THE PLANING MILL. 

With Practical Su^rgestions for the Construction, Care, 
and Management of Wood-workin^j Machinery. By C. R. 

Tompkins, M.E 12mo, cloth, 1 60 

" Each of these chapters is as full of meat as an egg : they give the 
result" of long experience and iiitelligeiir observation, and no proprietor 
of woodworking machinery and employer of labor can afford to be without 
a copy, nor «<hoiild anv young mechanic, ambitious to excel in his calling, 
fall to send for \\.."—The Lumberman. Chicago, June 15, 18ft». 

DYNAMOMETERS, AND THE MEASUREMENT OF 
POWER. 

By J. J. Flather, Prof, of Mechanical Engineering in Purdue 

University, Lafayette, Ind 12nio, cloth, 2 00 

A Treatise on the Constniclion and Application of Dynamomfterp. Com- 
prising Determination of Driving Power, Friction Brakes, AbKorpiion and 
Tranpnilssion Dynamometers, Power to Drive Lalhct*, Measurement of 
Water- Power. 

ELEMENTS OP MACHINB CONSTRUCTION AND 
DRAWING; 

Or, Macl)ine-Drawlng, with some elements <if descriptive and 
rational Kinematics. A Text-book f<»r ScIiooIh of Civil and 
Mechanical Engineerinjr. and for the use of Mechanical Estah- 
lishments. Artisans, and Inventors. Containing' the principles 
of Gearing, Screw Propellers, Valve Motions, and Governors, 
and many standard and novel examples, mostly from present 
American practice. By Prof. S. Edward Warren. Seventh 
edition 2 vols', 8vo, text, and small 4io plates, cloth, 7 60 

EXTRACTS FROM CHORDAL'S LETTERS. 

Comprisinjr the choicest selections from the Series of Articles whicli 
have been appearing for ih»*])ast two y^ars in the columns of the 
American Machinist. With over 50 illustrxti* ns. 12mo, cloth, 2 00 

"Thi; author discu!»8e? >»l)op work nnd shop manasrenK'nt with more 
practical shrewdiu'ss, and in a mnnner that Mechanic-. Artisan!', ind wide 
awalvcworicinj: men. jjenerRl'y, cannot help hut iMi joy.'*— .Srif«///fdfn<»r'''an. 
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THE LATHE AND ITS XTSBS ; 

Or. In-trnclioii in tlie Art of Turning Wood and Mewl. 
Including a ileHcrlptiuu of the nioM modern applisnces For 
lliB ornaiiientBLion of pliioe ttod curved aiirfaces, with b de- 
BCripiino bIb" nf >□ entirely novel form nf Zalhi for Eccentric 
u)d Boee EniiiDe Turning, a l^the and Turniog MachinH coitj- 
blned, unil olhi-r vnlunble maiier relatlnf; to Ilie Art. 1 vol., 
8vn, copiousl,v illustrated. BiitL ^Itinn, with additionnl 
cbaptt-rn and Indrx Sin. cloili, f6 00 
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A TREATISS Olff TOOTHED OEABHTO. 

Containing complete instructions of Dppigning, Drawinft. and 
GonBlmctinK Spur Wlieeln, Bevel Wheel?, Ijint<-ni Gear, 
Scrt^w (Jfar, Worma. etc., and the pmper formation of Tooth 
ProGlas. For the use of MacUiniate, Pattern Makers, Draughti- 
tuen, DeriRnerE.SclentlSc 9choo1i,etc. With niaoj platea. Bj 

J. Howard Cromwell, Konnh edition 1!imo, cloth. 
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A TREATISE CM BELTS AHD PULLEYS. 

Embracing full explanstionit of FiiudBmenlal Principlei ; 
tirr<p<;r llispoailinti of Piilleji*; Itul^-a for detemiiuintr widths 
of leather and viilcanizvd rubber beltfl, and belts runtiing over 
oovereil pullejia ; dirength and Pruportioai of Pullej*, DrutUB, 
etc. Together with the principles ind neceasarj rules for 
Rope Gearing and tranamisslon of power bj means of Metallic 
Cablea. By J. Howard Cromwell, Pli.B,, authorof aTrPatise 

onTnoihed Gearlnir 13mo. cl"th. 

"This Is ■ inn complete and romprebeiulTC IrutlH, and l> wonbjnt 
Ibo iitpiirian of all M«haiilea vho bHVe •□rlhlne •<> da wltb tbe managc- 
rociil of bellB and (lUllcyf, eig."— XirtliiiuJ Oir Baildit. 

SAW filhtq. 

The Art of Saw Filing Scientificaliy Treated and Explalnea 
on Philoiophical Principles. With explicit directions for 
putting in order all kinds of Sawa, from a Jeweler's Saw to a 
Wenm Ssw-mlll. Uliisttated by 44 eograviUBB. By H. W. 
Holly. Filth edlUon 18mo, cloth. 



By Robert !I (Jrii 

MACHINEBT FATTEBU MASING. 

A UiscuMMnn of Meiliiide, including Marking and IWording 
Patterns, Printing Press, Slice Valve and Corliss I'yilndere; 
How to Cast Joumal.boies on Frames, Differential Pulleys, 
Ply-wheels. Boirinu PrainM, »piir, Bevel and Wr.mi Qeara, 
Key Heads tor Moiloo Hod«, Elbows and Tw Pipes. Sweeping 
Btralglil and Cmical Hm.)T«.l Winding Drums, Large 8hpBv«s 
with Wrought and CasUiron Arms. 138 full file Profiles of 
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Gear Teeth of different pitches for Gears of 14 to 800 Teeth, 
with a Table showing at a i^Iance the required diameter of 
Gear for a given number of teeth and pitch, Double Beat, 
Governor, and Plusr Valves. Screw Propeller, a chapter on 
items for Pattern Makers, besides a number of valuable and 
useful Tables, etc., etc. 417 illustrations By PS. Dingey, 
Foreman Pattern Maker and Draughtsman. . ..ISTmo, cloth, $2 00 

*^ A neat little work that should be not only in the hands of evenr pattern 
maker, but rend by every foundry foreman and proprietor of foundries 
doing machinery work."— IfocAfri^ry Moulder's JourruU. 



THE BOSTOH MACHIiaST. 

Bein^ a complete School for the Apprentice as well as the 
advanced Machinist, showing how to make and use every tool 
in every branch of the business ; with a Treatise on Screws and 
Gear-cutting. By Walter Fitzgerald. Third ed*n. 18mo,cloth, 75 

STEAM HEATING FOB BUELDINGS. 

Or, Hints to Steam Fitters. Being a description of Steam 

Heating Apparatus for Warming and Ventilating Private 

Houses and Large Buildings, with Remarks on Steam, Water, 

and Air in their Relations to Hnating. To which are added 

useful miscellaneous tables. By Wm. J. Baldwin. Thirteenth 

edition. With many illustrative plates 12mo, cloth, 2 50 

'*Mr. Baldwin has supplied a want long felt for a practical woriK 
on Heating and Heating Apparatus."— ^fiTonitory Rfighuar. 

THE COST OF MA NUPACTUBEtS— AND THE AD- 

MINISTBATION OF WOBEBHOPS, PUBLIC 

AND PBIVATE. 

A System of Mechanical Book-keepintr, based on the Card- 
Catalogue method, dispensing with skilled clerical labor and 
the use of books, by which the cost of manufactures may be 
promptly determined, either in gross or in any detail, as to 
component parts and operations thereon. Comprising a 
simple method of recording all dealings witli materials which 
relate to its procurement, expenditure, or possession. Applied, 
with numerous practical illustrations, to tbe trust, accounta- 
bility for public property, and funds required of the U. S. 
Ordnance Department, with a review of its present practice. 
By Capt. Henry Metcalfe, U. S. Ordnance bepariment. Illustra- 
ted with tables, forms ot cards, etc., etc. Second ed'n. 8vo,cloth, 5 00 

" I feel piiro that l)y the n*e of your methods I can deterniino a cost I have 
never been at)lc to arrive at." — Ewakt Manukac tuiiin<4 Co., ("hicago. 

•' We lliid that it enaltles iis* to keej) a more accurate record of each piece 
of work. W<- can loaite tin- r<'f»pon!?ibility for any delay or omission."— 
Rathbonk & Co., Stove Works. Albany. 

WRINKLES AND RECIPES. 

Compiled from the SCIENTIFIC AMERICAN. A collection 
of practical suffgestionH, proceBses, and directions, for the 
MECHANIC. ENGINEER, FARMER, and Housekeeper. 
With a COLOR TEMPKRINCi SCALE, and numerous wood 
engravings. Ry Park Benjamin. ReviRed by Profs. Thurston 
and Van <ier Weyde, and Engineers Buel and Rose. Fifth 

revised edition. . .' l2mo, cloth, 2 00 

"Hundreds of Trade Secrets and Mechanical Shop Wrinkles." 

JOHN W^ir.EV & SONS, 

53 E. T'=!nth St., New York. 
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